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SUMMARY 

Work  under  the  present  contract  has  been  dedicated  to  acquiring  a  detailed 
understanding  of  the  fundamental  mechanisms  governing  the  dynamics  of  Josephson 
junction  devices,  with  a  view  to  employing  this  knowledge  in  the  design  of  practical 
Josephson  devices.  Particular  attention  has  been  given  to  the  questions  of  the  inter¬ 
play  between  coherence  and  chaos,  and  to  determining  the  limits  of  stability  of 
coherent  states.  A  combination  of  analytical,  computational,  and  experimental  meth¬ 
ods  has  been  employed  in  order  to  maximize  the  results  obtained. 
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BACKGROUND 

The  strong  potential  of  Josephson  tunnel  junction  devices  in  high-perfor¬ 
mance  electronic  applications  has  been  recognized  for  a  number  of  years.  In  a  few 
areas,  notably  those  involving  applications  of  dc  SQUIDs,  this  potential  has  been 
amply  realized:  measurements  of  extremely  weak  magnetic  fields,  with  sensitivities 
approaching  the  fundamental  quantum  limit,  have  now  become  routine  using  these 
devices.  Another  area  where  Josephson  devices  show  considerable  promise  is  the 
realization  of  circuit  elements  —  oscillators,  mixers,  amplifiers  —  for  high-sensitivi¬ 
ty,  low-noise  microwave  or  millimeter-wave  receivers.  Notable  practical  progress  has 
also  been  achieved  in  this  area:  Josephson  SIS  mixers  have  been  installed  and  func¬ 
tion  routinely  in  the  high-sensitivity  receivers  employed  in  several  radio-astronomi¬ 
cal  observatories  throughout  the  world.  However,  in  this  area,  we  are  still  fairly  far 
from  realizing  the  full  potential  of  the  Josephson  approach. 


Our  wc--';  under  the  present  contract,  as  well  as  that  performed  in  the  con¬ 
text  of  OL.  previous  ERO  contract  (no.  DAJA37-82-C-OOS7 ,  1982-1985),  has  been  de¬ 
dicated  to  acquiring  a  detailed  understanding  of  the  fundamental  mechanisms  go¬ 
verning  the  dynamics  of  Josephson  junction  devices,  with  a  view  to  employing  this 
knowledge  in  the  design  of  practical  Josephson  devices.  Work  under  the  first  con¬ 
tract  was  devoted  to  understanding  the  basic  mechanisms  of  fluxon  (flux  quantum, 
or  soliton)  propagation  in  Josephson  junctions.  The  practical  consequence  of  this 
work,  very  briefly  summarized,  was  that  we  were  able  to  construct  a  "catalog"  of 
the  basic  fluxon  dynamic  configurations  responsible  for  various,  experimentally 
observed  phenomena.  Under  the  present  contract  we  have  extended  this  study  to 
the  understanding  of  the  more  subtle  question  of  the  complicated  interaction  bet¬ 
ween  coherence  (I.e.  regular,  steady  fluxon  propagation)  and  chaos.  Chaos  in  dy¬ 
namical  systems  has,  in  recent  years,  become  an  active  field  of  independent  study, 
with  an  impressive  array  of  theoretical  and  computational  results.  From  the  practi¬ 
cal  point  of  view,  on  the  other  had,  in  particular  for  electronic  applications,  chaos 
represents  "noise",  and  hence  is  a  phenomenon  that  one  wishes  to  avoid.  Conse¬ 
quently,  in  this  context,  one  studies  chaos  with  the  objective  of  "designing  around 
it".  A  second,  closely  related,  question  is  the  analysis  of  the  stability  of  coherent 
states.  Often  (but  not  always)  a  loss  of  stability  signals  the  onset  of  chaos.  But 
even  when  a  stability  boundary  indicates  a  transition  from  one  coherent  state  to 
another,  understanding  of  this  fact  constitutes  essential  knowledge  for  the  device 
designer. 

The  most  significant  results  that  we  have  obtained  under  the  present  con¬ 
tract  are  summarized  briefly  in  the  following  section;  they  are  described  in  more 
detail  in  the  papers  enclosed  as  appendices.  As  in  the  work  under  the  previous  con¬ 
tract,  we  have  herein  attempted  to  combine  analytical,  computational,  and  experi¬ 
mental  work  in  such  a  way  as  to  maximize  the  illumination  cast  on  any  given  ques¬ 
tion. 

SUMMARY  OF  MOST  IMPORTANT  RESULTS 

The  influence  of  small  external  perturbations,  both  periodic  and  random,  on 
the  coherent  motion  of  fluxons  in  Josephson  junctions,  and  hence  on  the  linewldth 
of  the  microwave  radiation  emitted  by  such  junctions,  was  studied  in  Refs.  1  and  -I-. 
The  work  in  Ref.  1  was  based  essentially  on  numerical  simulations  of  the  sine-Gor- 
don  model  of  the  Josephson  junction,  subjected  to  small  external  perturbations; 
that  in  Ref.  4  was  analytical  work  based  on  the  soliton  perturbation  theory  of 
.McLaughlin  and  Scott.  The  question  is  of  considerable  practical  interest;  experi¬ 
ments  have  shown  that  the  relative  linewidth  of  the  radiation  emitted  from  a  Jo¬ 
sephson  junction  oscillator,  associated  with  resonant  fluxon  propagation,  can  be  as 
narrow  as  fO''.  it  is  just  this  fact  that  renders  the  device  interesting  For  elec¬ 
tronic  applications. 


Knowledge  of  the  intrinsic,  i.e.,  "classical",  stability  of  coherent  fluxon  dy¬ 
namical  states  is  clearly  of  fundamental  importance  for  the  device  designer.  This 
question  was  addressed  in  Refs.  5,  6,  10,  15,  and  17.  Refs.  5,  6,  and  10  were  directed 
toward  the  question  of  the  "birth"  of  coherent  fluxon  states,  which  give  rise  to  ze¬ 
ro-field  steps  in  the  current-voltage  characteristic  of  the  junction,  from  the  uniform 
background  state  (the  so-called  McCumber  state).  The  basic  analytical  procedure,  in 
approximate  form,  was  developed  in  Ref.  S.  Comparison  with  numerical  and  experi¬ 
mental  results  demonstrated  the  essential  correctness  of  the  procedure.  Ref.  10 
extended  the  analytical  procedure,  giving  an  exact  linear  stability  analysis  of  the 
.McCumber  state.  Refs.  IS  and  17  were  dedicated  to  the  "death"  of  coherent  fluxon 
states  by  means  of  switching  from  the  top  of  zero-field  steps  to  the  so-called  gap 
state.  Here,  since  the  analysis  is  (at  least  so  far)  intractable,  the  approach  was 
strictly  numerical.  In  Ref.  15  a  direct  numerical  integration  of  the  model  equation 
was  used.  In  Ref.  17,  instead,  numerical  techniques  were  used  to  establish  the  exis¬ 
tence  (and  non-existence)  of  heteroclinic  connections  between  the  fi.xed  points  of 
the  reduced  ordinary  differential  equation  associated  with  the  model  partial  differen¬ 
tial  equation. 

At  the  present  time,  the  Melnikov-function  technique  is  perhaps  the  best-de¬ 
veloped  and  most  reliable  theoretical  tool  for  studying  the  onset  of  chaos  in  dyna¬ 
mical  systems.  In  particular,  this  technique  permits  analytic  calculation  of  the  con¬ 
ditions  for  the  existence  of  Smale-horseshoe  chaos  in  perturbed  dynamical  systems 
that  are  "sufficiently  close",  in  a  function-space  sense,  to  an  integrable  system.  \ 
Smale  horseshoe  contains  a  countable  set  of  unstable  periodic  orbits,  an  uncount¬ 
able  set  of  bounded  nonperiodic  orbits,  and  a  dense  orbit;  consequently,  the  exis¬ 
tence  of  a  Smale  .horseshoe  can  be  viewed  as  the  first  step  toward  a  possible 
chaotic  behavior.  The  Melnikov-function  technique  was  applied  to  Josephson  junction 
devices,  and  related  dynamical  systems,  in  Refs.  3,  7,  and  11.  Direct  numerical  integra¬ 
tion  of  the  model  equation  was  used  to  check  the  validity  of  the  predictions  of  the 
Melnikov  approach  regarding  the  threshhold  for  the  onset  of  chaos. 

A  topic  that  continues  to  attract  research  interest,  even  though  not  directly 
connected  with  the  interplay  between  coherence  and  chaos,  is  the  influence  of  the 
dissipative  parameters  in  the  sine-Gordon  model  of  the  Josephson  junction  on  the 
dynamics  of  fluxons.  Refs.  8,  9,  and  1+  have  provided  interesting  new  results  in  this 
connection.  Ref.  14-,  in  particular,  has  extended  the  usual  "isolated"  sine-Gordon  mo¬ 
del  of  the  junction  to  a  model  in  thermal  equilibrium  with  a  heat  reservoir,  thus 
incorporating  in  a  natural  way  the  effects  of  thermal  fluctuations  on  the  behavior 
of  the  system.  Thermal  noise  is  an  important  physical  phenomenon,  even  at  the  very 
low  temperatures  at  which  superconductive  Josephson  devices  work;  consequently, 
an  understanding  of  thermal  effects  is  crucial  for  the  accurate  modelling  of  practi¬ 
cal  electronic  devices. 

.A.S  indicated  above,  Josephson  fluxon  oscillators  show  considerable  promise 
for  applications  m  high-frequency  radio  receivers.  Since  the  power  available  from  a 
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single  such  oscillator  is  somewhat  low,  a  natural  approach  has  been  to  construct 
arrays  of  oscillators,  which,  of  course,  is  reasonable  if  the  individual  oscillators  of 
the  array  can  be  made  to  work  in  synchronism.  In  Ref.  19,  a  first  step  has  been 
taken  toward  the  theoretical  study  of  phase-locking  of  fluxon  oscillators.  The 
approach  adopted  has  the  attractive  feature  of  reducing  the  problem  of  phase-lock¬ 
ing  to  the  study  of  the  fixed  points  of  a  two-dimensional  functional  map. 

Finally,  new  computational  techniques  for  the  study  of  particular  aspects  of 
Josephson  junction  dynamics  have  been  developed  in  Refs.  16  and  20.  Ref.  16  illus¬ 
trates  the  application  of  the  cell-to-cell  mapping  technique,  originally  developed  for 
the  study  of  other  dynamical  systems,  to  the  rf-driven  Josephson  junction.  This  ap¬ 
proach  permits  a  complete  mapping  of  the  basins  of  attraction  of  the  various  attract¬ 
ors,  both  periodic  and  chaotic,  of  the  system  with  an  enormously  reduced  computa¬ 
tional  cost.  In  Ref.  20,  study  of  the  complicated  dynamics  of  the  sine-Gordon  model, 
in  a  regime  characterized  by  chaotic  behavior,  is  reduced  to  the  study  of  a  finite  set 
of  modal  equations,  with  the  nonlinear  modes  chosen  from  considerations  of  spec¬ 
tral  theory,  resulting  once  again  in  a  significant  reduction  of  computational  effort. 
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Detailed  simulation  studies  of  the  dynamics  of  Huxons  in  long  circular  Josephson  tunnel  junctions 
under  the  influence  of  external  microwave  radiation  and  internal  thermal  noise  are  presented.  The 
simulation  algorithm  uses  a  pseudospectral  method  well  adapted  to  vector  processors  (CRAY-I-S), 
which  gives  a  speed-up  factor  in  computing  time  of  typically  22  in  comparison  to  conventional 
high-speed  computen,  and  also  provides  results  with  a  relative  accuracy  of  less  than  10'*  thereby 
making  possible  the  study  of  the  very  narrow  radiation  linewidth  of  such  oscillators.  Comparison  of 
calculated  linewidths  with  experimental  results  shows  good  agreement. 


I.  INTRODUCTION 


<Pxx-<Pit-iintp=aip,+r  +  V(x,l)  .  (2.1) 


Josephson-junction  fluxon  oscillators  continue  to  attract 
research  interest  both  theoretically,  in  studies  of  nonlinear 
wave  dynamics,  and  experimentally,  where  the  very  nar¬ 
row  linewidth  of  the  emitted  microwave  radiation  prom¬ 
ises  potentially  interesting  applications.*  This  very  nar¬ 
row  linewidth  makes  the  numerical  study  of  the  detailed 
dynamics  of  such  oscillators  very  CPU  time  consuming. 
In  order  to  overcome  these  difficulties  we  have  developed 
a  pseudospectral  algorithm  for  solving  the  perturbed 
sme-Gordon  equation  which  describes  the  oscillator.  This 
algorithm  employs  a  Fourier  transformation  of  the  spatial 
variable  together  with  a  finite-difference  approximation  to 
the  time  variable.  The  extensive  use  of  fast  Fourier 
transforms  in  the  algorithm  has  made  the  implementation 
natural  on  a  CRAY-l-S  vector  processor.  The  Fourier 
treatment  of  the  space  variable  requires  spatial  periodicity 
in  the  model.  In  physical  terms  this  means  that  we  are 
studying  a  circular  Junction  oscillator  of  the  type  first 
proposed  by  McLaughlin  and  Scott. ^  This  device,  as  well 
as  providing  a  convenient  mathematical  model  because  of 
pcnodic  boundary  conditions,  has  in  recent  years  begun  to 
attract  research  interest  in  its  own  right. 

The  paper  is  structured  as  follows.  In  Sec.  II  we 
describe  the  mathematical  model  of  the  circular  junction. 
Details  of  the  numerical  techniques  employed  are  present¬ 
ed  m  Sec.  III.  In  Sec.  VI  we  study  the  behavior  of  the  os¬ 
cillator  under  the  influence  of  a  sinusoidal  driving  term  in 
the  bias  current,  which  models  external  microwave  irradi¬ 
ation.  Section  V  contains  calculations  of  the  linewidth 
under  the  influence  of  Gaussian  white  noise,  which 
models  internal  thermal  noise  in  the  junction.  In  Sec.  VI 
we  compare  our  results  with  existing  experimental  obser¬ 
vations.  In  all  of  the  sections  we  arc  focusing  on  a  config¬ 
uration  with  a  single  propagating  fluxon,  which  corre¬ 
sponds  to  the  first  zero-field  step  in  the  current-voltage 
characteristic  of  the  oscillator. 

II.  MATHEMATICAL  MODEL 

As  a  model  for  the  Josephson  tunnel  junction  of  overlap 
geometry  we  use  the  perturbed  sine-Gordon  equation,’ 


Here  ip  is  the  quantum  phase  difference  between  the  two 
superconducting  layers  in  the  junction.  Space  and  time 
are  normalized  to  the  Josephson  penetration  length 
kj={<t>Q/2njoLf)'^^,  and  the  inverse  of  the  plasma  fre¬ 
quency  cj^=l2irjo/ft>QC)'^,  respectively,  where  <J>o  is  the 
magnetic  flux  quantum  given  by  <l>o=h/2e  =  2.064 
X  10" *’  Wb.  Lp  and  C  arc  the  inductance  and  the  capa¬ 
citance  per  unit  length  of  the  junction.  The  first  of  (he 
perturbation  terms  on  the  right-hand  side  of  Eq.  (2.1) 
represents  the  loss  due  to  tunneling  of  normal  electrons,  in 
normalized  units  a  =  C/(OpC,  where  C"'  is  an  effective 
normal  resistance  per  unit  length.  The  second  term  is  the 
normalized  bias  current  y  measured  in  units  of  jo  the 
maximum  Josephson  current  per  unit  length.  In  this  pa¬ 
per  we  include  a  third  term  7}lx,i)  representing  either  an 
externally  applied  sinusoidal  driving  term  connected  to 
the  bias,  or  an  internal  thermal  noise  term  connected  to 
the  loss.  In  this  second  case  we  assume  a  distributed 
Gaussian  white  noise  with  zero  mean  value. 

The  normalized  length  of  the  Josephson  junction 
I =L/kj  is  assumed  to  be  large  compared  with  unity  and 
the  normalized  width  w=  W /Xj  small  compared  with  un¬ 
ity,  allowing  us  to  use  a  1  -(- 1  dimensional  model.*’  Hc- 
cause  the  aim  of  this  investigation  is  to  isolate  the  influ¬ 
ence  of  the  term  r](x,t)  on  the  solution  to  Eq.  (2.1)  we 
avoid  phenomena  connected  with  collision  with  junction 
boundaries  by  considering  a  long  annular  junction.  There¬ 
fore,  we  demand  spatial  periodicity  with  period  /  in  the 
two  physical  quantities,  the  voltage  drop  across  the  junc¬ 
tion: 


V  .r, 

■ 

(2.2) 

and  the  current  along  the  junction. 

/=  —Jo^jtPx  . 

(2.3) 

i.e.,  boundary  conditions 

(p,{0,t)  =  (p,[l,t)  , 

l2.4a) 

(2.4b) 
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The  fluxon  traveling  wave  solution  to  the  unperturbed 
version  of  Eq.  (2.1)  is  given  by’ 

(;’  =  2sin~'[cn(^,<c)]  ,  (2.5) 

vviih  c  =  l.t  -ui)/[k{  1  — M^)'^’].  Here  u  is  the  velocity  of 
the  wave  and  k  is  the  modulus  in  the  Jacobian  elliptic 
function.*  Spatial  periodicity  requires  //(I  — 

=  2nkK(k),  where  n  is  the  winding  number,  i.e.,  the  num¬ 
ber  of  fluxons  minus  the  number  of  antifluxons,  and  Kik ) 
IS  the  complete  elliptic  integral  of  the  first  kind.  In  Ref.  9 
It  IS  shown  by  Hamiltonian  perturbation  theory’  that  the 
Steady-Slate  fluxon  velocity  dependence  on  the  loss  and 
bias  parameters  is 

u  =  l/(l-b(4a'/rrr)’)‘'’ ,  (2.6) 

with  a'  =aE{k)/k,  where  Eik)  is  the  complete  elliptic 
integral  of  the  second  kind.  For  />8  (assuming  n  =  l) 
Eq.  (2.5)  reduces  to  the  kink  for  the  infinite  line 
(f  =  4tan~'(e^)  with  ^  =  (jc  —  Mr)/(  1  —  and  the 

velocity  given  by  «  =  1 /[  1 -bl^a/rry)’]'^’.  In  the  numeri¬ 
cal  simulations  we  have  used  /  =  8,  12.8,  20,  and  n  =  1. 


111.  NUMERICAL  TECHNIQUES 

riic  very  narrow  linewidth  of  the  radiation  emitted 
from  a  Josephson-junction  oscillator  (less  than  1  kHz  at 
10  GHz)'°  suggests  that  a  relative  numerical  accuracy  of 
at  least  10"’  is  essential.  We  solve  Eq.  (2.1)  numerically 
by  using  a  pseudospectral  method."  This  method,  a 
Fourier  transform  treatment  in  space  together  with  a  leap¬ 
frog  scheme  in  time,  has  the  advantage  of  simplicity  and 
high-order  accuracy  in  the  approximations  to  the  space 
derivatives.  Expansion  of  the  fluxon  wave  into  truncated 
senes  of  sines  and  cosines  demands  periodicity  not  only  in 
and  <p,  but  also  in  (p  itself.  Observing  that  the  fluxon 
IS  a  localized  kink  connecting  two  ground  states  separated 
by  2r7  we  introduce  a  new  periodic  function  <p  —  2irx/l 
whose  Fourier  representation  we  denote  '!>'’( t)  with  the  su¬ 
perscript  p=0,±l . ±Pnll«- 

Transforming  Eq.  (2. 1)  into  the  following  set  of  ordi¬ 
nary  nonlinear  coupled  differential  equations; 

-  f )  —  d>f, ( f )  —  sinip  I 

=ad)f(r)-)-/y6p,o  +  /V'’(f)  ,  (3.la) 

p=0,±l . (3. lb) 

in  which  F’’  and  N’’  are  the  Fourier  components  of  sinip 
and  17,  respectively,  and  bp  o  denotes  the  Kronecker  sym- 
hnl.  and  using  second-order  central  differences  to  approxi- 
maic  the  time  derivatives  we  get  an  explicit  scheme  for 
the  time  evolution  of  the  Fourier  components 

=[  2't>”-(l-aAt/2)d>°_, 

+  ,  (3.2a) 

-(>;  . ,  =  [  ( 2  -  At ’k,’ -  ( 1 -a At /2)<f^_  I 

-MHsfFNf)\/[\FaM/2),  \p\>0,  (3.2b) 

where  equals  F^lsimpj  at  time  y'Ar,  calculated  each 
time  step  by  transforming  back  to  x  space,  calculat- 
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FIG.  I.  Schematic  diagram  of  numerical  simulation  pro¬ 
cedure. 


ing  sinip  and  then  transforming  again  to  k  space  as  indi¬ 
cated  schematically  in  Fig.  1. 

Figure  2  shows  the  computed  ^  3  function  of  time 
at  an  arbitrary  point  on  the  junction.  This  signal  consists 
of  an  almost-periodic  sequence  of  pulses.  In  fact,  it  is  the 
deviation  from  perfect  periodicity  that  gives  a  nonzero 
linewidth  of  the  radiation.  Since  the  deviation  is  small  it 
is  necessary  to  devise  a  very  accurate  method  for  deter¬ 
mining  the  revolution  periods  T,  for  the  circulating  flux- 
on.  We  do  this  by  calculating  T,  as  the  time  for  the 
mean  value  of  the  phase  over  x  to  change  by  2rr.  The 
fundamental  frequency  of  the  signal  then  becomes 
/q=s1/(7,  >,  where  brackets  denote  an  average  value. 
We  take  the  power  spectrum  of  the  signal  near  /o  to  be 
the  distribution  of  the  computed  values  of  1/7,. 

Figure  3  shows  the  calculated  7,’s  in  a  computer  ex¬ 
periment  with  the  driving  term  77=0  in  Eq.  (2.1).  As  can 
be  seen  from  Fig.  3,  the  relative  accuracy 
A7 /{T„)  <  10"*.  In  fact,  examination  of  the  numerical 
output  shows  that  it  is  approximately  7x10“’.  The  long 
transient  arises  from  the  fact  that  the  initial  conditions 
given  by 

<p(x,0)=/(x,0)  — sin“'(y)  ,  (3.3a) 

97(x,  -  Af)=/(x,  —  At )  — sin“'(y)  ,  (3.3b) 

where  f[x,t)  is  the  fluxon  traveling  wave  solution  to  the 
unperturbed  sine-Gordon  equation  as  given  by  Eq.  (2.5) 


FIG.  2.  Time  dependence  of  the  space  derivative  of  the  flux- 
on  wave  form,  showing  the  nth  period  of  revolution  7,  for 
a=0.01,  y  =0.02,  tj  =  0,  and  /=  12.8. 
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Revolution  period 


Revolution  number  n 

FIG.  3.  Revolution  period  7",  as  a  function  of  revolution 
number  n  for  a=0.0l,  y=0.02,  t}=0,  and  /  =  8  showing  high 
level  of  computational  accuracy  achieved. 

and  sin-'ly)  is  the  ground  state,  are  not  exactly  equal  to 
the  final  propagating  configuration. 

We  note  at  this  point  that  the  accuracy  of  the  results 
was  checked  by  doubling  in  Eq.  (3.1b),  in  order  to 
ensure  that  no  spurious  Fourier  modes  due  to  the  discreti¬ 
zation  in  X  space  are  produced,  and  halving  At  in  Eqs. 
(3.2).  The  values  used  for  ranged  from  64  to  256  and 
those  for  At  from  0.075  to  0.0025,  depending  on  the  pa¬ 
rameters  /  and  y. 

The  computer  program  was  implemented  on  an  IBM 
3033  in  double  precision  (approximately  16  significant 
digits)  and  on  a  CRAY-1  vector  processor  in  single  pre¬ 
cision  (approximately  15  significant  digits)  using  optimiz¬ 
ing  FORTRAN  compilers.  In  the  former  case  we  have  used 
the  IMSL-routine  FFT2C  for  fast  Fourier  transform,'^  In 
the  latter  case,  by  making  full  use  of  vectorization  of  the 
computer  code  and  the  CRAY  routines  for  Fourier 
transform  and  vector  copying  CFFT2  (Ref.  13)  and 
CCOPY  (Ref.  14)  we  gained  a  speed-up  factor  in  comput¬ 
ing  time  of  22.  Each  long  simulation  requires  typically 
5x  lO’  time  steps  on  a  512-point  spatial  lattice  and  uses 
approximately  10  min  of  CPU  time  on  the  CRAY-l-S  as 
opposed  to  approximately  4  h  on  a  scalar  machine. 

Finally,  we  have  compared  the  steady-state  fluxon  ve¬ 
locity,  given  by  u—l/{T„),  with  the  predicted  value 


FIG.  4.  Difference  between  average  propagation  velocity  as 
computed  numerically  Ude  and  calculated  from  perturbation 
theory  from  Eq.  (2.6)  as  a  function  of  the  bias  for  o=0.0I, 
Tj  =0,  and  /  =  8. 


from  Hamiltonian  perturbation  theory,  Eq.  (2.6).  The  re¬ 
sult  is  seen  in  Fig.  4.  The  deviation  for  large  bias  values  is 
expected  because  the  perturbation  theory  is  only  valid  for 
small  y  values. 

IV.  SINUSOIDAL  DRIVING  TERM 

■  In  this  section  we  investigate  the  behavior  of  the  fluxon 
velocity  when  the  driving  term  is  given  by 

T;(x,t)=7}(r)=77osin(nt)  ,  (4.1) 

as  a  function  of  the  driving  frequency  O.  This  might  be 
considered  as  a  model  of  microwave  irradiation  of  the 
junction.  Using  the  definition  of  the  normalized  momen¬ 
tum 

p(l)=-j  f^^^,p,(/x  ,  (4.2) 

and  separating  the  phase  into  a  kink  part  and  a  back¬ 
ground  pan'’  (p(x,t)=tp'‘(x,{)+<p’’(t),  and  assuming  that 
the  length  of  the  junction  is  large,  allowing  expressions  for 
the  infinite  junction  to  be  used,  we  get  the  following  equa¬ 
tion  for  the  momentum  p*  of  the  kink. 


Revolution  frequency  {„ 


Revolution  frequency  fn 


FIG.  5.  Revolution  frequency  /,  as  a  function  of  revolution 
number  n  for  sinusoidal  drive,  rjl t  )  =  j/gsinl Hi ).  with  a  =0  0). 
y=0.02,  fi  =  0.86,  i;o=0-OI>  and  /  =  8.  (al  Numerical  simula¬ 
tion.  (b)  Kink  model. 
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at  dr 

(4.3) 

Thus,  the  background  motion  becomes  an  effective 
dnving  term  for  the  kink  part.  From  Eq.  (2.1)  we  derive 
the  linearized  equation  for  9  “  =<p“' -f  sin“‘(y),  assuming 
that  ^  «  1, 

-  'j-  -  — +(l-y^)‘^*  =  -T/oSin(nf)  .  (4.4) 

at*  at 

Combining  Eqs.  (4.3)  and  (4.4)  we  obtain  for  the  kink 
momentum 


0i=tan“'(n/a) 

and  (4.5b) 

02  =  tan-'lan/[(l-y^)''^-n2]l  - 

The  instantaneous  kink  velocity  is  then  calculated  from 
p*  =  u/(l— u^)"'^.  In  order  to  compare  this  approximate 
theoretical  description  with  the  numerical  result  we  calcu¬ 
late  the  flth  period  T„  according  to  the  formula 


with  (4.6) 

u=p*/[l+(p*)^]‘^^  . 


p'il)  = 


-t- 


Vo 


a  (a^-hfl^)'^^ 
^0^ 


siniflt  — fli) 


212^ 


(4.5a) 


Figures  5—7  show  a  comparison  of  the  results  from  this 
linearized  model  and  from  numerical  simulations  of  Eq. 
(2.1)  with  n=0.86,  0.89,  and  1.10,  respectively.  In  all 
cases  it  is  seen  that  the  kink  model  is  able  to  reproduce 
the  fluctuations  in  the  revolution  frequency  /,  =  1  /T,  in 
great  detail. 

As  a  measure  of  the  amplitude  of  the  frequency  fluc- 
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FIG  6  Revolution  frequency  /,  as  a  function  of  revolution 
number  n  for  sinusoidal  drive,  T)(f  >  =  r;osin(nt),  with  a=0.01, 
;  -0  02,  n-0.89,  r;o  =  O  OI,  and  /  =  8.  (a)  Numerical  simula- 
imn  'b'  Kink  model. 


Revolution  frequency  fn 


Revolution  frequency  fn 


FIG.  7.  Revolution  frequency  /,  as  a  function  of  revolution 
number  n  for  sinusoidal  drive,  T;(f)  =  T;oSin(nf ),  with  a  =  0  01, 
y=0.05,  n=1.10,  770=0.01,  and  /  =  8.  (a)  Numerical  simula¬ 
tion.  (b)  Kink  model. 
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Standard  deviation  a, 


Driving  frequency  f) 

FIG.  3.  Standard  deviation  of  revolution  frequency  <7/  as  a 
function  of  driving  frequency  fl.  Solid  curve,  numerical  simula¬ 
tion;  dashed  curve,  kink  model;  parameters,  asO.OI,  ys0.02, 
t;n=0.0l,  and  /  =  8. 


tuation,  which  is  essentially  the  linewidth  of  the  oscillator, 
we  have  calculated  the  standard  deviation  of  the  revolu¬ 
tion  frequency  =  — for  values  of  the 

cyclic  driving  frequency  Cl  between  0.4  and  2.0. 

The  full  curve  in  Fig.  3  shows  the  results  from  the  nu¬ 
merical  simulation  and  the  dashed  curve  those  from  the 
kink  model.  The  kink  model  predicts  a  resonance  just 
below  the  plasma  frequency  n  =  l,  whereas  the  numerical 
simulation  yields  this  peak  at  a  somewhat  lower  frequen¬ 
cy.  Moreover,  the  numerical  results  exhibit  a  hysteresis 
not  seen  in  those  of  the  kink  model  and  a  difference  in 
scale.  The  discrepancy  in  resonance  frequency  and  hys¬ 
teresis  behavior  is  attributable  to  the  fact  that  we  have 
used  a  linearized  kink  model.  Presumably,  the  use  of  a 
higher-order  expansion  in  Eq.  (4.4)  would  yield  a  behavior 
analogous  to  that  of  a  soft  nonlinear  spring'^  thus  reduc¬ 
ing  these  discrepancies.  It  is  not  clear,  however,  to  what 
e.stent  the  difference  in  scale  would  be  resolved  by  such  a 
refinement. 


V.  GAUSSIAN  WHITE  NOISE 


Hamiltonian  perturbation  theory  for  the  fluctuations  Au 
in  the  fluxon  velocity  leads  to  the  power  spectrum  for 
Am,'® 

,  (5.4) 


with  the  average  velocity  Uq  given  by  Eq.  (2.6).  By  a 
Fourier  transform  of  Eq.  (5.4)  we  obtain  the  autocorrela¬ 
tion  function  for  Au  as  an  exponential 


16a 


(5.5) 


Thus  Au(r)  is  a  normal  process  with  zero  mean  and 
standard  deviation'* 


4a 


1/2 


(5.6) 


Defining  the  period  of  a  fluxon  revolution  according  to 
Eq.  (4.6)  we  calculate  the  average  frequency  fluctuation  as 
the  average  of  the  instantaneous  frequency  fluctuation 
Au  //  over  one  average  period  of  revolution 

1  I  +  ( T) 

Au/Wt.  (5.7) 


From  Eq.  (5.7)  it  follows  that  A/  has  a  normal  distnbu- 
tion  with  zero  mean  and  the  standard  deviation,'^ 


1 

(Ta/  —  ^  tZa, 


2uo 

a/ 


1  — exp(  ~al/uo) 
^ - 


1/2 

.  (5.3) 


A  numerical  simulation  with  (r,,=8.8x  10“*  is  seen  in 
Fig.  9  showing  a  typical  frequency  distribution  of  A/ 
about  the  fundamental  frequency  The  connec¬ 

tion  between  the  standard  deviation  and  the  half- power 
linewidth  is 


A/|/j=»  v81n2(7a/  (5.9' 

when  A/  is  normal  distributed. 

Figures  10  and  1 1  show  a  comparison  of  (he  standard 
deviation  predicted  by  this  model  Eq.  (5.8)  and  the  results 


The  term  rjixj]  in  Eq.  (2.1)  is  here  considered  to  be 
Gaussian  white  noise  with  zero  mean  {■q{x,t))=0  and 
autocorrelation  function 

R^{^,T)=(Ti{x,t)-q(x  +^,i+t))  =a^5{^)5{T)  .  (5.1) 

The  variance  of  the  noise  crj  is  connected  with  the  loss  a 
and  the  absolute  temperature  T  through’’ 

a],  =  4irakT/<P(jQkj  ,  (5.2) 

where  k  is  the  Boltzmann  constant. 

In  the  vectorized  algorithm  we  find  it  convenient  to  in¬ 
troduce  the  noise  term  in  p-t  space,  N'’(i),  as 

.V^(f)  =  F-'|o,exp(i(fl,-)-0„))i  ,  (5.3) 

where  F~'  denotes  the  Fourier  transform  from  co  to  t 
space,  and  9^  and  9^  are  stochastic  variables  uniformly 
distributed  between  0  and  2ir,  with  an  upper  limit  in  p 
and  (jj  of  Pm„  =  l/2Ajt  and  a>„„  =  n’/Ar,  Ax  and  At  being 
the  resolution  in  space  and  time,  respectively.  Standard 


Distribution  density 


FIG.  9.  Distribution  of  revolution  frequency  /,.  Numencai 
simulation  with  Gaussian  noise  drive:  a  =  0.01,  y^O.CJa, 
(7,  =  8.8x  10-‘,  and  1  =  20. 
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I  IG.  10.  S(anclard  deviation  of  revolution  frequency  Of  for 
white  Gaussian  noise  drive  as  a  function  of  bias  current  y,  for 
fi  =  0,0l,  /  =  8,  and  <7,=0.01,  0.05,  0.10,  and  0.20.  (a)  Numeri¬ 
cal  simulation,  (b)  Hamiltonian  perturbation  theory. 


Standard  deviation  a, 


for  while  Gaussian  noise  drive  as  a  function  of  bias  current  y, 
r.'rfr  =  0  01,  1  =  20,  and  o,  =  0.j1,  0.05,  0.10,  and  0.20.  (a)  Nu- 
nii  rical  simulation,  (hi  Hamiltonian  perturbation  theory. 


from  the  numerical  simulations  for  the  lengths  l  =  i  and 
/  =  20,  respectively.  As  can  be  seen,  the  model  is  able  to 
predict  the  right  qualitative  dependence  on  the  length,  the 
noise  amplitude,  and  the  bias,  but  the  model  predicts  an 
overall  standard  deviation  that  is  about  a  factor  of  10  too 
large.  The  reason  for  this  discrepancy  is  at  present  not 
known. 

In  closing,  we  note  that  for  y  values  near  0.3  it  was 
found  necessary  to  augment  the  time  resolution  (by  reduc¬ 
ing  A/)  to  avoid  spurious  peaks  in  Fig.  10(a).  The  ex¬ 
istence  of  such  spurious  peaks  might  be  an  indicator  of 
the  onset  of  chaotic  behavior  at  nearby  points  in  parame¬ 
ter  space.  In  fact,  parameter  values  y=0.3  with  a=0.01 
lead  to  chaotic  creation  of  fluxon-antifluxon  pairs  in  the 
study  reported  by  Eilbeck  el  al.^° 

VI.  COMPARISON  WITH  EXPERIMENTS 

The  rapidly  decreasing  linewidth  with  increasing  bias 
shown  in  Figs.  10  and  11  is  in  qualitative  agreement  with 
the  experimental  observations  of  Fig.  1  in  Ref.  10. 

To  compare  quantitatively  the  calculated  results  with 
these  experiments  we  use  in  Eq.  (5.2)  data  reported  by 
Scott  et  al.^  For  the  junction  No.  N25L,  assuming  a  tem¬ 
perature  of  4  K,  Eq.  (5.2)  gives  (7,=0.0052.  Noting  from 
Fig.  9(a)  that  o/  scales  linearly  with  a,,,  we  calculate  from 
Eq.  (5.9)  a  normalized  half-power  linewidth 
A/'i/2  =  5.5X  lO"^  at  y=s0.2.  Taking  as  the  normalized 
resonance  frequency  /o  =  Uo//=sO.  125  we  calculate  a  rela¬ 
tive  linewidth  A/i/2//o=‘^-'*X  10“*.  The  physical  reso¬ 
nance  frequency  for  junction  No.  N25L  was  2.3  GHz.' 
This  yields  a  physical  linewidth  of  10  kHz.  Comparing 
with  the  experimental  results  shown  in  Fig.  1  of  Ref.  10 
and  noting  that  y  =  0.2  corresponds  to  a  bias  point  near 
the  bottom  of  the  zero-field  step,  we  find  excellent  agree¬ 
ment.  The  same  calculations  for  junction  No.  N53C,' 
again  for  7  =  4  K  and  y  =  0.2,  yield  A/i 
=  2.3x  10"‘.  The  physical  resonance  frequency  for  junc¬ 
tion  No.  N53C  was  8.3  GHz,  which  leads  to  a  physical 
linewidth  of  18  kHz,  once  again  in  excellent  agreement 
with  experimental  results. 

VII.  CONCLUSIONS 

Computational  studies  of  the  linewidth  of  the  radiation 
emitted  by  Josephson  junctions  require  extremely  high 
resolution.  For  this  reason  we  developed  a  pseudospectral 
method  for  solving  the  nonlinear  dynamical  equation 
describing  a  circular  Josephson  junction  oscillator.  Be¬ 
cause  the  algorithm  makes  heavy  use  of  fast  Fourier 
transforms  it  was  implemented  on  a  CRAY-1  vector  pro¬ 
cessor.  Driving  terms  corresponding  to  physically  realis¬ 
tic  situations,  i.e.,  sinusoidal  microwave  irradiation  and 
internal  thermal  noise,  were  considered.  In  the  second 
case  the  computational  results  were  compared  with  exper¬ 
imental  results  reported  in  the  literature,  and  excellent 
qualitative  and  quantitative  agreement  was  found.  In  ad¬ 
dition,  in  both  cases  we  have  compared  the  computational 
results  with  approximate  analytic  results  based  on  pertur¬ 
bation  theory.  Here  the  agreement  was  qualitatively  good, 
but  quantitative  discrepancies  were  found,  indicating  a 
need  for  further  development  of  perturbation  theory. 
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A  incclunival  analog  for  the  double  sine-Gordon  equation  is  proposed  and  used  to  analyze  .solitary  solutions  for  arbitrary 
pjranicicr  values.  The  extension  of  this  analog  to  other  equations  of  the  multiple  sinc-Oordon  class  is  also  considered. 


I.  Intruiluction 

r'’c  sinc-Gortlon  equation  (SGE)  has  received 
much  attention  during  the  past  years  in  connection 
vviilt  a  remarkable  variety  of  problems  of  physical 
iniere.si  []].  in  condensed  matter  physics  the  SGE 
h.is  been  used  to  model  one  dimensional  chains  of 
.ii.tnts  on  a  periodic  substrate  potential.  In  this 
coiucM.  lutwcvcr,  while  the  regular  structure  of 
such  chain.s  makes  it  natural  to  consider  periodic 
poicniials,  there  is  no  obvious  reason  for  restrict¬ 
ing  these  to  single  sinusoids.  This  fact  has  led  to 
an  incieasing  interest  in  constructing  modified 
siiie-Gordon  equations  with  periodic  but  not 
sinusoidal  potentials  (2).  One  way  of  doing  this  is 
by  including  in  the  substrate  potential  Fourier 
components  higher  than  the  sine-Gordon  one,  this 
Ic.idmg  (o  the  so  called  “multiple  sine-Gordon” 
cqu.iiions  (3): 

E  ^  sin (.J)/i)-0.  (1) 

i-i  ' 

Among  these  equations  a  relevant  role  is  played  by 
ilie  ilouble  .sine-Gordon  equation  (DSGE)  ( Af  2 
m  cq  ( 1  )); 

+ ^1  sint  +  Ysin(.^/2)-0,  (2) 

1  Dipjiiiiiiinin  di  Fisica  Tcorica  e  sue  Mclodologic  per  ic 
s.  vii/i.'  Appiitjic.  Univcrsiia  di  Salerno,  841(X)  Salerno,  Iialy. 


which  just  represents  the  first  step  toward  a  model 
for  linear  chains  of  atoms  on  generic  substrate 
periodic  potentials.  Eq.  (2)  is  also  connected  with 
several  interesting  physical  phenomena,  such  as 
spin  dynamics  in  the  B  phase  of  superfluid  ^He  [4|, 
propagation  of  resonant  ultrashort  optical  pulses 
through  degenerate  media  [S],  nonlinear  excita¬ 
tions  in  a  compressible  chain  of  xy  dipoles  under 
conditions  of  piezoelectric  coupling  [6],  ferromag¬ 
netic  chains  (7),  organic  conductors  |8,  9),  etc. 

Since  the  DSGE  is  not  intcgrable  (the  only 
intcgrablc  equation  of  family  (1)  is  the  SGE),  it 
has  been  investigated  numerically  by  several 
authors  for  particular  values  of  parameters  A|, 

[9,  10].  Depending  on  these  values,  different  typi¬ 
cal  solitary  wave  solutions  were  found.  A  complete 
numerical  investigation  of  the  dynamical  proper¬ 
ties  of  eq.  (2)  with  A,,X2  varying  in  the  range 
(-00,-1-00)  is,  however,  still  lacking  [llj.  Further¬ 
more,  in  spite  of  their  physical  relevance,  very 
little  exists  in  the  literature  on  equations  of  type 
(1)  for  A/ >  2. 

In  the  present  paper  we  propose  a  mechanical 
analog  for  the  DSGE  which  easily  extends  to  all 
the  equations  of  type  (1).  The  first  mechanical 
analog  for  a  soliton  equation  was  given  by  Scott  in 
1969  for  the  SGE  [12].  More  recently.  Cirillo  ct  al. 
have  constructed  a  more  sophisticated  SGE  ana¬ 
log,  and  used  it  to  solve  practical  problems  in  the 
Josephson  effect  area  [13].  The  mechanical  analog 
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pmposcd  here  is  a  natural  extension  of  Cirillo’s 
t'lic  to  the  case  of  eqs.  (1).  The  aim  of  this  paper  is 
to  give  a  simple  and  unified  picture  of  some  of  the 
properties  of  equations  of  type  (1),  by  visualizing 
then  on  tliis  mechanical  analog.  The  paper  is 
org.inizcd  as  follows;  we  describe  the  details  of  the 
mechanical  analog  for  (he  DSGE,  and  indicate 
how  dynamical  equations  arise.  Next  we  consider 
solitary  wave  solutions  of  (2)  both  in  terms  of  the 
mechanical  analog  and  by  direct  integration  of  the 
equation.  A  brief  discussion  on  the  extension  of 
the  model  to  equations  of  type  (1),  and  perspec¬ 
tives  of  future  studies  will  be  given  in  the  conclu¬ 
sions. 


2.  Kvpcrimcnt,  model 

The  generic  .section  of  the  mechanical  transmis- 
sk>n  line  for  the  DSGE  is  shown  in  fig.  1.  It 
consists  of  the  following  elements:  an  aluminium 
ilisk  A.  a  piece  of  solid  rubber  rod  B,  two  pcndula 
respectively  of  length  /j./j  and  mass  and 

.1  gearing  mechanism  C  to  provide  coupling  be¬ 
tween  the  two  pendula.  The  aluminium  disk  and 


1  1  A  section  of  ihc  mechanical  line  for  ihc  double  sine- 

( rofdon  c'ju.ition 


the  two  pendula  are  rigidly  fixed  to  the  axis  of  the 
transmission  line.  The  rubber  rod  B  provides  the 
elastic  coupling  between  the  sections  while  the 
mechanism  C  is  realized  with  a  gear  of  ratio  \  and 
connected  to  the  transmission  line  as  in  fig.  1.  A 
practical  realization  of  a  segment  of  the  line  is 
shown  in  fig.  2.  By  assuming  the  dissipative  elTects 
on  the  line  proportional  to  4>, ,,  we  have  for  the  /  ih 
section  the  following  difTerence  dilTcrential  equa¬ 
tion: 

*('!>, +  1  ~  2<^,  +  <!>,- 1) 
sin(<|>,  +  d) 

-mjg/2sin(<(),/2-f-i/').  (3) 

Here  /  denotes  the  moment  of  inertia,  a  the 
damping  constant,  k  the  torque  constant  of  the 
rubber  rod,  and  m,g/,,mjg/2  the  gravitational 
restoring  torques  of  the  pendula  per  section  of  the 
line,  0  and  i//  are  initial  phase  angles  of  the  two 
pendula  with  respect  to  the  vertical  line,  fixed 
when  the  gear  wheels  are  assembled  into  the  gear¬ 
ing  mechanism  C.  (Since  the  two  pendula  are 
rigidly  connected  through  the  gearing  mechanism 
C,  the  introduction  of  two  phase  angles  appears 
redundant;  however,  it  will  be  useful  for  later 
developments.  Furthermore,  we  assume  the  mech¬ 
anical  line  to  have  infinite  length,  so  that  we  will 
not  be  concerned  at  the  present  with  boundary 
conditions). 

Taking  the  ith  section  to  be  of  length  Ax.  cq. 
(3)  is  written  as 

i  f *  i  -  +  <i>,- 

=  sin(<), +  S) 

-m^l2sin{<t>y2  +  4>).  (4) 

When  a  =  0  (lossless  case)  eq.  (4)  may  be  obtained 
from  the  hamillonian  of  the  collection  of  pendula. 


//  =  £ 
I 


(<»,M 

Ax 


(5) 
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Fig.  2.  A  practical  realization  of  a  segment  of  the  DSGE-line. 


Ill  the  c.xicrnal  potential 
I  (  f,‘i  )  =  -  [  |/,  cos  ( <J),  +  ) 

^  cos (<j),/2  +  i|/)] .  (6) 

Mo.iMirmg  distances  in  units  of  and 

nine  in  units  of  W  reduces,  in  the 

liniK  J A  -*0.  to 

o,  -  =  -  Y<>,  -  A I  sin  <()  -  A  2  sin  ( <^>/2) 

-  A,cos<;>  -  A4Cos(<^/2),  (7) 

ulicre  y  =  a/t;  and 

A,  -/H|/|et)S^,  \2~  fo\ 


6  =  0^  tp  =  0  in  eq.  (8),  and  a  zero  point  line  as 
shown  in  fig.  3a.  (The  white  pendulum  denotes  the 
one  with  mass  m,,  while  the  black  denotes  the  one 
with  mass  wtj.) 

In  similar  way  it  is  seen  that  the  cases  A,  >  0, 
Aj  <  0;  A,  <  0,  Aj  >  0;  A,  <  0.  Aj  <  0;  in  eq.  (2) 
are  respectively  obtained  by  letting  »  0,  4>  =  if, 
$  =  ir,  4>  =  0;  9  =  IT,  =  in  eqs.  (7),  (8),  this 
corresponding  on  the  mechanical  line  to  having 
fixed  the  zero  points  respectively  as  in  figs.  3b.  3c, 
3d. 

It  is  worth  noting,  however,  that  the  model 
presented  (i.e.,  eq.  (7))  is  more  general  than  the 
DSGE,  having  the  possibility  of  freely  fixing  the 
initial  relative  phase  angles  (6  -\{/)  of  the  pendula 
by  properly  assembling  the  gear  mechanism  C. 


Wlien  n  =  0  and  0  =  0  (modw),  =  0  (modrr), 
cq  (7)  is  recognized  as  the  DSGE  with  |A,|  =  m,/), 
lA  .|  =  HI./,.  From  eqs.  (7)-(8)  it  is  seen  that  a 
dcfiiine  choice  of  the  initial  phase  angles  0,\p  of 
the  pendula  fixes  the  relative  signs  of  A,  and  X2- 
This  fixes  the  zero  points  of  the  mechanical  line 
II  c  .  ihc  points  from  which  to  me.nsurc  angles)  for 
,in-v  pariiculiir  combination  of  the  signs  of  A,,A2 
in  cq  (2)  as  follows.  For  A,  >  0,  A2>0  we  have 


abed 


11  1 
X,>0  X,>0 

Xj>  0  Xj<  0 


"  II 

X,<0  X,<0 

X2>0  Xj<0 


Fig  3.  Zero  point  lines  for  difTerenl  values  of  A,,  Xj. 
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3.  Behavior  of  the  potential  energy  and  solutions  of 
DSGE 

Being  in  general  possible  to  think  of  the  motion 
of  a  kmk  of  cq.  (2)  as  the  motion  of  a  classical 
particle  in  a  reversed  potential  —u{4>) 

(■(<))  =  X,  cos  (J)  +  \2C0s(<^)/2)  (9) 

it  is  useful  to  consider  how  the  potential  energy  of 
the  pendula  varies  as  A,.  Aj^O.  Let  us  start  by 
analyzing  first  the  cases  A,  >  0,  Aj  >  0  and  A,  <  0. 
A,>0.  For  A,>0,  A2>0  one  knows  from  the 
previous  discussion  that  the  zero  point  line  is  with 
both  pendula  down  as  in  fig.  3a.  This  corresponds 
to  an  absolute  minimum  of  the  potential  energy. 
Starting  from  <;>  =  0  and  letting  the  white  pendu¬ 
lum  move  by  Itr,  one  reaches  the  configuration  in 
fig.  3b.  It  is  easily  verified  that  this  is  a  stable 
equilibrium  configuration  if  the  ratio  of  the  gravi¬ 
tational  torques  of  the  black  and  white  pendula  is 
<  4.  i  c  if  Aj  <  4A,;  otherwise  it  is  unstable.  For 
A  ,  <  4A|  in  fact,  the  potential  energy  is  found  to 
have  absolute  minima  at  <#»  =  0  (mod4ff),  relative 
minima  at  <(i  =  2it  (mod4ff)  and  absolute  maxima 
at  Ip  =  ±S  (mod4Tr)  where  5  =  2cos"' (A2/4A,) 
+  2:t;  while  for  A2^4A|  the  relative  minima  at 
<!> -■  2-!t  {mod4ff)  become  absolute  maxima  (see 
(ig  4).  A  qualitatively  different  behavior  is  ob¬ 
tained  when  A,  <  0,  A2  >  0.  In  this  case,  the  zero 


I  ie  4  Diircrcnt  bchnvionr^  of  th<*  of  the  pcnjula  as 

\  ,  arc  tried  in  the  range  (  -  oc.  ^  oo) 


point  line  is  fixed  as  in  fig.  3c.  This  is  a  stable 
equilibrium  position  (mod4ir)  if  A2g4(A|(  and 
unstable  if  A2<4|A,|.  In  this  last  case,  however, 
two  stable  equilbrium  positions  are  found  at 
±5  (mod4ff)  where  5  »  2cos"*(A2/4|A,().  The 
potential  energy  for  A2g;4|A,|  is  found  to  have 
absolute  minima  at  (mod4ff)  and  absolute 
maxima  at  -  2ir  (mod4ir);  while  for  Aj  <  4|A,| 
it  has  absolute  minima  at  <(>*  ±5  (mod4ff).  ab¬ 
solute  maxima  at  <p“2ir  (mod4v)  and  relative 
maxima  at  <|>  —  0  (mod4ir). 

The  corresponding  behavior  of  the  potential  en¬ 
ergy  for  negative  values  of  A  j  is  obtained  from  the 
previous  case  (A2>0)  by  letting  <p-*<p±2-r  m 
eq.  (6).  Fig.  4  summarizes  the  different  typical 
behavior  of  the  potential  of  the  pendula  as  A,. 
A2e(-oo,  +00).  The  lines  A2=  ±4A,  separate 
regions  of  the  Aj-Aj  plane  in  which  the  configura¬ 
tions  of  fig.  3b  and  3c  are  stable  or  unstable 
according  to  the  previous  discussion.  Of  these 
eight  regions,  however,  only  four  are  physicalK 
significant  since  the  other  four  are  obtained  simply 
by  shifting  the  potential  energy.  We  therefore  will 
focus  in  the  following  only  on  regions  A,  B.  C.  D 
of  fig.  4  (case  A2>0).  From  the  behavior  of  the 
potential  energy  in  these  regions  it  is  evident  that 
4ir-kink  solutions  of  the  DSGE  are  possible  only 
for  parameter  values  of  A,,  A 2  corresponding  to 
regions  A,  B,  C,  of  fig.  4.  These  solutions  arc  easily 
seen  on  the  analog.  A  4ff-kink  solution  of  eq  (2) 
corresponding  to  Aj,  A  j  >  0  is  shown  in  fig.  5.  We 
see  that  while  the  white  pendulum  moves  around 
by  47r,  the  black  one  accomplishes  a  2rr  turn, 
giving  rise  to  a  topologically  stable  4ir  jump  The 
difference  between  kinks  of  regions  A  and  B  can 
be  seen  on  the  analog  as  a  more  rapid  variation  of 
the  gravitational  torques  around  <p  =  0.  For  A,  <  0. 
Aj  >  0  with  A  J  ^  4lA,|47r  jumps  are  still  possible 
(sec  fig.  6),  but  in  this  case  the  starting  and  final 
configurations  are  the  ones  shown  in  fig.  3c,  Again 
it  is  evident  from  the  mechanical  analog  that  these 
are  topologically  stable  solutions.  In  spite  of  the 
different  shape  4ir-kink  solutions  assume  on  the 
mechanical  line  (see  figs.  5.  6)  for  parameter  values 
characterizing  regions  A,  B,  C  of  fig.  4,  it  is  worth 
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X,>0.  \2>o 


X,<0.  \2>o 

X2>4IX,I 


Fig.  6.  A  4iT-kink  of  the  DSGE  on  the  meehanical  line  for  \|  <  0,  Aj  >  0,  Aj  g  4|A||. 
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solitary  wave  solutions  of  eq.  (2),  i.c.  solutions  of 
the  form 

(10) 

with  i-{x  —  vt)/^{\-v^\  uSf-l.l)  and  <> 
satisfying  the  boundary  conditions  lim,_  **'^>(^) 
“  *)*  ±  (*)*  ±  constants).  By  inserting  ansatz  (10) 
in  eq.  (2)  and  multiplying  both  sides  by  d<>/d^  we 
obtain  (after  one  integration  in  O 

(/(♦)-£.  (in 

where  C/((#))  a  X,cos<J>  +  X2Cos(<i>/2),  and  £  is  a 
constant  of  integration.  From  eq.  (11)  one  gets 

^-$0=  /*d(f)/{2(£-X,cos<j> 

-X2Cos(«/2))}'''^  (12) 

which  gives  {  as  a  function  of  <#>,  i.e.  eq.  (12) 
actually  determines  the  inverse  function.  It  is  in¬ 
teresting  to  note  that  eq.  (12)  is  exactly  solvable  m 
terms  of  elliptic  functions,  just  as  the  ordinary 
SGE,  Furthermore,  for  specific  values  of  £  and 
it  is  possible  to  invert  (12)  in  terms  of  elementary 
functions.  To  sec  this  it  is  suitable  to  elTect  the 


X,<0,  X2>0 

X2<^I>^,1 


noting  that  the  change  of  the  gravitational  torques 
of  the  pendula  in  configurations  of  fig.  5  and  fig.  6 
IS  the  .same.  In  region  D  of  fig.  4,  two  dilTercnt 
types  of  kinks  are  possible:  a  small  25-jump  and  a 
big  477-25  one  with  5  <  tt.  The  first  type  corre¬ 
sponds  on  the  analog  to  a  transition  between  the 
two  stable  equilibrium  configurations  at  <^=  ±5 
m  which  the  black  pendula  pass  under  the  line  (.see 
(ig  7)),  while  the  second  type  corresponds  to  the 
transition  5  -*  477-5  in  which  the  black  pendulum 
pass  over  the  line  (see  fig.  8).  Of  these  mechanical 
analog  solutions  one  can  easily  find  the  corre¬ 
sponding  analytical  ones.  To  this  end  we  look  for 


X|  <0,  Xj>0 
Xj  <ZIX,I 


f,g  7  A  2«kink.  cos' '(Xj/4|A,|),  A,  <  0,  A,  >  0; 

X  .  <  4|A|| 
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!  li  A  mechanical  analog  for  Ihe  triple  sine-Gordon  equation  (A/  -  3  in  eq.  (1)1  (for  graphical  convenience  gears  have  been  drawn 

as  cirelo) 


change  of  variable  <})  =  2un"*f  in  cq.  (12).  The 
mtegr.il  in  (12)  (hen  becomes 

4  +  /?('  + y).  (13) 

with  n  =  2( £  —  \,  +  X j),  /J=— 2(£  +  Xj,  Y  = 
2(  £  -  X,  -  Xj),  which  is  easily  evaluated  in  terms 
of  elliptic  integrals  of  the  first  type  (see  ref.  14),  By 
cht'osing  <p.=  0,  <()»  =  4ir,  =  (<>♦  + <J>_)/2  and 
the  constant  £  (energy)  equal  to  -X, -Xj  one 
finds  from  cq.  (12)  that 

e)  =  4tan-’  {(1  +4|X,|/Xj)‘'^ 

:^sinh(±(|X,|  +  X2/4)($- ^o)}  +27r  (14) 

(where  the  assumption  Xj  >  0,  [Xj/Xj  >  -  i  were 
made),  Eq.  (14)  represents  a  47r-kink  solution  of 
cq  (2)  for  parameter  values  X,,  Xj  such  that  Xj  > 
0.  |X||/X2>  -  i  which  correspond  the  mechani¬ 
cal  analog  solutions  shown  in  figs.  5-6.  Similarly 


the  choice  £  =•  (X\  -  4|X,|Xj  -  lXjl^)/4|X,l  and 
<J)j.=  ±2cos'' (X2/41X,!)  in  eqs.  12-13  leads  to 
the  function 

4.  =  4tan-‘{/(4|X,|  -  |X2|)/(4|X,|  -h  IX^I) 

xtanh{±p({- io)).  (15) 

while  the  choice  £  =  {\\  -  2lX,|X\  -  |X,|^)/4|X,1 
and  <f>  ±2cos*‘(X2/4lX,|)±2n’  gives 

<>  =  4tan-'{/(4|X,|  +  |X2()/(4|X,l-  IX2I) 
Xtanh(±p(€- {o)}.  (16) 

with  p  =  ((16|X,|^  —  |Xj|^)/64Xj)‘^^.  As  it  is 
easily  verified,  eq.  (15)  represents  a  25-kink  corre¬ 
sponding  on  the  mechanical  line  to  fig.  7,  while  eq. 
(16)  is  the  4ir-25  kink  of  fig.  8.  Thus  for  parameter 
values  characterizing  regions  A,  B,  C,  of  fig.  4  an 
analytical  solution  of  the  DSGE  is  given  by  (14), 
while  in  region  D  two  analytical  solutions  e.\ist 
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(respectively  given  by  eqs.  (15)-(16)).  all  in  agree- 
ineni  with  our  previous  discussion.  Furthermore  it 
IS  not  dilFicult  to  verify  that  (14)-(15)-(16)  are 
stable  and  have  finite  energy  (as  indicated  by  the 
mechanical  model).  Solutions  similar  to  these  were 
also  derived  by  other  authors  for  lightly  modified 
versions  of  eq.  (2)  (see  ref.  9  and  15).  We  remark 
(inally  that  is  appears  evident  both  from  the 
mechanical  model  and  by  direct  computations  that 
ihe  corresponding  solutions  of  (14),  (15),  (16)  for 
negative  values  of  Xj,  are  simply  obtained  from 
the  previous  case  (A2  >  0)  by  adding  ±2ir. 

4.  Conclusion 

In  this  paper  a  simple  mechanical  analog  for  the 
DSGE  was  presented  and  used  to  analyze  solitary 
wave  solutions  for  arbitrary  parameter  values.  The 
way  m  which  the  analog  is  constructed  makes  it  a 
tool  to  investigate  a  large  number  of  equations  of 
type  (1).  Indeed,  by  changing  gear  ratio’s,  and  by 
including  more  gearing  mechanisms  (see  fig.  9), 
one  easily  gets  models  for  these  equations.  A  con¬ 
crete  u.se  of  the  analog  to  investigate  inelastic 
scattering  between  the  various  kinds  of  kink  solu¬ 
tions  of  these  systems  will  be  the  matter  of  later 
works. 
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The  Melnikov  function  for  prediction  of  Smale  horseshoe  chaos  is  applied  to  the  if-driven  Joseph* 
son  junction.  Linear  and  quadratic  damping  resistors  are  considered.  In  the  latter  case  the  analytic 
solution  including  damping  and  dc  bias  is  used  to  obtain  an  improved  threshold  curve  for  the  onset 
of  chaos.  The  prediction  is  compared  to  new  computational  solutions.  The  Melnikov  technique  pro¬ 
vides  a  good,  but  slightly  low,  estimate  of  the  chaos  threshold. 


I.  INTRODUCTION 

For  some  years  the  topic  of  chaos  in  the  rf-current- 
biased  Josephson  Junctions  has  attracted  much  interest. 
The  first  papers  in  that  field  were  probably  the  qualitative 
work  by  Belykh  et  al. '  and  the  numerical  work  by  Huber- 
man  et  al}  Since  then  a  number  of  authors  have  made 
numerical  calculations,^ electronic  simulations,^"'^  and 
to  a  limited  extent  experiments  on  real  junctions.'^"  “ 
One  of  the  things  that  characterizes  almost  all  this  work 
IS  the  lack  of  analytical  methods  to  predict  the  onset  of 
chaos.  This  situation  was  recently  changed  by  the  analyti¬ 
cal  works  of  Genchev  et  al}^  and  Salam  and  Sastry,'* 
who  used  the  method  of  Melnikov  integrals'*”^'  to 
predict  regions  in  the  parameter  plane  where  chaos 
occurs.  Their  work  is  in  some  sense  an  extension  of  the 
early  work  in  Ref.  1  on  the  shunted-junction  model,  and 
in  the  same  spirit  equations  are  derived  for  various  re¬ 
gions  of  the  same  qualitative  behavior.  Together  with  the 
work  of  Kautz  and  Monaco^  it  is  the  first  step  towards  an 
analytical  prediction  of  chaos  in  the  rf-driven  Josephson 
junction. 

In  this  paper  we  review  the  results  of  Salam  and  Sastry 
from  the  point  of  view  of  Josephson-junction  applications. 
For  a  detailed  mathematical  treatment  we  refer  to  the 
original  mathematical  literature.'*”^'  Further,  we  extend 
the  method  of  Melnikov  functions  to  predict  chaos  in  a 
Josephson  junction  with  quadratic  damping.  This  latter 
model — unlike  the  model  with  a  linear  resistor — has  the 
advantage  that  analytical  solutions  are  known  in  the  ab¬ 
sence  of  an  applied  rf  signal,  and  the  method  of  Melnikov 
functions  requires  fewer  assumptions.  For  both  models 
the  analytical  predictions  are  compared  with  numerical 
simulations. 

The  paper  is  organized  in  the  following  way:  Section 
II  A  discusses  the  application  of  the  Melnikov  method  to 
a  Josephson  junction  with  a  linear  damping  resistor.  Sec¬ 
tion  II  D  discusses  the  case  of  a  Josephson  Junction  with  a 
quadratic  quasiparticle  I-  K  curve.  This  model  is  interest¬ 


ing  for  two  reasons:  (i)  For  high  temperatures  quadratic 
damping  provides  better  agreement  with  experimentally 
measured  I-V  curves  than  linear  damping,  (ii)  A  full 
analytical  solution  to  the  equation  with  quadratic  damp¬ 
ing  is  known.  Consequently,  the  Melnikov  technique  for 
the  case  with  an  applied  rf  signal  is  more  accurate  than 
the  corresponding  case  with  linear  damping.  Finally,  Sec. 
Ill  contxuns  our  summary  and  conclusion. 


II.  THE  rf-DRIVEN  JOSEPHSON  JUNCTION 


In  the  following  we  shall  consider  systems  of  ordinary 
differential  equations  of  the  form 

•^=ho(X)-|-eh,(X,/,e),  (1) 


where  X=(^,j»),  ho={/o,go).  and  b,  =  (/,,g,). 

The  analytical  expression  for  the  Melnikov  function  for 
systems  of  type  (1)  is^' 

M(fo)=  /_^Jh<,(XA(f-to))Ah,(X*(f-to).t) 


Xexp  -  '’tr[2>,ho(XA(i))]di 


dt  , 


(2) 


where  Xa  denotes  the  homociinic  orbit.  Here  the  wedge 
product  is  defined  by  XA  Y=Ari  T2— and 
denotes  the  partial  derivative  with  respect  to  X.  It  is  im¬ 
portant  to  notice  that  in  order  to  apply  formula  (2)  it  is 
necessary  to  know  the  so-called  homoclinic  orbits^'  for 
the  unperturbed  system  (e=0). 

The  Melnikov  function  is  proportional  to  ditp).  which 
is  the  separation  between  the  unstable  orbit  X'‘(ro>tol  and 
the  stable  one  X‘{lQ,tQ)  (see  Fig.  1).  If  MUq)  has  a  simple 
zero  and  is  independent  of  e  as  in  (2),  then  the  local  stable 
and  unstable  manifolds  intersect  transversally.  The  pres¬ 
ence  of  such  intersecting  orbits  implies  that  the  Poincare 
map  has  the  so-called  Smale-horseshoe  chaos.^'  A  Smale 
horseshoe  contains  a  countable  set  of  unstable  periodic  or- 
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FIG.  1.  Homoclinic  orbit  (dashed  curve)  and  its  perturbed 
curve  (solid  curve).  Distance  between  trajectories,  dUo),  is 
shown. 


bits,  an  uncountable  set  of  bounded  nonperiodic  orbits, 
and  a  dense  orbit.  It  should  be  noticed  that  even  though 
the  Smale  horseshoe  is  extremely  complicated  and  con¬ 
tains  an  uncountable  infinity  of  nonperiodic  or  chaotic  or¬ 
bits,  it  is  not  an  attractor.  However,  it  can  exert  a 
dramatic  influence  on  the  behavior  of  orbits  which  pass 
close  to  it.  These  orbits  will  display  an  extremely  sensitive 
dependence  upon  initial  conditions,  and  exhibit  a  chaotic 
transient  before  settling  down  to  stable  orbits  of  all 
periods  which  may  constitute  a  strange  attractor.  There¬ 
fore  the  existence  of  the  Smale  horseshoe  can  be  seen  as 
the  first  step  towards  a  possible  chaotic  behavior.  Thus 
Melnikov's  theory  is  expected  to  provide  the  lower  boun¬ 
dary  of  the  chaos  threshold. 

In  the  following  we  shall  consider  two  different  cases. 

(i)  Linear  damping,  which  is  the  most  commonly  as¬ 
sumed  case  but  for  which  an  analytical  solution  to  the  un¬ 
perturbed  case  (i.e.,  no  applied  rf  signal)  docs  not  exist. 
Thus  the  conditions  for  the  use  of  Melnikov’s  method  are 
only  approximately  satisfied. 

(ii)  Quadratic  damping,  which  in  particular  for  high 
temperatures  is  a  closer  approximation  to  the  I-V  curves 
in  certain  cases.  This  model  has  the  important  advantage 
that  a  full  analytical  solution  in  the  absence  of  an  applied 
rf  signal  is  known. 

A.  The  Josephson  Junction  with  linear  damping 

The  equation  for  a  current-driven  Josephson  Junction 
may  be  written'”’ 

<i>=y  , 

(3) 

y  =  — sin(6-|-f[p  — ay -l-p]  sin(nr)]  . 

Here  the  overdot  indicates  derivative  with  respect  to 
time,  a  is  the  constant  damping  parameter,  p  is  the  nor¬ 
malized  dc  bias  current,  pj  is  the  normalized  microwave 
current  amplitude,  and  H  is  the  applied  frequency  nor¬ 
malized  to  the  Josephson  plasma  frequency,  e  is  a  pertur¬ 
bative  parameter  that  may  eventually  be  set  equal  to  1, 
since  in  this  case  Melnikov’s  integral  is  e  independent. 

The  unperturbed  system  (c=0)  is 

<l>=y  . 

(4) 

y  =  —  sin<6  . 


The  heteroclinic  orbits  for  the  system  [Eq.  (4)J  are  given 
by 


(^*(t  — fo)=±2tan~'[sinh(t  — to)]  , 
y*(t  — fo)  =  ±2sech(f  — fo)  . 

The  Melnikov  integral,  Eq.  (2),  for  the  system  (3)  is 
MUq)=  f  yjfr  — to)[p-fpisin(nr)— ay*(f  — fo)]dt 

=P  /  yi,{t)dt  +  |pi  f  y),(t)cos{Clt)dt 

Xsin{flro)— a  y^itidt  . 


(6) 

Performing  the  integrals  of  Eq.  (6)  with  the  heteroclinic 
orbits,  Eq.  (S),  the  following  result  is  obtained: 

A/(ro)=±2irp  — 8a±2jrpiSech(irfl/2)sin(n/o)  •  Q) 

Rearranging  Eq.  (7),  we  find  a  necessary  condition  for 
the  intersection  of  the  stable  and  unstable  orbits  to  be”'” 

I  ±p-(-4a/ir  I  cosh(irfl/2)^Pi  .  (8) 

According  to  the  previous  discussion,  Eq.  (8)  is  a  neces¬ 
sary  condition  for  the  existence  of  a  Smale  horseshoe. 
[The  sufficient  condition  requires  the  existence  of  simple 
zeros  of  A/ (to).]  The  formula  deviates^  from  results  in 
Ref.  18  by  the  factor  2/Cl.  The  condition  is  given  in 
terms  of  the  four  parameters  of  the  problem:  a,  a.  Cl,  and 
P(.  Numerically  chaos  has  been  investigated^'*  in  the  Cl- 
versus-pi  plane  for  fixed  a=0.2  and  p=0.  Comparing  in 
Fig.  2  the  theory  [Eq.  (8)]  and  the  simulations^'*  for 
a=0.2,  we  find  that  Eq.  (8)  predicts  too  low  a  threshold 
for  chaos.  Kautz  and  Monaco^  speculate  that  intersec¬ 
tions  between  stable  and  unstable  manifolds  exist  every¬ 
where  above  the  line  given  by  Eq.  (8),  but  that  the  result¬ 
ing  chaotic  orbit  is  unstable  with  respect  to  the  Yero- 
voltage  state  and  thus  not  observed.  The  discrepancy  may 
be  illustrated  by  considering  the  case  of  small  fl.  For 
n  <a  the  impedance  of  the  capacitor  is  very  large  and  the 
circuit  may  be  considered  almost  as  if  it  were  at  dc.  For 
p=0  the  system  is  then  well  behaved  at  least  up  to  pi=  1 
(shown  as  the  dashed  line  in  Fig.  2).  The  trajectory  in  the 


FIG.  2  Linear  damping;  threshold  for  chaos  in  parameter 
plane  for  p=0,  a =0.2.  Solid  curve;  Eq.  (8).  Triangles:  numer¬ 
ical  results  from  Ref.  4. 
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phase  plane  is  an  ellipse  centered  at  the  equilibrium  point 
(0.0),  The  voltage  amplitude  is  approximately  proportion¬ 
al  to  piD/l  1 -l-a^n^)  which  tends  to  zero  as  ft— >0. 
For  n=a,  the  impedance  of  the  capacitor  is  the  same  as 
that  of  the  resistor,  and  the  capacitor  can  no  longer  be 
neglected. 

For  :?t0  very  few  systematic  investigations  exist,  be¬ 
cause  the  parameter  space  is  four  dimensional;  however. 
Refs.  3,  5,  and  6  contain  numerical  results,  which  can  be 
compared  with  results  obtained  here.  The  structure  of  Eq. 
(8)  is  interesting  and  may  be  qualitatively  understood 
from  the  following  simple  arguments.  The  lowest  thresh¬ 
old  of  the  applied  rf  current  depends  on  the  separation  of 
the  dc  bias  current  from  the  quantity  pj=4a/ir.  From 
other  investigations'  it  is  known  that  is  the  lowest  bias 
current  where  rotating  pendulum  solutions  exist;  for  this 
particular  value  of  the  bias  current  the  trajectories  for  ro¬ 
tating  and  oscillating  solutions  of  the  pendulum  equation 
get  close  to  each  other  in  the  phase  plane.  Thus,  for  bias 
currents  close  to  p^  a  very  small  perturbation  may  shift 
the  system  from  one  orbit  to  the  other,  i.e.,  the  threshold 
for  the  applied  rf  current  is  lowest. 

We  may  summarize  the  findings  for  the  case  of  the 
linear  resistor  by  saying  that  numerically  p  should  be 
within  a  band  of  magnitude  Ap  given  by 

Ap  =p  I  sech(  ttH  /2 )  (9) 

centered  at  p^  in  order  to  obtain  horseshoe  chaos.  Figure 
3  shows  this  band  in  the  a-versus-p  plane.  pf—Aa/n 
separates  regions  of  qualitatively  different  behavior  in  the 
parameter  plane  of  the  unperturbed  system.  For  p<Pc 
only  oscillating  solutions  exist.  For  p^  <p<  1  oscillating 
and  rotating  solutions  exist,  and  for  p  >  1  only  rotating 
solutions  exist.  For  large  a,  pc  is  known  to  deviate  from 
p,  =4a/ir  as  shown  in  the  figure.  How  the  chaotic  band 
develops  for  large  a  is  outside  the  scope  of  the  present  pa¬ 
per.  Here  we  only  notice  that  the  chaotic  band  follows 
the  linear  portion  of  the  p^  curve  for  low  a. 


B.  The  Josephson  junction  with  quadratic  damping 


If  in  the  system  (3)  it  is  assumed  that  the  resistance 
varies  with  the  voltage  such  that  /?= const /F 
=  (ftY /le)/V,  one  obtains,^^  with  the  same  normalization 
as  in  the  system  (3), 

^-|-k(^)^-|-sin^=p-f-pisin(nt)  ,  (10) 


where  k  =(yC)"'.  Unlike  the  case  with  linear  damping 
the  exact  analytical  solution  to  Eq.  (10)  with  pi=0  has 
been  obtained.^^  Introducing  y=<f>  one  gets 


dtf, 


+2ky^=2p—2sin(p 


(11) 


with  the  complete  solution  (assuming  p  >  0) 
y^=p/k  +4Al+Ak^)'^co&l<t>+P) 


-f-C)  cxp(  -2k^)  , 


(12) 


where  tan^=2/c  and  C|  is  an  integration  constant  to  be 
adjusted  by  the  initial  condition.  Looking  for  the  steady- 
state  solution  at  finite  voltages  the  transient  term  vanishes 
and  Eq.  (12)  becomes 

3'^=3’o[/>+PoCos(^-f^)]  ,  (13) 

where po=2A:/(  1 -|-4A:^)'^  and  yo  =  k'''^,  If  the  voltage 
(f>  goes  negative,  the  damping  term  in  Eq.  (10), 
should  be  replaced  by  k  |  ^  |  g).  However,  the  solution 
to  the  resulting  equation  for  <0  is  obtained  by  a  simple 
symmetry  argument.  We  may  note  there  that  the  parame¬ 
ter  po  has  the  same  physical  meaning  as  the  parameter  pc 
defined  for  the  linear  resistor.  Inserting  y=<i>  and  rear¬ 
ranging,  we  may  express  the  solutions  to  Eq.  (13)  in  terms 
of  elliptic  functions. Forp>po  we  get 

((^-(-/?)/2=am(u),  ^=y=yoip+Po)'^^dn{u)  .  (14) 

at 

Here  am  is  the  amplitude  function  and  dn  is  the  Jacobi¬ 
an  elliptic  function  of  argument  u  =(yQ/2)(p+pQ)''''ii 
—  Iq)  and  modulus  m  =2/(  1 -fp/po).  The  trajectory  of 
the  solution,  Eq.  (14),  is  shown  in  Fig.  4  forp=po,  and  for 
p  slightly  larger  than  pg.  To  proceed  we  write  Eq.  (10)  as 
the  two-dimensional  vector  field, 

0=3'  , 

(15) 

y  =  — sin0  — /c<^  ^-fp-|-er|  sinlflf)  . 


FIG.  3.  Bifurcation  diagram.  Dashed  curve;  p,=4a/ir. 
Solid  curve;  p,  from  numerical  simulation.  Crosshatched  area: 
region  of  chaos. 


FIG.  4,  Phase  plane  trajectories  of  Eq.  (14)  with  k-0  \ 
Upper  curve;  p=0.2.  Lower  curve:  heteroclinic  orbit  for 
p=po=0.196. 
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Im  the  following  we  shall  use  the  analytic  solution,  Eq. 
M4),  to  obtain  the  transverse  intersections  of  the  stable 
and  unstable  manifolds  by  finding  the  zeros  of  the  Melni¬ 
kov  function.  In  order  to  do  that  it  was  noted  in  Sec.  II 
that  it  is  necessary  to  have  a  heteroclinic  orbit  for  the  un¬ 
perturbed  system  (e=0)  connecting  hyperbolic  saddle 
points.  So  we  must  investigate  the  fixed  points  of  Eq.  (13) 
when  p=po-  The  fixed  points  are  situated  on  the  axis  of 
the  ph«e  plane  {<t>,y).  It  is  known‘’~^'  that  the  vector 
field  should  vanish  at  these  points.  This  is  found  to 
be  the  case  (i.e.,  0  and  y  are  simultaneously  zero)  in  Eq. 
114)  for  p=po-  Further,  we  shall  show  that  the  equilibri¬ 
um  points  of  the  vector  field  (y,y)  [Eq.  (15)  with  e=0] 
are  of  the  center  type  at 

((?,>!■)  =  (  —  sin“'(p)-(-2rtir,  0),  «  =0, ±  1,  ±2, . . .  , 

(16) 

and  of  the  saddle  type  at 

(ii,>r)  =  (  — sin“'(p)-|-(2n  -)-  Dtt,  0)  , 

n=0,±l,±2 .  (17) 

We  restrict  the  discussion  to  the  equilibrium  points  in 
the  interval 

-rr -P^dtgir-P  .  (18) 

This  means  that  we  consider  values  of  p  such  that  1. 
For  p=po  we  find  from  Eq.  (14)  that  m  =  1,  and  the  limit¬ 
ing  values  of  the  elliptic  functions  are  given  by^^ 

dn(u,  1  )=sech(u)  and  am(u,  1  )  =  gd(u)  ,  (19) 

where  gd(u)  denotes  the  Gudermannian  function.  In  or¬ 
der  to  get  more  information  on  the  behavior  of  the  system 
about  the  point  p=po,  and  in  order  to  use  the  simple  func¬ 
tions  in  Eq.  (19),  we  rewrite  Eq.  ( 15)  by  adding  a  perturba¬ 
tion  term  Ap=p— po=e(r  — rg)  to  obtain 

<b=y  , 

(20) 

y  =  —  sin<^  —  fc(0)^+po  +  e[r|  sin(n/)-)-(r  —  rg)]  . 

For  e  =  1,  Eqs.  (15)  and  (20)  are  identical.  For  e=0  we 
obtain  the  following  heteroclinic  orbit  by  using  Eq.  (19): 

[(i  j,(t), >»*(?)]  =  (4  tan“'[exp(bf/2)] 

-p-TT,bsK.Ubtn)],  (21) 

where  b  =yg(2pg)'^^.  The  Melnikov  integral  is  then  given 
by  (Eq.  (2)j 

\fftQ)-  bsech[b(/ — rg)/2][p— pg+pisindlf)] 

xexpjj*^  ”  2/cb  sech(at'/2)df'  dt  .. 

(22) 

Evaluating  Eq.  (22),  we  find 
.Vf  (tg)  — (p— pg)sinh(2n-/c)/k 

+Pib  [f  1  cos(nfg)  +  F2  sin(nrg)]  ,  (23) 

where 


FIG.  5.  Quadratic  damping;  Threshold  for  chaos  in  parame¬ 
ter  plane  [Eq.  (24)].  (a)  p=0,  k=0.2;  (b)  p=0,  k=0.1;  and  (c) 
p=0.1,  k=0.1.  Giaos  above  curves. 

F|=5  r  sech(br/2)sin(nr) 

• 

Xexp(4A:  tan“'[sinh(i»//2)])d/ 
and 

f2=  f  sech(bf/2)cos(nr) 

Xexp(4k  tan"'[sinh(bf/2)]ldr  . 

It  is  easy  to  see  that  the  integrals,  Fj  and  F^,  are  finite 
and  not  zero.  It  is  also  possible  to  see  that  transversal 
zeros  for  the  Melnikov  function,  Eq.  (23),  exist.  A  neces¬ 
sary  condition  is 

pi  >  (p-pg)sinh(2iTk)/k6(F?  -l-Fl  )''^  .  (24) 

The  prediction  for  the  onset  of  horseshoe  chaos,  Eq. 
(24),  is  plotted  in  Fig.  5  as  a  function  of  fl  for  different 
values  of  parameters  p  and  k.  Note  that  the  structure  of 
Eq.  (24)  is  similar  to  that  of  Eq.  (8).  In  Eq.  (24),  pg  has 
the  same  significance  as  Pf=4a/ff  in  Eq.  (8),  and  the 
threshold  rf  current  depends  on  the  separation  between  p 
and  Pg. 

Alternatively,  one  might  derive  a  condition  for  inter¬ 
secting  perturbed  heteroclinic  orbits  by  considering  also 
the  loss  and  bias  terms  as  perturbations  and  use  the 
heteroclinic  orbit  in  Eq.  (5)  for  insertion  into  the  Melni¬ 
kov  function.  The  calculation  proceeds  in  the  same 
manner  as  for  the  linear  resistor  and  the  result  is  a  thresh- 


FIG.  6.  Quadratic  damping:  Threshold  for  chaos  in  parame¬ 
ter  plane  for  p  =  0.  Solid  curves:  Eq.  (25);  dashed  curves:  Eq. 
(24).  (a)  k=0.3:  (b)  )c=0.l.  Numerical  results  for  )c  =  0.l:  Tn- 
angles,  chaotic  solutions;  circles,  periodic  solutions. 
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FIG.  7.  Bifurcation  diagram.  Solid  curve: 
po  =  2k{\+4k^)'^  as  defined  in  Eq.  (13).  Crosshatched  area: 
region  of  chaos. 


old  condition  given  by 

p\  =  I  ±p  +  2k  1  cosh(fl'fl/2)  ,  (25) 

which  is  identical  with  Eq.  (8),  except  that  2k  replaces 
4a /tt.  For  small  values  of  the  loss  one  should  expect  Eqs. 
(24)  and  (25)  to  give  identical  results.  In  fact,  the  expan¬ 
sion  of  Eq.  (24)  to  first  order  in  the  damping  constant  k  is 
identical  with  Eq.  (25).  Equation  (24)  may  be  considered 
a  more  precise  condition  since  it  is  derived  from  the 
heteroclinic  orbit  to  the  unperturbed  solution  when  both 
loss  and  bias  are  taken  into  account.  Figure  6  shows  a 
comparison  between  Eqs.  (24)  and  (25)  for  fc  =  0.3.  A 
comparison  between  Eqs.  (24)  and  (25)  for  A: =0.1  and 
some  corresponding  numerical  simulations  are  also 
shown.  We  note  that  the  Melnikov  function  gives  too  low 
a  boundary  for  the  onset  of  chaos  as  in  Fig.  2.  An  equa¬ 
tion  similar  to  Eq.  (24)  cannot  be  derived  for  the  case  of 
linear  damping,  since  the  solution  to  the  unperturbed  sys¬ 
tem  is  not  known  at  present. 

For  the  case  of  a  quadratic  damping  term  it  is  possible 
to  make  a  similar  discussion  as  that  in  connection  with 


Fig.  3.  Here,  however,  the  analytic  expression  for  the  po 
curve  is  known  [Eq.  (13)].  For  k—*co  it  approaches  unity 
asymptotically.  The  band  corresponding  to  chaos  is  given 
by 

^p=Pibk{F]+Fl)'^/smh(2iTk)  .  (26) 

which  is  shown  crosshatched  in  Fig.  7. 

III.  SUMMARY  AND  CONCLUSION 

Chaos  in  the  rf-driven  Josephson  junction  was  investi¬ 
gated  analytically  by  means  of  the  Melnikov-function 
technique.  With  a  linear  damping  resistor  only  an  ap¬ 
proximate  solution  for  the  unperturbed  phase  plane  trajec¬ 
tory  could  be  used  in  the  Melnikov  integral.  For  the  case 
of  a  quadratic  damping  term  the  analytic  solution  to  the 
unperturbed  case  has  been  used,  and  an  improved  thresh¬ 
old  curve  for  the  onset  of  chaos  has  been  obtained.  For 
both  cases,  however,  the  Melnikov  prediction  gives  a 
threshold  somewhat  lower  than  that  found  by  direct  com¬ 
putation.  That  is  because  the  Smale  horseshoe,  whose  ex¬ 
istence  in  the  Poincare  map  is  predicted  by  Melnikov's 
theory,  is  not  an  attractor,  indeed  the  set  of  points  asymp¬ 
totic  to  it  will  have  zero  measure.  Thus  the  existence  of 
Smale  horseshoe  does  not  imply  that  typical  trajectories 
will  be  asymptotically  chaotic.  In  fact,  in  some  cases  we 
have  transient  chaos  followed  by  asymptotically  periodic 
motions.  However,  it  may  happen  that  some  of  the  orbits 
constitute  a  strange  attractor.  Therefore  the  "presence"  of 
the  Smale  horseshoe  is  the  starting  point  over  which  a  sys¬ 
tem  can  undertake  some  of  the  possible  routes  to  chaos. 
Apparently  the  method  seems  to  fail  for  low  applied  fre¬ 
quencies.  Although  the  Melnikov  technique  seems  to  give 
a  good  estimate  of  the  chaos  threshold,  further  work  is 
ne^ed  to  obtain  a  detailed  analytical  criterion. 
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The  lincwidih  of  the  radiation  from  the  Jusephson  ring  oscillator  under  the  influence  of  an  external  field  is  predicted  by  a 
new  perturbation  analysis  which  is  an  improvement  of  an  earlier  kink  model.  The  linewidlh  is  due  to  background  oscillations 
rather  than  kink  velocity  f1uctuation.t. 


The  Jo.scphson-j unction  fluxon  oscillator  pro¬ 
duces  microwave  radiation  of  very  narrow  line- 
width.  Recently,  this  property  which  is  important 
for  potential  applicatioi.s  has  been  demonstrated 
experimentally  (1)  and  by  computational  solution 
of  the  perturbed  sinc-Gordon  equation  using  a 
pseudo  Fourier  spectral  algorithm  implemented 
on  a  CRAY-I-S  vector  processor  (2], 

In  the  latter  reference  a  discrepancy  between 
the  computational  results  and  the  predictions  of 
the  kink  model  was  found.  In  the  present  note 
an  improved  perturbation  analysis  is  presented. 

The  circular  Josephson  tunnel  junction  of  over¬ 
lap  geometry  is  modelled  by  the  normalized  per¬ 
turbed  sine-Gordon  equation  [3] 

0,  sin  <>=- a<|),  +  Y  +  bo  sin  12/ .  (1) 

with  periodic  boundary  conditions 

<>.(0.  t)  =  «,(/, /).  <j>,(0, /)  =  <;),(/, /).  (2) 

wliere  the  a  term  represents  quasi-particle  loss 
across  the  barrier,  the  y  term  is  the  dc-bias  cur¬ 
rent.  and  sinosoidal  driving  term  models  micro¬ 
wave  irradiation  (with  amplitude  tjq  and  frequency 
iJ)  of  the  junction.  The  circumference  of  the  cir¬ 
cular  transmission  line,  normalized  to  the  Joseph- 
stm  length,  is  denoted  /. 

In  ref.  (2|  cqs.  (1),  (2)  were  solved  numerically 

”  I).im;iJ  on  a  master's  thesis  by  one  of  the  authors  (M.F.). 


and  the  standard  deviation  in  the  frequency  of 
electromagnetic  radiation  from  the  oscillator  de¬ 
fined  as  where  /„  is  the 

inverse  of  the  «th  fluxon  revolution  time.  7^,.  and 
brackets,  (  ),  denote  the  average  over  the  revolu¬ 
tions,  was  computed  in  the  single  fluxon  ca.se 
(solid  curve  in  fig.  1).  Furthermore  a  kink  model 
in  ref.  {2J  based  on  the  separation  of  the  pha.se. 
<p(x,  /),  into  a  localized  kink  part  and  a  back¬ 
ground  part,  /)  «  /)  +  <>*(/),  and  using 

momentum  of  the  kink  lead  to  the  results  show'n 
as  the  dashed-dotted  curve  in  fig.  1.  The  difference 
in  scale  between  these  computed  and  kink-model 
results  motivated  the  present  investigation. 

As^in  ref.  [2]  we  let  l)  =  2'ir//(jc  -  .<•*(/)) 
where  H  is  the  unit  step  function  and  .x*(/)  is  the 
position  of  the  kink  at  lime  /  we  get  the  differen¬ 
tial  equation  for  the  background,  <(>*(/), 

-  sin  <!>'*  =  -t- Y  +  i)o  sin  12/ .  (3) 

In  ref.  [2]  the  revolution  time  of  the  fluxon  was 
defined  by  (<p{x,  t  +  T„)- t))  =  2‘n  where 
brackets  now  denote  a  spatial  average  over  the 
junction.  Introducing  the  separation.  <t>{x,t)  = 
/)  + <)*(/),  and  /)  =■  2iT//(.t  -  .v‘(/)) 

into  this  definition,  we  obtain  instead 

d/ +  ^»(/ +?:,)-<)*(/)  =  2it. 

(4) 
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Standard  deviation  -  Of 


l  I  SundariJ  deviation  of  electromagnetic  radiation  versus 
liming  frequency  12.  Parameters  a  "0.01.  y  "  0.02,  »Iq  — 0.01, 
•ind  /  =  8.  Solid  curve;  Computational  solution  of  eqs.  (1).  (2) 
12|  n.ished-doited  curve;  Kink  model  result  from  [2].  Dotted 
curie:  New  perturbative  result  using  linearized  version  of  eq. 
It)  Dached  curve:  New  perturbative  result  using  the  full  eq. 
(t|  Dolled  and  da.shed  curves  overlap  away  from  resonance 
region. 

where  the  kink  velocity  u*  =>d.x^/d/.  In  the  kink 
iiindcl  used  in  ref.  (2)  the  background  terms  in  (4), 
+  T„)  -  were  neglected.  However, 

miiiKTical  determination  of  the  periodic  solution 
of  eq.  (.1)  shows  that  the  background  part  in  (4) 
\ields  the  dominant  contribution  to  the  fluctua- 
iion  of  the  fluxon  revolution  frequency  /„.  The 
rUieiuaiions  of  i/*(f)  around  the  power  balance 
velocity  [4],  =  (1  +  (4a/yti)^]' turn  out  to 

be  negligible.  Linearizing  eq.  (3)  around  the  ground 
Ntaie.  sin'  'y.  we  obtain  the  dotted  curve  in  fig.  1 
e.shibiiing  much  belter  quantitative  agreement  with 
computer  determination  of  the  maximal  value  of 
the  standard  deviation  than  the  kink  model  used 


in  ref.  [2],  However,  the  maximum  is  shifted  in 
frequency  and  hysteresis  is  missing.  By  solving  the 
full  nonlinear  equation  (3)  numerically  we  obtain 
the  da.shed  curve  in  fig.  1.  As  expected  the  reso¬ 
nance. frequency  is  now  closer  to  the  value  found 
in  the  computer  experiment  and  a  .similar  hyster¬ 
esis  phenomenon  is  observed.  The  perturbation 
theory  predicts  minima  at  12  =  0.65  and  12  =  0.35 
in  fig.  1.  At  these  frequencies  the  background 
frequency  is  a  multiple  of  the  revolution  frequency 
of  the  kink.  Computational  data  have  not  been 
obtained  at  these  frequencies. 

We  conclude  that  the  background  oscillation 
provides  the  main  contribution  to  the  linewidth  of 
the  microwave  radiation  from  the  oscillator. 
Quantitative  agreement  between  the  prediction  of 
non-linear  perturbation  theory  and  the  computa¬ 
tional  results  for  the  standard  deviation  (including 
the  hysteresis)  is  found.  However,  the  maximum 
standard  deviation  in  the  present  perturbation 
theory  occurs  at  a  slightly  higher  frequency  than 
in  the  numerical  computation. 
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The  appearance  of  zero-field  steps  (ZFS’s)  in  the  current-voltage  characteristics  of  intermediate- 
length  overlap-geometry  Josephson  tunnel  junctions  described  by  a  perturbed  sine-Gordon  equation 
(PSGE)  is  associated  with  the  growth  of  parametrically  excited  instabilities  of  the  McCumber  back¬ 
ground  curve  (MCB).  A  linear  stability  analysis  of  a  McCumber  solution  of  the  PSGE  in  the 
asymptotic  linear  region  of  the  MCB  and  in  the  absence  of  magnetic  field  yields  a  Hill’s  equation 
which  predicts  how  the  number,  locations,  and  widths  of  the  instability  regions  depend  on  the  junc¬ 
tion  parameters.  A  numerical  integration  of  the  PSGE  in  terms  of  truncated  series  of  time- 
dependent  Fourier  spatial  modes  verifies  that  the  parametrically  excited  instabilities  of  the  MCB 
evolve  into  the  fluxon  oscillations  characteristic  of  the  ZFS’s.  An  approximate  analysis  of  the 
Fourier  mode  equations  in  the  presence  of  a  small  magnetic  field  yields  a  field-dependent  Hill’s 
equation  which  predicts  that  the  major  effect  of  such  a  field  is  to  reduce  the  widths  of  the  instability 
regions.  Experimental  measurements  on  Nb-Nb,0,-Pb  junctions  of  intermediate  length,  performed 
at  different  operating  temperatures  in  order  to  vary  the  junction  parameters  and  for  various  magnet¬ 
ic  field  values,  verify  the  physical  existence  of  switching  from  the  MCB  to  the  ZFS’s.  Good  qualita¬ 
tive,  and  in  many  cases  quantitative,  agreement  between  analytic,  numerical,  and  experimental  re¬ 
sults  is  obtained. 


1.  INTRODUCTION 

The  appearance  of  zero-field  steps  (ZFS’s)  in  the 
current-voltage  (/-F)  characteristics  of  long  Josephson 
junctions  results  from  fluxons  propagating  along  the  junc¬ 
tion.  This  observation  was  first  noted  in  a  pioneering  pa¬ 
per  by  Fulton  and  Dynes'  in  1973.  In  the  same  paper 
Fulton  and  Dynes  reported  on  experiments  with  a 
mechanical  analog  of  a  long,  lightly  damped  junction  con¬ 
sisting  of  a  chain  of  elastically  coupled  plane  pendula.  In 
the  regime  of  high  mean  voltage  (angular  velocity)  they 
found  a  near-uniform  rotation  of  the  pendula,  but  with 
decreasing  voltage  they  observed  that  this  uniform  mode 
of  operation  becomes  unstable  against  spatial  fluctuations, 
resulting  in  the  creation  of  propagating  fluxons  or,  alter¬ 
natively,  a  switch  to  the  zero-voltage  state.  In  physical 
terms  the  near-uniform  rotation  corresponds  to  a  Junction 
which  is  biased  on  the  McCumber  curve. 

In  the  present  paper  we  report  on  analytic,  numerical, 
and  experimental  results  which  elucidate  in  more  detail 
the  instability  of  the  McCumber  curve.  The  analytic 
work  is  based  on  a  stability  analysis  of  the  perturbed 
sine-Gordon  equation  which  describes  the  dynamics  of  the 
Jdsephson  junction.  In  the  case  of  zero  magnetic  field  this 
equation  is  linearized  around  a  solution  which  corre¬ 
sponds  to  a  uniform  rotation  of  the  pendula  in  the 
mechanical  analog.  The  result  is  a  Hill’s  equation.  The 
instiibility  regions  of  this  equation  determine  the  instabili¬ 
ty  intervals  along  the  McCumber  curve,  the  number  of 
which  gives  the  number  of  ZFS’s  that  can  be  reached 


from  the  McCumber  curve. 

In  the  numerical  work  we  use  a  method  based  on  a  sim¬ 
ple  extension  of  the  multimode  theory  developed  by  En- 
puku  et  al}  which  amounts  to  a  consistent  expansion  of 
solutions  of  the  perturbed  sine-Gordon  equation  in  trun¬ 
cated  series  of  time-dependent  Fourier  spatial  com¬ 
ponents.  The  time  evolution  of  the  Fourier  coefficients  is 
determined  by  direct  numerical  integration.  The  zero- 
order  Fourier  coefficient  corresponds  to  a  near-uniform 
rotation  which  acts  as  a  parametric  driving  force  in  the 
system.  In  the  instability  interval  corresponding  to  the 
position  of  the  nth  zero-field  step  the  zero-order  Fourier 
coefficient  excites  predominantly  the  nth  Fourier  mode 
and  gives  rise  to  a  spatial  variation  in  the  phase  along  the 
junction  which  evolves  into  the  corresponding  fluxon  os¬ 
cillation. 

The  effect  of  magnetic  field  is  handled  in  an  approxi¬ 
mate  way  by  means  of  a  simplification  of  the  multimode 
equations.  After  some  manipulation,  the  problem  is  again 
reduced  to  a  Hill’s  equation  which  now  contains  the  mag¬ 
netic  field  as  a  parameter. 

The  experimental  samples  studied  are  niobium-oxide- 
lead  junctions  of  overlap  geometry.  Experimental  param¬ 
eter  values  arc  adjusted  by  varying  the  sample  temperature 
in  a  controlled  way. 

Comparison  of  the  analytic,  numerical,  and  experimen¬ 
tal  results  yields  an  agreement  that  is  at  least  qualitative 
and  in  many  cases  also  quantitative.  We  have  also  ob¬ 
served  some  experimental  phenomena,  however,  that  are 
not  contained  in  the  model  results. 
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11.  MATHEMATICAL  MODEL 
AND  STABILITY  ANALYSIS 

The  mathematical  model  of  the  overlap  Josephson  June* 
tion  is.  in  normalized  form,  the  perturbed  sine-Gordon 
equation^ 

,  (la) 

(^,(0.r)  =  ^,(/,/)=T;  .  (lb) 

Here,  <tix,i)  is  the  usual  Josephson  phase  variable,  x  is 
distance  along  the  Junction,  normalized  to  the  Josephson 
penetration  length  ky,  and  f  is  time,  normalized  to  the  in¬ 
verse  of  the  Josephson  plasma  angular  frequency  Oq-  The 
model  contains  five  parameters:  a,  /?,  y,  /,  and  The 
term  in  a  renresents  shunt  loss  due  to  quasiparticles  cross¬ 
ing  the  junction,  the  term  in  /?  represents  dissipation  due 
to  the  surface  resistance  of  the  superconducting  films,  y  is 
the  uniform  bias  current  normalized  to  the  maximum 
7cro-voltage  Josephson  current,  represents  the  normal¬ 
ized  external  magnetic  field,  and  the  normalized  length  of 
the  junction  is  denoted  by  /. 

We  first  consider  the  case  of  homogeneous  boundary 
conditions,  i.e.,  tj=Q  in  Eq.  (lb),  if  the 

McCumber  solution  of  Eqs.  (1)  is  exactly^ 

d  =  o)o(/)  =  2am(f/A:;A:]  ,  (2) 

where  am  is  the  Jacobian  elliptic  amplitude  function^  of 
modulus  k.  For  nonzero  n,  0,  and  y,  we  assume  that  Eq. 
'2)  solves  Eqs.  (1)  in  the  power-balance  approximation/ 
This  yields  the  following  expressions  for  the  McCumber 
branch  of  the  /-  F  characteristic  of  the  junction: 

‘ioElk)  ,,  . 

T  = - Z —  • 

irk 


y ={<!>,)  = 


kK(k)  ' 


where  K(k)  and  E(k)  are,  respectively,  the  complete  el¬ 
liptic  integrals  of  first  and  second  kinds.’ 

Following  Burkov  and  Lifsic,*  we  now  express  solutions 
of  Eqs.  (1)  in  the  vicinity  of  the  McCumber  solution  as 

Mx,t)  =  4>oit)  +  ^{x,t)  ,  (4) 

where  dn  is  given  by  Eq.  (2)  together  with  the  conditions 
of  Eqs.  (3).  and  <3  is  a  small  perturbation  of  the  form 

(6(x,f)=y  (r)exp(i6x)  (5) 

with  b  constant.  Inserting  Eqs.  (5)  and  (4)  into  Eqs.  (1), 
we  obtain  an  ordinary  differential  equation  for  y  (f): 

V  +  (a  +  /3hMy  +  lh’-fcos((^o(^)]lJ'  =0  •  (6a) 

where 

h—nrr/l,  n  =0,1,2,...  (6b) 

ifitl  overdots  cicnule  derivatives  with  respect  to  t. 

Equation  (6a)  is  a  damped  Hill’s  equation/  it  may  have 
im<;table  solutions  in  certain  regions  of  its  parameter 
^pnee  In  such  regions  a  small  initial  disturbance  will  lead 
In  1  large  response  in  the  solution,  giving  rise  to  the  onset 
a  solution  with  spatial  structure,  in  contrast  to  the 


McCumber  solution.  As  will  be  seen  in  Sec.  VI,  such 
solutions  evolve  into  the  fluxon  oscillations  characteristic 
ofZFS’s. 

In  the  limit  of  small  k,  we  may  approximate  Eq.  (2)  as’ 
^o(/)s(u/  +  -^r-sin(<a/)  ,  (7) 


kK{k)  ‘ 


This  approximation  is  valid  for  the  asymptotic  linear  por¬ 
tion  of  the  McCumber  curve,  i.e.,  for  a»>  3.  The  insertion 
of  Eq.  (7)  into  Eq.  (6a)  yields,  after  a  simple  calculation, 

y+la+0b^)y+  |h*— /i(<u~*) 


+  2  OiiiCos(ma>t)  y=0,  (9) 

Ms| 


where 


2m  («“*),  m  odd 
2y;(a)-*),  m  even 

and  is  the  Bessel  function  of  first  kind  and  mth  order, 
and  J'„  denotes  its  derivative  with  respect  to  the  argu¬ 
ment. 

Using  the  fact  that  the  argument  of  all  the  Bessel  func¬ 
tions  in  Eq.  (9)  is  l/cj^  and  that  by  assumption  (u>  3,  we 
may  approximate  the  Bessel  functions  as* 

Using  this  approximation,  Eq.  (9)  may  be  rewritten  as 

y  +  2efiy+  5-f  2  c"<f«cos(mT)  y=0,  (12) 

m  w  I 

where  r=<ur,  f=  !/«*, /s=(a;/2)(a+^h*), 

E  1  ,2  a>~* 

and  overdots  now  denote  derivatives  with  respect  to  r. 
The  first  few  expansion  coefficients  are 

j  la:  ,  la)  ri-v 


Following  Nayfeh  and  Mook’  we  calculate  the  stability 
boundaries  of  Eq.  (12)  by  means  of  a  Lindsfedt-Poincare 
perturbation  expansion  in  the  parameter  e.  Retaining 
terms  up  to  second  order,  this  calculation  yields 


2w^  SdJ* 


±1  1--4-  -cjHa  +  0b^)  _ -i-  I  - -L- j  . 

1  0,.*  0,  .2  s. 
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with  b  given  by  Eq.  {6b).  For  given  values  of  a,  0,  !,  and 
n,  Eq.  (14)  gives  two  values  for  oi,  say  and  which 
are  the  stability  boundaries  of  Eq.  (12),  provided  that  the 
argument  of  the  square  root  in  Eq.  (14)  is  positive.  If  this 
argument  is  negative,  no  instability  region  exists  for  the 
given  parameter  values.  Using  Eqs.  (3)  the  voltage- 
stability  boundaries  <u+  and  o).  can  be  translated  into  the 
corresponding  current  values,  say  and  y«. 

III.  MULTIMODE  THEORY 

The  linear-stability  analysis  presented  in  the  preceding 
section  provides  estimates  of  the  stability  boundaries  of 
the  McCumber  curve,  but  it  cannot  furnish  the  time  evo¬ 
lution  of  an  unstable  solution.  In  order  to  follow  the  evo¬ 
lution  of  such  an  unstable  solution,  we  consider  a  simple 
extension  of  the  multimode  theory  developed  by  Enpuku 
ei  a!}  The  basic  idea  is  to  approximate  solutions  of  Eqs. 
II)  in  terms  of  a  finite  numter  of  Fourier  spatial  modes 
whose  amplitudes  are  unknown  functions  of  time.  This 
can  be  done  with  a  reasonably  small  number  of  modes  if 
two  conditions  are  satisfied:  (i)  the  spatial  extent  of  a  sin¬ 
gle  fluxon  is  a  sizable  fraction  of  the  length  of  the  junc¬ 
tion,  and  (ii)  4  in  Eqs.  (1)  can  be  expressed  in  terms  of 
periodic,  continuous,  and  smooth  functions  of  x.  Condi¬ 
tion  (i)  will  be  satisfied  if  we  limit  attention  to 
intermediate-length  junctions,  i.e.,  those  having  1  </<5. 
Condition  (ii)  can  easily  be  satisfied  in  the  following  way: 
We  first  define  a  new  funct’on  <p'  in  the  double  x  interval 
[-/,/]  as 


d'(.t,f)  = 


U(x,t),  O^x^l 
d(  — x,t),  — /£x  ^0  . 


By  construction  d'  is  an  even,  continuous,  periodic  func¬ 
tion  of  period  2/;  however,  from  Eq.  (lb),  its  spatial 
derivative  is  discontinuous  at  x=0  and  x  =±/  for  tj^O. 
Therefore,  we  split  4>'  into  two  parts,  the  first  of  which  is 
an  explicit  function  that  satisfies  Eq.  (lb)  and  the  second 
of  which  is  now  a  smooth,  even  function,  which,  accord¬ 
ingly,  may  be  reasonably  approximated  by  a  finite  sum  of 
low-order  Fourier  modes: 


(i'(x,f)  =  Ty  I  X  I -f-  2  ®;(ricos  ^7“  .  (16) 

/-o  I  '  J 

Inscnmg  Eq.  (16)  into  Eqs.  (1),  we  get,  using  the  ortho¬ 


gonality  properties  of  the  cosine  function  together  with 
the  fact  that  is  even, 

5o-l-a5o=»y  — y  J  sin  t/x -»-  2  « 

*  ;-o  [  * 


+  (<a  )®ii,  +<uii 


ill. 

i 

=  1,2.. 

.  .  ..V 

(17b) 

(17c) 

ci)„=miT/l  .  (1 7c) 

This  system  was  integrated  numerically  using  the  stan¬ 
dard  predictor-corrector  routine  dceaR;’  the  spatial  in¬ 
tegrals  were  evaluated  by  means  of  the  fast-Fourier- 
transform  routine  FFTSC  (Ref.  9)  using  N  function  sam¬ 
ples  over  the  interval  [0,/]  (corresponding  to  IS  samples 
over  one  spatial  period  of  d')-  The  accuracy  of  the  tem¬ 
poral  integration  was  checked  by  varying  the  local  error 
limit  in  DGEAR,  and  the  influence  of  mode  truncation  by 
varying  N. 

IV.  APPROXIMATE  ANALYSIS 
OF  MAGNETIC  FIELD  EFFECTS 

The  multimode  theory  presented  in  the  preceding  sec 
tion  is  valid  for  any  value  of  the  magnetic  field  tj.  Here 
we  present  an  approximate  treatment  of  this  theory,  valid 
for  sufficiently  small  rj,  which  reduces  the  problem  of 
determining  the  effects  of  magnetic  field  to  a  simple  ana¬ 
lytic  result  similar  to  that  presented  in  Sec.  II.  The  ap¬ 
proximation  is  based  on  assuming  that  the  amplitudes  of 
the  spatial  modes  in  Eqs.  (17)  are  small,  i.e., 

iV 

2  l'A;(riI  «1  .  (IS) 

y-‘ 

Using  this  approximation  we  can  calculate  explicitly  the 
integrals  in  ^s.  (17),  obtaining 


V  N 

-  ^0.0-  2,  sin0o-  ho.o-  2  cos0o  . 

y-i  y-i 

f  f 

0^  ■i-la-hcjijyW„+ojin„  =  ~2  Co,„-  2,  sin^o-2  bo.„-  "2,  cosOq  , 

y-i  y-i 

wiih  m  =  1,2,3,  ...  ,iV.  Here, 

6.„  =  i[l-(-l>^^"cos(T7/)]  — - - +  — - - - +  — - - - -I-— - - -  , 

'  r]l +irj +irm  r/l  +  iTj—irm  ‘q! —irj +iTm  ql  ~itj  —irm 

c  ^  I  )>^"sin(T7/)]  - - - +  - - - -4-- - - - -h- - -  . 

ql  -biTj  +vm  ql +rrj —rrm  ql —nj ql  —vj  —irm 
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l-IG.  I.  Coefficients  (a)  bj_„  and  (b)  Cy.*  of  Eqs.  (20).  Note 
ihai  and 


are  never  larger  in  magnitude  than  1,  we  may 
proximate  Eq.  (19a)  as 

further  ap- 

6)o+aSo— y*— Co.oSin®o— (>8.oCos5o  . 

(21) 

which  can  be  cast  into  the  form 

0'+a'0'-y'-l-sin0'=O , 

(22a) 

with 

I  f,2  ,1/2.  sin(T7//2) 

<2  =*tCo,o  +  Oo.O)  —  ’ 

(2:b) 

5=arctan(ho,o/C(j,o)=27//2 . 

(22c) 

(22d) 

a'=ea“'^a  , 

(22e) 

y'=a~'y  , 

(220 

0'(t)=0o(f)  +  5, 

(22g) 

where  overdots  now  denote  derivatives  with  respect  to  t'. 
Equation  (22a)  has  the  same  form  as  Eqs.  (1)  in  the  ab¬ 
sence  of  spatial  structure  and  in  the  absence  of  magnetic 
field,  i.e.,  it  describes  a  McCumber  solution  and  conse¬ 
quently  leads  to 

6o==2am[ta^^/k;k]—S  , 

(23a) 

-kta '^£{it) 

^  irk  ' 

(23b) 

(A  ) 

(23c) 

In  Fig.  1  we  show  the  values  of  bj^„  and  Cy,„  for 
/.m  =0,]. 2  and  Q^rf! ^  10. 

being  again  the  approximation  (18),  together  with  the 
observation  from  Fig.  1  that  the  coefficients  bi^„  and  Cj  „ 


If  we  now  assume  that  the  solution  of  Eqs.  (19)  con¬ 
tains  only  one  dominant  spatial  mode,  say  the  mth  (which 
is  reasonable  for  a  sufficiently  short  junction),  Eqs.  (19b) 
reduce  to  a  single  equation. 


(3„  +{a  +  (ul,0)9„  +col,e„ -2{b„^„s\neo-c„,„coseo)d„  =  -2(co.„sin0o+&o,mCOs0o) 

which  can  be  written  as  a  Hill’s  equation  with  a  forcing  term 

0„  -l-(a+cui,/7)(7,„  -|-2dcos(0o+^)]0„  =  — 2psin(0o+^) 

by  defining 


=  (Cm  m  + 


f )  ■*”  2  sin 


3L 

2 


1 


1 


Tjf  +  2Trm 


i/’  =  arclant  /c„,„  )  = 


-f-6o,„)'^^  =  sin 


ni  +  z 


1 


Tfl  —  2jrm  Tjl 


1 


77/  —  trm  T]l  +  nm 


:  =  nTaanihf^  „/co.m>=^  +  • 


(24) 


(25a) 


(25b) 


(-ic) 


CSd) 


iMih  ^  ,  =0,1  for  m  even, odd. 

r-nr  sm.ill  values  of  rj  it  is  reasonable  to  assume  that  the  instability  regions  of  Eq.  (25a)  are  the  same  as  those  of  the  as- 
■-''(.inicd  homogeneous  equation.'®  Therefo.'-c,  we  restrict  our  attention  to  the  homogeneous  equation 


!>,„  -i-ia  4- 


cjI,  +  2d  cos 


do  + 


Hi 


9„=0 


'261 
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Wc  may  perform  now  the  same  procedure  as  used  in  the  rj=0  case.  As  in  that  case,  Eq.  (26)  may  be  cast  into  the  form 
of  Eq.  (12),  where  now 


•  2 

-6 

2 

<oi-2d 

0) 

a 

2 

.16 

The  first  few  expansion  coefficients  are  now  given  by 

-4 


d.^2d 


1  + 


(O 


8 


1 

2  12 


.  d,=2d 


I  <u 


-4 


8  128 


(27a) 


(27b) 


etc.  Performing  the  same  Lindstedt-Poincare  perturbation  expansion  used  before,  we  obtain  the  following  instability 
boundaries  to  second  order  in  e: 


0) 

^  d 

'  8<a* 

1  . 

1 

2 

4. 

1— L- 

1 

'r* 

3 

CN 

1 

1  • 

1  ^ 

u 

i/j 


(28) 


This  expression  assumes  the  form  of  Eq.  (14)  for  rj—0. 
For  T;y  0  but  small  it  gives  the  dependence  of  the  instabil¬ 
ity  boundaries  on  the  magnetic  field. 

V.  EXPERIMENTAL  PROCEDURE 

Sample  preparation  and  experimental  technique  have 
been  described  in  previous  publications."  Several  junc¬ 
tions  have  been  investigated,  all  Nb-Nb,0^-Pb  overlap 
Josephson  tunnel  junctions  of  intermediate  normalized 
length.  The  results  reported  here  were  obtained  with  a 
representative  sample  (S6-7/4),  a  junction  of  length 
L  =  397  /im  and  width  If'=17.6^m.  Geometrically,  the 
overlap  of  the  junction  was  perfect  to  within  0.5  /xm,  the 
resolution  of  our  optical  microscope. 

The  substrate  was  mounted  in  a  IXl-in.^  microstrip 
box  and  thermally  anchored  to  a  copper  block  containing 
two  precision  Ge  thermometers  and  a  small  heating  ele¬ 
ment  All  the  50-^m-diam  wires  leading  to  the  Josephson 
junction,  the  thermometers,  and  the  heating  element  were 
bifilarly  wound  and  carefully  thermally  anchored  to  the 
copper  block. 

Tlie  microstrip  box  was  included  in  a  vacuum  can  im¬ 
mersed  in  a  liquid-helium  glass  cryostat.  A  low-loss  (in¬ 
side  gold-plated)  rectangular  stainless-steel  waveguide 
connected  the  room-temperature  .Y-band  field-effect- 
transistor  (FET)  microwave  receiver  to  a  sma  transition 
inside  the  vacuum  can.  The  final  part  of  the  microwave 
system  w.as  a  20-cm-long,  all-Nb,  0.085-in.  sma  cable 
leading  to  a  sma-lo-stripline  transition  in  the  microstrip 
box. 

A  weak  coupling  to  the  microwave  system  was  provid¬ 
ed  by  an  inverted  microstrip  antenna  placed  at  a  fixed  dis¬ 
tance  of  about  10  from  one  end  of  the  junction.  The 
distance  to  the  ground  plane  (nonsupcrconducting)  could 
be  adjusted  in  situ  by  means  of  a  cryogenic  differential 
screw . 

An  extremely  high  stability  of  the  three  external  bias 
parameters — temperature  T,  current  and  applied 

magnetic  field  B.^^i — was  essential  and  was  verified  by 
measuring  the  frequency  (~I0  GHz)  and  linewidth  (~5 
kllr)  of  the  radiation  emitted  by  the  junction  when  biased 


( - 

on  the  first  ZFS.  Typical  frequency-tuning  rates  of 
Av/Ar,  Av/A/de.  and  Av/A5,pp,  were  0.1  MHz/m K.  2 
MHz//iA,  and  0.5  MHz/^T,  respectively. 

The  temperature  of  the  helium  bath  was  regulated  with 
a  manostat  to  within  ~  1  mK.  A  temperature  stabiliza¬ 
tion  better  than  10  /xK  at  2.1  <  r<4.2  K  could  be  main¬ 
tained  for  minutes  by  adjusting  the  thermal  time  constant 
of  the  microstrip  box  by  regulating  the  exchange-gas  pres¬ 
sure  in  the  vacuum  can.  All  50-/xm-diam  wires  were  also 
thermally  anchored  to  the  vacuum  can. 

The  dc-bias  current  was  supplied  either  from  a  sweep- 
able  constant-current  generator  or  from  a  current  source 
based  on  reference  mercury  cells.  The  current  was  fed  to 
the  junction  by  a  long,  double  50-/xm-diam  wire,  bifilarly 
wound  transmission  line,  the  hot  end  of  which  was  ther- 
mostatted  in  order  to  minimize  the  influence  of  thermo¬ 
powers.  The  dc  voltage  across  the  junction  was  measured 
using  a  similar  transmission  line.  Doth  transmission  lines 
were  drawn  inside  thin-walled  brass  capillaries. 

Input  noise  of  either  capacitive  or  inductive  origin  to 
the  junction  did  not  produce  any  observable  frequency 
modulation  or  linewidth  broadening  of  the  emitted  radia¬ 
tion.  The  noise  of  the  dc  amplifier  used  allowed  us  to 
resolve  voltage-step  structures  less  than  ICX)  nV  on  a  fast 
(10-ms  response)  XY  recorder. 

The  external  magnetic  field  was  produced  by  a  coil 
wound  onto  the  vacuum  can  and  was  applied  in  the  plane 
of  the  junction  and  perpendicular  to  its  long  side.  The 
magnetic  shielding  of  the  cryostat  and  the  wires  leading  to 
the  coil  was  sufficient  to  prevent  magnetic  noise  from  in¬ 
terfering  with  the  measurements.  This  could  be  checked 
by  reading  the  linewidth  of  the  emitted  radiation  when 
biased  alternatively  in  regions  of  the  ZFS  with 
Av/AB.ppi  =0  or  Av/AB,ppi#0. 

The  critical-current  density  J,  the  Josephson  penetra¬ 
tion  length  \j,  and  the  loss  term  a  were  determined  from 
the  dc  I-  V  characteristic  (critical-current  value,  ZFS 
asymptotic  voltage,  and  the  slope  of  the  McCumber  curve 
at  voltages  corresponding  to  the  ZFS  studied)  and  from 
direct  measurement  of  the  plasma-resonance  frequency.'* 
For  the  junction  in  question  (sample  S6-7/41,  7=26.2 
A/cm^  A.y=91  /xm,  /=L/Xy=4.4,  and  ci  =  0.(X)6  at  4.2 
K. 
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VI.  RESULTS 

Figure  2  shows  a  portion  of  an  J-  V characteristic  calcu¬ 
lated  numerically  from  Eqs.  (17)  using  the  parameter 
values  a  =0.05,  0  =  0.02,  1=2,  and  ri  =  0.  Doth  the 
McCiimbcr  background  curve  (MCD)  and  the  first  zero- 
ficld  step  (ZFSI)  are  evident.  The  inset  shows  in  more  de¬ 
tail  the  region  where  ZFSI  joins  the  McCumber  curve. 
This  region  wa.s  calculated  as  follows:  For  rj=0,  the  nu¬ 
merical  growth  of  an  instability  requires  the  imposition  of 
an  inhomogeneous  initial  condition.  Accordingly,  for  a 
given  a  "pure"  McCumber  solution  was  launched  and 
allowed  to  stabilize  for  100  normalized  time  units,  after 
which  a  small  perturbation  was  added.  In  the  instability 
region,  i.e.,  fory_^y^y^  or  (U_  the  perturba¬ 

tion  grows,  causing  the  system  to  switch  to  ZFSI.  Out¬ 
side  of  the  instability  region  the  perturbation  decays,  and 
the  system  relaxes  back  to  the  McCumber  curve.  For 
rjy’-O  there  is  a  coupling  between  the  McCumber  solution 
and  the  spatial  modes  through  the  boundary  conditions, 
F(].  (lb);  this  allows  the  instability  to  develop  also  in  the 
absence  of  an  external  perturbation. 

Figure  3  shows  the  dynamics  of  switching  in  more  de¬ 
tail.  In  this  figure,  obtained  using  the  parameter  values 
o  =  0.05,  0=0.02,  1=2,  rj=0,  and  y=0.16,  a  small  per¬ 
turbation  has  been  added  to  the  solution  at  a  time  prior  to 
t  -  500.  Figure  3(a)  shows  the  behavior  of  0o  Eqs-  U7). 
Note  from  Eqs.  (16)  and  (8)  that  (Oq)  =  =6).  For 

r  =  500,  we  see  that  <us3.20.  Between  t=500  and  550,  a 
switching  takes  place,  which,  after  a  transient,  settles  into 
a  state  having  fja2.85.  Figure  3(b)  shows  the  correspond¬ 
ing  behavior  of  0\  (the  larger-amplitude  oscillation)  and  Oi 
||)ic  smaller-amplilude  oscillation)  in  Eqs.  (17).  From  this 
figure  it  is  evident  that  the  switching  seen  in  Fig.  3(a)  is 
associated  predominantly  with  an  exponential  growth  of 
/lie  first-order  Fourier  spatial  component.  In  a  similar 
way.  Fig.  .t(c)  shows  the  behavior  of  dy  Comparing  Figs. 
3ibi  and  3(c).  we  see  that  the  amplitudes  of  the  Fourier 
coefficients  decrease  rapidly  with  order  number. 

Using  this  numerical  procedure,  we  find  that  the  stabil¬ 
ity  boundaries  associated  with  ZFSI  for  the  parameter 
values  used  are,  expressed  in  terms  of  bias  current. 


AVERAGE  voltage  <«(> 


riG  2.  /-(^characteristic  calculation  from  Eqs.  (17)  using 
'-0  1)5.  /j-0.02,  1—2,  and  rj  =  0,  showing  the  McCumber 
"Ok zrniind  curve  (MCD)  and  the  first  zero-field  step  (ZFSI). 
'.h'nvs  detail  of  region  where  ZFSI  joins  the  .MCD. 
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FIG.  3.  Dynamics  of  switching  from  McCumber  curve  to 
ZFSI  calculated  from  Eqs.  (17)  by  adding  a  small  pcnurbation 
to  the  solution  before  r=500,  in  terms  of  Fourier  coefficients: 
(a)  9o>  (b)  9\  (larger-amplitude  oscillation)  and  9i  (smaller- 
ampJitude  osciDation),  and  (c)  9). 


y  +  =0. 1712±  0.0003  and  y_  =0. 1401  ±0.(XX)1.  Inse.-ting 
the  same  parameter  values,  together  with  n  =  1  in  Eq.  (6b). 
into  Eq.  (14)  and  (3),  yields  y  4.  =  0.171 1  and  y  _  =0. 1404. 
Considering  that  this  instability  region  occurs  at  the  very 
lower  end  of  the  asymptotic  linear  region  in  the 
McCumber  curve,  for  which  the  analysis  of  Sec.  II  was 
developed,  the  agreement  is  more  than  satisfactory. 

Figure  4  shows  the  stability  boundaries,  now  e.sprcsscd 
in  terms  of  average  voltage,  calculated  from  Eq.  (U)  with 
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FIG.  4.  Instability  regions  (shaded)  in  average  voltage  (^, ) 
calculated  from  Eq.  (14)  for  ZFSI,  ZFS2,  and  ZFS3  for  dif¬ 
ferent  ^-loss  values  using  a— 0.05  and  /=2.  Dotted  line  corre¬ 
sponds  to  (]=0.02  used  in  multimode  theory. 

a  =0.05  and  /=2,  for  different  values  of  /?.  The  dotted 
line  corresponds  to  the  value  0=0.02  used  above.  For 
these  parameter  values  there  is  only  one  instability  region 
in  the  McCumber  curve;  however,  by  lowering  0  it  is  pos¬ 
sible  to  have  as  many  as  six  such  regions  (the  three  lowest 
of  which  are  shown  in  Fig.  4).  This  result  helps  to  clarify 
a  long-standing  experimental  question,  i.e.,  what  deter¬ 
mines  the  number  of  ZFS's  that  may  be  observed  in  the 
/-  y  characteristic  of  a  given  junction? 

This  situation  is  illustrated  in  more  detail  for  ZFSI  in 
Fig.  5(a)  and  for  ZFS2  in  Fig.  5(b).  In  these  figures  the 
solid  curves  are  calculated  from  Eq.  (28)  and  translated 
into  bias  current  through  Eqs.  (3)  (this  is  done  to  facilitate 
comparisons  with  the  numerical  results,  in  which  y  is  a 
direct  control  parameter).  The  curves  labeled  I  corre¬ 
sponds  to  17=0  and  those  labeled  2  to  17=0.8.  As  is  evU 


Y 
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FIG  5.  Stability  boundaries  in  current  y  as  a  function  of  0 
loss  calculated  from  Eq.  (28)  and  Eqs.  (3)  for  (a)  ZFSI  and  (b) 
ZFS2.  for  T7  =  0  (curves  1)  and  17=0.8  (curves  2)  using  a=0.05 
and  1  =  2.  Squares  and  circles  in  (a)  are  calculated  from  Eqs. 
117)  for  t;  =  0  and  0.8,  respectively. 


dent  from  Fig.  5,  the  main  effect  of  a  (small)  magnetic 
field  is  to  reduce  the  width  of  the  instability  regions.  The 
points  indicated  by  squares  and  circles  in  Fig.  5(a)  are  cal¬ 
culated  from  Eqs.  (17);  the  squares  correspond  to  17=0 
and  the  circles  to  17=0.8.  The  error  bar  on  the  lower  cir¬ 
cle  reflects  the  fact  that  for  i/^O  both  the  ZFS  states  and 
the  McCumber  states  contain  significant  amounts  of 
Fourier  components,  thus  rendering  a  clear  distinction  be¬ 
tween  the  two  states  somewhat  difficult  at  the  lower  end 
of  an  instability  region.  This  distinction  is  much  sharper 
for  the  other  multimode  points  in  Fig.  S(a),  and  the  rela¬ 
tive  error  bars  are  contained  within  the  dimensions  of  the 
symbols. 

The  dynamic  state  into  which  the  system  evolves  after 
the  switching  shown  in  Fig.  3  is  the  fluxon  oscillation 
state  associated  with  ZFSI,  This  fact  may  be  clearly  es¬ 
tablished  by  comparing  the  results  of  the  multimode 
theory,  Eqs.  (17),  with  those  of  the  direct  simulation  solu¬ 
tion  of  Eqs.  (I)  reported  in  Ref.  13.  Figure  6  shows  such 
a  comparison.  In  this  figure,  the  solid  curve  is  the  func¬ 
tion  ^,(0,/),  which  is  the  voltage  at  the  x=0  end  of  the 
junction,  as  obtained  by  direct  simulation.  The  arrival  of 
fluxons  at  the  junction  end  is  clearly  apparent.  The 
dashed  curve  is  the  same  function  as  reconstructed  from 
Eq.  (16)  using  N=2.  The  bias  value  used  in  Fig.  6  is 
y=0.60,  i.e.,  near  the  top  of  ZFSI.  For  smaller  values  of 
Y  the  agreement  is  even  better,  and  the  two  curves  are 
practically  indistinguishable. 

Figure  7(a)  shows  a  portion  of  the  7-  V  characteristic  of 
(he  experimental  sample  S6-7/4  measured  at  a  tempera¬ 
ture  somewhat  below  the  transition  temperature  of  the 
lead  counterelectrode  and  in  zero  magnetic  field.  The 
dashed  arrows  indicate  switching  from  the  zero-voltage 
current  and  from  the  first  two  ZFS's  to  the  gap  state. 
Figure  7(b)  is  the  same  characteristic  with  a  lOX  magnifi¬ 
cation  of  the  current  scale.  The  dotted  lines  in  Fig.  7  indi¬ 
cate  switching  from  higher-voltage  to  lower-voltage  states. 
Clearly  evident  in  Fig.  7(b)  is  a  switching  from  the  bottom 
of  ZFSI  to  the  zero-voltage  state.  This  may  be  due  to  a 
direct  instability  of  the  ZFS’s  toward  the  zero-voltage 
state'*  rather  than  being  connected  with  an  instability  of 
the  McCumber  curve;  such  a  mechanism  is  not  contained 
in  our  present  model. 


FIG.  6.  Time  evolution  of  voltage  at  x=0  junction  end  as  ob¬ 
tained  by  direct  numerical  simulation  of  Eqs.  (1)  (solid  curve) 
and  as  reconstructed  from  Eq.  (16)  using  N=3  (das)ied  curve) 
for  parameter  values  a=0.05,  0=0.02,  1=2,  rj  =  0,  and 
y=0.60. 
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FIG.  7.  (a)  Detail  of  the  /-  V  characteristic  of  experimental 
s.itnple  S6-7/4  measuretJ  at  a  temperature  slightly  below  the 
transition  temperature  of  the  lead  counterelectrode  and  in  zero 
magnetic  Held.  Arrows  indicate  switching  to  the  gap  state,  (b) 
Same  characteristic  with  lOX -magnified  current  scale.  Dotted 
lines  indicate  switching  from  higher-voltage  to  lower-voltage 
slates. 


The  characteristics  shown  in  Fig.  7  correspond  to  a  nor¬ 
malized  junction  length  of  about  and  an  a-loss 

term,  estimated  from  the  slope  of  the  McCumber  curve, 
nf  about  a =0.03.  The  experimental  determination  of  the 
/J-Ioss  term  is  subject  to  rather  large  uncertainties,  and  so 
wc  have  treated  /3  as  an  adjustable  parameter  in  what  fol¬ 
lows.  An  essential  feature  of  the  experimental  procedure 
is  that  the  parameter  values  for  a  given  junction  can  be 
■’tuned"  experimentally  by  varying  the  operating  tempera¬ 
ture. 

Figure  8(a)  shows  a  comparison  between  the  experimen¬ 
tally  determined  stability  boundaries  (circles)  in  a  magnet¬ 
ic  field  a.ssociated  with  ZFSl  and  those  obtained  from  Eq. 

shosvn  .TS  solid  lines.  Experimental  values  of  voltage 
and  magnetic  field  were  translated  into  normalized  terms 
using  the  formulas  (^, )  =  F/sbo/j,  and  Tj  =  2ff0„,/d>o/, 
where  V  is  the  physical  voltage,  <t>o  the  magnetic  flux 
quantum.  is  the  applied  magnetic  flux  threading  the 
junction,  and  is  the  plasma  frequency.'^  The  experi- 
ment.il  data  were  taken  at  a  temperature  for  which 
0  =  0.026  and  /=3,I6,  and  these  same  parameter  values 
were  used  in  Eq.  (28).  The  P  value  used  in  Eq.  (28)  was 
varied  between  0  and  0.07;  the  effect  of  this  variation  is 
indicated  by  t!ie  slight  thickening  of  the  curves  in  Fig. 
8ta).  The  agreement  between  the  experimental  and 
tlicoreiical  values  for  cu^  is  reasonable.  The  large 
discrepancy  for  the  £j_  branch  may  be  due  either  to  the 
fact  that  here  (o  lies  considerably  below  the  lower  limit  of 
ilic  asymptotic  linear  region  of  the  McCumber  curve 
'.!  =  }),  or  to  the  fact  that  a  switching  mechanism  not 
described  hy  the  model  is  involved,  as  mentioned  above, 

(  icurc  8(b)  shows  a  similar  comparison  for  ZFS2,  using 
ilic  same  parameter  values  (same  temperature)  as  in  Fig. 

!>  The  /?  value  used  in  Eq.  (28)  was  varied  between  0 


FIG.  8.  Stability  boundaries  in  average  voltage  )  as  a 
function  of  magnetic  field  rj  measured  experimentally  (circles) 
and  calculated  from  Eq.  (28)  (solid  curves)  for  (a)  ZFS I  and  (b) 
ZFS2.  Fixed  parameter  values:  a  ■*0.026  and  /=3.I6. 
0^/7^0.07  in  (a)  and  0^0^0.05  in  (b),  giving  rise  to  the  shad¬ 
ed  regions  between  the  solid  curves. 

and  0.05;  the  effect  of  this  variation  is  indicated  by  the 
shaded  regions  in  Fig.  8(b).  The  agreement  obtained  here 
for  the  behavior  of  the  branch  is  much  better  than 
that  of  Fig.  8(a).  The  reason  for  this  fact  may  be  that 
there  is  no  direct  switching  from  ZFS2  to  the  zero-voltage 
state  as  there  is  for  ZFSl,  as  can  be  seen  in  Fig.  7(b),  or 
that  here  <u_  >  3. 

Figure  9  shows  a  similar  result  for  ZFSl  at  a  higher 
temperature,  for  which  a =0.043  and  1=1.56,  and  for  i 


<*,» 


FIG.  9.  Stability  boundaries  in  average  voltage  (6,)  as  a 
function  of  magnetic  field  rj  measured  experimentally  'circles) 
and  calculated  from  Eq.  (28)  (solid  curves)  for  ZFS!  using  fixed 
parameter  values  a=0.043  and  1=2.56.  0  in  Eq.  (28)  is  varied 
in  the  range  0^0^0.01,  giving  rise  to  the  shaded  regions  be¬ 
tween  the  solid  curves.  Triangles  indicate  experimental  stability 
boundary  ti>*  of  the  stable  piece  of  the  McCumber  curve  that  ap¬ 
pears  below  the  bottom  of  ZFSl. 
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larger  range  of  magnetic  field.  As  before,  circles  are  ex¬ 
perimental  points  and  solid  lines  are  calculated  from  Eq. 
(28).  Also,  as  before,  the  shaded  regions  between  the  solid 
curves  represent  the  effect  of  varying  0  between  0  and 
0  07  Two  new  phenomena  are  represented  in  Fig.  9.  The 
first  IS  that  at  a  field  value  of  about  77=0.8,  there  is  an 
abrupt  change  in  the  behavior  of  the  experimental  co^ 
branch  Physically,  this  corresponds  to  the  disappear¬ 
ances  of  ZFSl  with  increasing  field  and  the  growth  of  the 
second  Fiske  step  (FS2)  at  approximately  the  same  volt- 
.ige  ”  The  perturbation  theory  result  derived  in  Sec.  IV  is 
approximately  valid  only  for  sufficiently  small  values  of 
7;  It  cannot  be  expected  to  hold  for  larger  field  values. 
The  second  new  experimental  phenomenon  is  the  appear¬ 
ance  of  a  stable  portion  of  the  McCumber  curve  below  the 
bottom  of  ZFSl  at  this  temperature.  In  Fig.  9  the  tower 
curve  indicated  by  circles  is,  as  before,  the  bottom  of 
ZFSl,  and  the  curve  indicated  by  triangles  is  the  lower 
stability  boundary  (tu*)  of  this  new  piece  of  stable 
McCumber  curve. 

We  note  from  Figs.  8  and  9  that  the  experimental  sta¬ 
bility  boundaries  are  systematically  higher  than  the  corre¬ 
sponding  theoretical  ones.  The  reason  for  this  might  be 
that  the  asymptotic  voltage  of  the  ZFS’s  corresponds  to 
normalized  limiting  velocities  of  the  fluxons  less  than  1, 
as  discussed  by  Scheuermann  and  Chi.'*  This  would  lead 
to  a  calculated  value  of  the  normalized  length  /  larger 
than  the  real  value  and,  correspondingly,  to  a  shift  of  the 
theoretical  voltage  positions  on  the  normalized  voltage 
scale  to  lower  values  since,  in  normalized  terms, 
/<'b,)=2rr  for  ZFSl. 

VII.  CONCLUSIONS 

A  linear-stability  analysis  of  the  perturbed  sine-Gordon 
equation  which  describes  the  dynamics  of  Josephson  tun¬ 
nel  junctions  indicates  that  the  mechanism  that  deter¬ 
mines  the  experimental  observation  of  ZFS’s  may  be 


described  in  terms  of  the  growth  of  parametrically  excited 
instabilities  of  the  McCumber  curve.  This  analysis  gives 
good  agreement  with  both  numerical  and  experimental  re¬ 
sults  in  the  asymptotic  linear  region  of  the  McCumber 
curve  and  for  sufficiently  small  values  of  the  applied  mag¬ 
netic  field.  It  would  be  useful  to  extend  the  analysis  to 
the  region  of  the  McCumber  curve  below  the  asymptotic 
linear  region  in  order  to  be  able  to  study  low-order  steps 
in  longer  junctions. 

Numerical  integration  of  the  multimode  equations  veri¬ 
fies  that  the  parametrically  excited  instabilities  evolve  into 
fluxon  oscillations.  The  multimode  approach  is  a  useful 
alternative  to  the  direct  numerical  simulation  of  Eqs.  (1) 
inasmuch  as  it  gives  reasonably  reliable  results  at  a  con¬ 
siderably  reduced  computing  cost.  It  should  be  remem¬ 
bered,  however,  that  truncated  mode  expansions  can  be 
expected  to  give  reliable  results  only  when  the  dynamic 
states  in  question  are  reasonably  smooth.  Here,  as  else¬ 
where,  the  study  of  phenomena  such  as  subharmonic  gen¬ 
eration  and  chaos  will  presumably  require  the  use  of  dif¬ 
ferent  tools. 
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Itistabiiiues  of  dynamic  states  in  linear  Josephson  junctions  modelled  by  the  perturbed  sine-Cordon  equation  are 
investigated  experimentally,  computationally,  and  by  stability  theory.  The  narrow  line-width  of  the  electromagnetic  radiation 
from  the  circular  Josephson  oscillator  is  determined  computationally  and  by  perturbation  theory. 


1.  Introduction 

The  present  paper  describes  recent  results  con¬ 
cerning  instability  of  dynamic  states  in  the  linear 
overlap  Josephson  junction  obtained  in  ref.  1  and 
line  width  of  the  electromagnetic  radiation  from 
the  circular  Josephson  oscillator  obtained  in  refs. 
2-3. 

In  both  cases  the  Josephson  oscillator  is  mod¬ 
elled  by  the  perturbed  sine-Gordon  equation  [4] 

(1) 

in  normalized  units.  Here,  f)  is  the  usual 
Josephson  phase  variable,  x  is  the  distance  along 
the  junction,  and  f  is  time.  The  term  in  a  repre¬ 
sents  shunt  loss  due  to  quasiparticles  crossing  the 
junction,  the  term  in  /J  represents  series  loss  due 
to  surface  resistance  of  the  superconducting  films, 
and  y  is  the  uniform  bias  current.  For  the  linear 
oscillator  we  apply  inhomogeneous  Neumann 
boundary  conditions 

<f..(0.f)  =  <;>,(/,  f)  =  il,  (2a) 

where  /  is  the  length  of  the  junction,  and  t)  is  the 
external  magnetic  held.  In  the  circular  oscillator 
periodic  boundary  conditions 

/)  =  <!>.(/,  f).  • 

<<>,(0.0  =■«<>,(/.  0. 


/  being  the  circumference  of  the  oscillator,  arc 
used.  The  detailed  choice  of  initial  conditions  in 
the  numerical  solutions  of  (l)-(2)  is  described  in 
[1-21. 


2.  The  linear  Josephson  oscillator 

Fig.  1  shows  a  portion  of  an  /- 1'' characteristic 
obtained  as  the  relationship  between  bias  current, 
y,  and  resulting  average  voltage  on  the  junction, 
(<t>A0,  f))>  by  computational  integration  of  eqs.  (1) 
and  (2a).  For  intermediate-length  (/  <  5)  Joseph¬ 
son  junction  we  use  an  extension  of  the  multimode 
theory  developed  by  Enpuku  et  al.  [5],  which 
amounts  to  an  expansion  of  the  solutions  of  the 
perturbed  sine-Gordon  equation  in  a  truncated 
series  of  time-dependent  Fourier  spatial  compo¬ 
nents.  This  approach  provides  very  accurate  re¬ 
sults  at  a  lower  computational  cost  than  direct 
numerical  solution  of  the  mathematical  model  [6]. 
In  fig.  1  we  observe  an  instability  for  y  _  <  y  <  y , 
or  u_  <  <  to+.  In  this  region  the  dynamic 

state  without  spatial  structure,  (f»='<fi(f),  which 
corresponds  to  the  McCumber  branch  (MCB)  in 
the  /-  K  characteristic,  becomes  unstable  (to  small 
perturbations).  As  a  result  a  switching  occurs  to  a 
dynamic  state  with  a  spatial  one-soliton  structure 
which  corresponds  to  the  first  zero-field  step 
(ZFS  1)  in  the  /-y  characteristic.  The  transition 
which  may  involve  creation  of  breather-modes  [7] 
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I  ig  1  l-U  characlerislic  calculation  from  eqs.  (1)  and  (2a) 
iiMog  n  =  005,  ^”0.02,  1-2.  and  tj  -  0.  showing  the 
McCumber  background  curve  (MCB)  and  the  first  zero-held 
step  (ZFS  1).  Inset  shows  in  detail  how  ZFS  1  joins  MCB. 


will  he  an  interesting  object  to  study  by  means  of 
spectral  methods. 

Fig.  2  illustrates  the  corresponding  experimental 
lindings  both  at  the  first  and  second  zero-field 
steps  (ZFS  1  and  ZFS  2).  In  the  two  cases  one  and 
two  solitons  respectively  are  travelling  back  and 
forth  on  the  oscillator  in  different  configurations 


A  stability  analysis  is  carried  out  for  tj  =  0 
using 


<>(  V.  / )  =  <#>(,(/)  +  ^{x,  t). 


Here  <>„(/)  is  the  McCumber  solution  in  the 
power-halance  approximation  [9] 


Fig.  2.  (a)  Detail  of  the  l-V  characteristic  of  Nb-Nb,0,.-Pb 
overlap  junction  (experimental  sample  S6-7/4  with  / "  4.4  and 
a  -  0.006  at  4.2  K)  measured  at  a  temperature  slightly  below 
the  transition  temperature  of  the  lead  counter  electrode  and  in 
zero  magnetic  field.  Arrows  indicate  switching  to  gap  state,  (b) 
Same  characteristic  with  10  X  -magnified  current  scale.  Dotted 
lines  indicate  switching  from  higher- voltage  to  lower-voltage 
stales. 


*,(  t )  =  2am  [f//c;  /c]. 


where  am  is  the  Jacobian  elliptic  function  of  mod¬ 
ulus  k.  and  k  satisfies 


y  =  4(1  /:'(  k  )/‘nk , 


where  overdots  denote  differentiation  with  respect 
to  t.  For  small  k's  the  stability  boundaries  for  the 
average  voltage,  w+  and  w_,  are  determined  ap¬ 
proximately  as  solutions  to  the  equations 


Hi  k  )  being  the  complete  elliptic  integral  of  second 
kind.  The  small  perturbation  i>(x,  I)  is  given  by 


•M  V.  f )  =  t  (r)exp(i /).t)  (3c) 

with  h^nn/l.  «  =  0,1.2,....  Insertion  into  eqs. 
( I )  .ind  (2a)  yields  the  damped  Hill’s  equation 

I  ^  (a  +  fth^)y  +  {h  +  ccs<pn( /))}>  =  0.  (4) 
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Fi^  .1  Siabiliiy  boundaries  for  ZFS  1  in  average  voUage  (<b,) 
as  a  function  of  magnetic  field  t|  measured  experimentally 
icircIcM  and  calculated  from  approximative  equations  for  sta¬ 
bility  boundancs  (solid  curves).  Parameter  values:  a  0.026, 
/  =  1  16  and  0</3<0.07. 


F(v  .small  values  of  tj  (  0)  the  stability 

boundaries  have  been  determined  approximately 
by  a  generalization  of  the  method  leading  to  more 
complex  equations  than  (5).  Parmentier  [10]  has 
reduced  the  damped  Hill’s  equation  (4)  to  a  Lame 
equation  for  which  exact  stability  boundaries  are 
given. 

fig.  3  show's  a  comparison  between  the  experi¬ 
mentally  determined  stability  boundaries  (circles) 
in  a  magnetic  field  associated  with  ZFS  1  and 
ihose  obtained  from  approximative  equations  for 
stability  boundaries  (eq.  (5)  and  its  generalization 
for  7}  *  0),  shown  as  solid  curves.  The  elTect  of 
varying  ft  is  indicated  by  the  slight  thickening  of 
ihe  curves.  The  instability  region  becomes  smaller 
as  [i  and  tj  are  increased.  The  agreement  between 
’  experimental  and  theoretical  values  for  is  rea- 
stmable.  The  discrepancy  for  the  w_  branch  may 
,  be  due  to  the  fact  that  the  approximations  used  in 
.  the  theoretical  expression  are  poorer  for  low  val¬ 
ues  of  the  average  voltage. 

Iln  fig.  1  the  numerical  procedure  predicts  y  +  = 
'11712  and  y.  =0.1401,  while  eq.  (5)  leads  to 
Y  =0  1711  and  and  y.  =  0.1404.  Thus,  the  agree¬ 
ment  between  the  computational  results  and  the 
results  obtained  by  stability  theory  is  very  good. 


3.  The  circular  Josephson  oscillator 

So  far,  we  have  focussed  on  the  instabilities  of 
the  dynamic  states  on  the  linear  oscillator.  In  this 
section  we  shall  demonstrate  the  extraordinary 
stability  of  the  dynamic  state  in  which  one  soliton 
rotates  on  the  circular  junction.  Thermal  noise  or 
external  microwave  radiation  is  unable  to  perturb 
the  soliton  velocity  much  from  the  power-balance 
velocity  predicted  by  perturbation  theory  [llj.  As 
a  result  the  electromagnetic  radiation  emitted  by 
the  oscillator  has  a  very  well-defined  frequency. 
Experimentally,  a  line-width  of  less  than  5  kHz  at 
a  resonance  frequency  of  10  GHz  has  been  found. 
A  relative  accuracy  of  about  10”*  is  therefore 
required  for  computational  line-width  determina¬ 
tions.  We  have  performed  simulations  of  eqs.  (1) 
and  (2b)  with  this  degree  of  accuracy  on  a  CRAY- 
1-S  vector  processor.  In  the  case  of  microwave 
radiation,  y  in  eq.  (1)  was  replaced  by 

y  =  + YacS»n(^0.  (la) 

where  y^^  is  a  constant,  and  and  Q  are  ampli¬ 
tude  and  frequency  of  the  microwave. 

I.i  fig.  4  the  solid  curve  is  the  resulting  computa¬ 
tional  determination  of  the  line-width  as  the 
standard  deviation  of  the  electromagnetic  radia¬ 
tion  frequency,  a^,  versus  microwave  frequency,  U. 
A  perturbation  theory  using 

<J)(jr,r)  /) -b^(t),  (6) 

where  |^>’(Jc,  t)  is  the  travelling  soliton  and  ^(/)  is 
a  small  background,  leads  to  the  ordinary  differen¬ 
tial  equation  for  ^(f) 

-^-sin^  =  o^-Fy<j,.-by„sm(f2f)  (7) 

as  well  as  a  determination  of  the  soliton  velocity 
u(i).  The  soliton  revolution  time,  T„  (and  the 
corresponding  frequency,  /„  =  1/7],)  has  first  been 
determined  from  the  equation 

^  f  ^'u{t)  dl  =  In,  (8a) 
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Standard  deviation  -  Or 


Driving  frequency  -Q 


Fig.  4.  Standard  deviation  of  electromagnetic  radiation  fre¬ 
quency.  Oj.  versus  microwave  frequency  ii.  Parameters  in  eqs. 
{ 1).  (la)  and  (2b);  a  -  0.01,  /3  “  0,  “  0.02,  -  0.01,  and 

/ »  X  Solid  curve;  computational  result.  Dashed-dotted  curve; 
perturbative  result  from  eq  (8a).  Dotted  curve:  perturbative 
result  from  eq  (8b)  using  linearized  version  of  eq.  (7).  Dashed 
curse;  perturbative  result  from  eq.  (8b)  using  full  eq.  (7). 
Dotted  and  dashed  curves  overlap  away  from  resonance  re¬ 
gion 

which  yields  the  dashed-dotted  curve  in  fig.  4  in 
poor  agreement  with  the  solid  curve.  Realizing 
that  the  main  contribution  to  the  line-width  stems 
from  the  background  radiation,  ^(/),  and  not 
from  perturbations  of  the  soliton  velocity,  «(/), 
we  replace  eq.  (8a)  by 

^  f'*\0)dt  +  <^‘(f  -F  rj  - ^(f )  =  Ztt  (8b) 

and  find  the  dotted  curve,  when  a  linearized  ver¬ 
sion  of  eq.  (7)  is  used.  The  hysteresis  phenomenon 
is  recovered  (dashed  curve  in  fig.  4),  when  the  full 
eq.  (7)  is  used.  The  level  of  the  line-width  is  now 
predicted  correctly  by  the  perturbation  theory 
while  the  location  of  the  maximum  is  still  predic¬ 
ted  at  a  slightly  too  high  frequency. 

4.  Conclusion 

The  results  presented  in  this  paper  demonstrate 
that  the  Josephson  junction  in  combination  with 


the  sine-Gordon  model  is  an  excellent  testing 
ground  for  nonlinear  phenomena  in  the  sense  that 
computational  results  and  theoretical  predictions 
can  be  verified  by  comparison  with  experimental 
measurements.  In  this  paper  we  have  only  consid¬ 
ered  soliton  dynamic  states  and  their  instabilities. 
Chaotic  phenomena  also  occur  on  the  Josephson 
junction.  To  predict  these  theoretically,  Melnikov-  y 
Arnold  techniques  which  apply  to  low-dimen¬ 
sional  systems  (see  e.g.  (121)  n^ust  be  generalized  ■ 
to  many-dimensional  systems. 
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For  the  driven,  damped  space-independent  double  sine-Cordon  equation  threshold  curves  Tor  horseshoe  chaos  of  the 
Smale  type  are  derived  by  the  Melnikov  technique.  Dillerent  qualitative  behaviour  of  the  solutions  is  found  in  dillereni 
regions  of  parameter  space. 


I.  (n(rooluc({on 

During  the  past  years  a  great  deal  of  interest  has  been  devoted  to  the  study  of  the  motion  of  simple 
nonlinear  oscillators  in  the  presence  of  dissipation  and  periodic  forcing  terms  (see  [1,2],  e.g.,  and  references 
therein). 

In  particular  the  dynamics  of  a  single  classical  particle  moving  in  a  sinusoidal  potential  under  the 
iniluence  of  damping  and  bias  was  extensively  studied  owing  to  its  relevance  for  specific  physical  systems 
such  as  for  example  Josephson  junctions.  Numerical  tools  such  as  Poincare  sections,  Liapunov  exponents, 
power  spectra  analysis,  etc.  [1]  and  analytical  ones,  e.g.  the  Melnikov- Arnold  technique  [1]  were  used 
to  characterize  the  great  variety  of  responses  of  the  system  (as  a  parameter  is  varied  in  the  equations), 
ranging  from  multiperiodic  motion  to  a  fully  chaotic  one. 

In  view  of  more  general  applications  in  solid  state  matter,  it  is  of  interest  to  extend  the  above  studies 
to  the  case  in  which  the  potential  is  periodic  but  not  sinusoidal.  A  first  step  in  this  direction  is  to  consider 
single  particles  moving  in  potentials  which  are  the  superposition  of  two  sinusoidal  potentials  of  the  types 
A|(l  -cos  <)>)  and  A2(l -cos(<^/2))  respectively  under  the  influence  oi  loss  and  bias.  This  leads  to  the 
study  of  the  following  equation: 

=  -  A|  sin  -[Aj  sin  i0  +  e[A  cos(wt)-a<^,3.  ( 1 ) 

When  c  =  0,  ( 1 )  is  recognized  as  the  (space-independent)  double  sine-Gordon  equation,  which  is  known 
to  play  an  important  role  in  condensed  matter  physics  [3, 4]  (for  a  mechanical  analog  of  it,  see  [5]).  The 
r-term  in  (1)  represents  a  generic  structural  perturbation  consisting  of  a  loss  term  (ad>,)  and  a  time- 
dependent  periodic  bias,  present  in  physical  systems  with  driving  forces.  As  a  result  of  such  perturbation, 
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the  integrability  of  (1)  (i.e.  when  e  =0)  is  broken.  For  particular  values  of  A,  a,  w,  this  gives  rise  to  the 
appearance  of  the  so-called  'Smale  horseshoe’  [1]  in  the  Poincare  map  of  (1).  The  aim  of  the  present 
paper  is  to  analytically  investigate  the  dynamical  behaviour  of  system  (1).  More  precisely,  by  using  the 
Melnikov-Arnold  technique  with  given  values  of  A,.  Aj  in  (1)  we  will  determine  values  of  the  parameters 
I  A,  o),  a,  for  which  horseshoe-chaos  is  predicted.  To  this  end  we  first  briefly  recall  in  the  next  section  the 

Melnikov-Arnold  technique.  Then,  in  Section  3,  we  study  the  phase  portraits  of  the  unperturbed  equation 
( 1 )  ( f  =  0),  as  A I ,  Aj  are  varied  in  the  range  (-<»,  +oo).  Finally,  in  Section  4,  we  apply  the  Melnikov-Arnold 
method  to  (1)  and  derive  for  different  cases  (corresponding  to  different  values  of  A|,  Aj)  parameter  values 
of  A,  a,  w,  for  which  chaos  is  predicted.  The  last  section  contains  a  discussion  of  the  main  results  of  the 
paper. 


2.  Melnikov’s  function 

We  start  by  briefly  recalling  the  main  ideas  behind  Melnikov’s  method  (a  full  treatment  is  found  in  [1]). 
We  consider  a  system  of  two  ordinary  differential  equations  of  the  form 

d0/dt=/o(<^,y)-he/,(d),y,  e,  t),  d3'/dt  =  go(d'.>')  +  cgi(<A.3',  e.  0  (2) 

or,  in  short  notation, 

dJf/dt  =  M^)  +  £h,(.V,t.e)  (3) 

where  X  =  (<t>,y),  *o  =  (/otgo)i  and  Ai  =  (/i.gi)-  For  system  (2)  the  following  conditions  are  assumed  to 
be  satisfied: 

(a)  When  e  =  0,  the  system  has  an  equilibrium  point  of  the  centre  type  at  some  point  which 

for  simplicity  we  assume  to  be  simple. 

(b)  The  functions /o(di,y)  and  go(<^,  y)  arc  analytical  in  and  y  in  a  sufficiently  large  neighbourhood 
of  the  point  (d>o,  yo)- 

(c)  The  functions /i(<^,  y,  c,  t)  and  gi(<^,  y,  e,  f)  are  analytical  in  y)  in  a  sufficiently  large  neighbour¬ 
hood  of  (00.  yo)  and  for  all  |£|<eo.  They  arc  continuous  and  periodic  in  t  with  period  2it. 

(d)  For  c  =0,  system  (2)  possesses  a  homoclinic  orbit,  which  we  denote  by 

^(()  =  (0(O.2'(f)).  (4) 

to  a  hyperbolic  saddle  point  X,  =  (0,,y,).  Observe  that  these  conditions  are  all  satisfied  for  our  system 
(1).  In  what  follows  we  also  consider  the  case  in  which  the  unperturbed  system  has  heteroclinic  cycles 
connecting  several  saddle  points. 

With  the  assumptions  (a)-(d)  it  can  be  shown  [1]  that  for  e  small  enough  the  saddle  equilibrium  point 
X,  y.)  gets  perturbed  to  a  saddle  fix  point  X,  =  (0,,  y,)  of  the  Poincare  map  for  (2). 

In  addition,  the  perturbed  homoclinic  orbit  splits  up  into  a  stable  orbit  denoted  by  X‘,(f,  to)  defined  in 
the  interval  i<oo,  and  an  unstable  orbit  XU(f,  to)  defined  in  the  interval  -oo<  t «  Iq.  With  to  denoting 
the  initial  time  the  following  results  apply  [6]: 


XK 1,  t,)  =X(t~/o)  +  eXr( /,  to)  +  0{e^) 

ire]-oo,  to], 

(5) 

dXf(t.  ro)/df  =  DMXU-  to)]Xf(t,  /o)  + 

*i[X(/-/J.  r] 

(6) 
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where  the  index  p  may  assume  the  values  u  (unstable  orbit)  and  s  (stable  orbit),  and  D,  denotes  the 
oanial  derivative  with  respect  to  x.  Note  that  the  initial  lime,  fo,  appears  explicitly,  since  solutions  of  the 
perturbed  system  are  not  invariant  under  arbitrary  lime  translations  ((2)  is  in  general  non-autunomous 
for  £  /  0). 

To  first  order,  the  separation  between  X^A'o.  to)  and  X',(fo.  ^o)  is  found  by  taking  the  scalar  product 
between  (X^-JV’)  and  a  unit  vector  transverse  to  M-^(to))-  In  short  notation,  this  separation,  d(/o),  may 
be  expressed  as 


d(t,) 


€h„[x{0)]^[x';Uo,  iq)-  xido,  i„)]+o(£^) 

|Au[Ar(0)]| 


(7) 


Here  the  wedge  product  is  defined  by  X  a  l'  =  X,yj-X2y,,  and  Aoa[X;-X*.]  is  the  projection  of 
[X“-X‘,]  into  lio. 

The  so-called  Melnikov  function  is  proportional  to  the  distance  d{to)  between  the  stable  and  unstable 
manifolds  in  the  Poincare  map  at  to,  and  its  expression  (valid  on  long  time  scale),  is  given  by  (for  details, 
see[l]) 

M(to)  =  j  Ao[y(t-to)]AA,[X(t-to),  t]exp|-|  “ Trace  DA[^(i)]  dsj  dr.  (8) 

If  M(fo)  has  a  simple  zero  independent  of  e,  and  if  dM/df  0  at  r  =  to  is  satisfied,  then  the  local  stable 
and  unstable  manifolds  intersect  transversely.  Such  transverse  intersection  implies  infinitely  many  others, 
this  giving  rise  (in  the  Poincare  map)  to  the  appearance  of  a  fractal  invariant  hyperbolic  set  called  the 
Smale  horseshoe  [I].  A  Smale  horsehoe  is  structurally  stable  and  contains  a  countable  set  of  unstable 
periodic  orbits,  an  uncountable  set  of  bounded  nonperiodic  orbits,  and  a  dense  orbit. 

In  the  following  we  will  use  the  existence  of  a  Smale  horseshoe  (i.e.  M(/o)  -0,  dM/dt  /  0  at  /  =  /„)  as 
a  criterion  of  the  onset  of  chaos. 


3.  Phase  space  analysis 

Before  applying  the  Melnikov  method  to  equation  (1)  it  is  of  interest  to  study  how  the  phase  space 
portraits  of  the  unperturbed  equation  (here  written  as  a  first  order  system) 

0=>'.  y  = -A,  sin  0 -JAj  sin  (9) 

change  when  A,,  Aj  are  varied  in  the  range  (-oo,  -t-oo).  To  this  end  we  first  observe  that  (9)  is  a  Hamiltonian 
system  with  the  Hamiltonian  given  by 

W(<^.  y)  =  5y^+A|(l-cos  0)  +  A2[1 -COS50].  (10) 

Because  of  the  periodicity  of  (10)  we  can  restrict  ourselves  to  the  range  of  -2it«  0  «2Tr.  Furthermore, 
we  note  that  the  general  case  A, ,  Aj€  (-oo, -t-oo)  in  (9)  can  always  be  reduced  to  the  case  in  which  |A,|=  1 
and  Aj  6  (0,  -t-oo)  by  shifting  0  -*  0  -t-  27t  (in  order  to  change  sign  to  A j),  and  by  rescaling  time  (in  order 
to  normalize  A,).  Without  loss  of  generality  we  shall  therefore  concentrate  on  the  cylindrical  phase  space 
( -2-rT «  0  «  2Tr)  of  system  (9)  in  the  cases 


(a)  A,  =  -l,  AjaA, 

(b)  A,  =  l,  Aj^A. 
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In  cases  A,  =  -1  and  A  >0  one  easily  finds  that  when  0<A  <4  the  system  (2)  has  fixed  points  of  centre 
type  at 

[±2  cos~'(iA )  +  4<cit,  0],  fe  =  0,  ±  I,  ±2, . . . 
and  fixed  points  of  saddle  type  at 

(<i>,>')«(2n-iT.O),  n=0,  ±1.±2 . 

The  level  set  H(<^,  >’)  =  0  is  composed  of  iwo  homoclinic  orbits  based  at 

(0.  }')■  |^±4tg“'^-y^^^,oj. 


We  shall  denote  these  two  homoclinic  orbits  by  They  arc  given  by  the  following  analytical 

expression  (see  Fig.  1(a)): 


Besides,  two  hcteroclinic  orbits  (0f,,yfi)  exist  from  (-2ir,  0)  at  t  =  -oo  to  (2-^,0)  at  r®+oo,  which 
have  the  following  analytical  expressions  (see  Fig.  1(a)): 


0!,(f)  =  ±4tg 


h('/ 1  +  jA  /) 


±2yA(4+  A)  cosh[(Vl  +iA)f] 
4  +  A  +A  sinh^[(Vl+U)0 


(12) 


When  A,  =  -1  and  Aj*  A  >4  the  system  (9)  has  fixed  points  of  centre  type  at 
(0,  y)«  (4m-iT,  0),  m  =  0,  ±1,±2. .... 
and  fixed  points  of  saddle  type  at 

(0.y)-[(4/-f-2)iT.O].  /  =  0,±1.±2..... 

Further,  the  level  set 
H(«.y)  =  2A 

is  composed  of  two  hcteroclinic  orbits  ((^f,,y*,)  based  at  (</>,  y)  “  (±2-ir,  0)  having  the  same  analytical 
expressions  as  in  (12).  We  note  that  in  this  case  the  homoclinic  orbit  (11)  disappears  (see  Fig.  1(b)). 

Now  we  shall  analyze  the  case  when  A ,  =  1  and  Aj  ^  A  >  0.  One  finds  that  for  0  <  A  <  4  system  (9)  has 
fixed  points  of  centre  type  at 


((i),  >')s(2niT,  0),  n  =  0,  ±1,±2, ... 
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and  fixed  points  of  saddle  type  at 

(<^.  >')*[2w  +  2cos''(-iA)  +  4«7r,0],  n  =  0,  ±1,±2, _ 

The  level  set  y)  =  (A*  +  8A  +  16)/8  is  composed  of  two  hctcroclinic  orbits  based  at 
{4>,  y)™  [2it ± 2  cos“'(- jX),  0]. 

We  shall  denote  these  two  heteroclinic  orbits  by  {<?f.yf).  They  are  given  by  the  following  analytical 
expressions  (see  Fig.  2): 


Furthermore,  two  heteroclinic  orbits  exist  based  at 
(<)i.y)a[±2irT2cos''(-iA),  0] 


(13) 


Fig.  1.  Phase  space  diagram  for  (he  Hamiltonian  (10),  (a)  Phase  space  diagram  when  A,  =«  -1,  0<  A  <4,  (b)  Phase  space  diagram 

when  A,»-I,  A  >4. 


Fig.  2,  Heieroclinic  orbits  (13)  and  (14). 
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having  the  following  analytical  expressions  (see  Fig.  2): 

.1 

<i)f(/)  =  ±4tg''' 


4+A  .  /V16-A*  M 

\  8  7 


L  V4-A 


tgh 


(16- A*)  sech’ 


;r(«)=±- 


4- 


A+(4  +  A)tgh^(- 


)] 


(14) 


If  A,  =  I  and  A,«  A  >  4,  system  (9)  has  fixed  points  of  centre  type  at 
.y)®  (4/-tT,  0),  /  =  0.  ±1,  ±2, . . . 
and  fixed  points  of  saddle  type  at 

(<^.y)»[(4/  +  2)ir.O].  /  =  0.±l.±2 . 

The  level  set  H(<^,y)  =  2A  is  composed  of  two  heteroclinic  orbits  based  at  (<^,  y)  ■  (±2it,  0)  with 
analytical  expressions  given  by  (the  phase  space  in  this  case  looks  like  Fig.  1(b)) 


I 


4.  Melnikov's  method  for  the  double  sine-Gordon  system 

In  this  section  we  shall  apply  Melnikov’s  method  to  system  (1)  in  the  various  cases  analyzed  in  the 
previous  section. 

We  start  with  the  case  Ai  =  -1,0<A<4,  Using  the  homoclinic  orbits  (11),  the  Melnikov  function  reads. 

I"  ♦oo 

k.  A,  <0,  a)  =  yf, (/)[/!  cos(<i;/  +  w/o)-ay!,(t)]  df 
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Making  the  cosine  term  explicit  and  observing  that  cos(a»r)  df -0,  because  it  is  the  integral 

of  an  odd  function,  we  get 

M*(fo,  A,  A,  II},  a)  =  /4J?_i(A,  w)  sin(<ato)-aF_,(A),  (17) 

where 


F-,(A) 


and 


^-■(A,  w)  = 


From  (17)  one  sees  that  a  necessary  condition  for  M*  to  have  a  zero  is 

a/-.(A) 

AR.,(A,ii}) 


(18) 


If  the  inequality  (18)  is  strictly  satisfied  for  all  frequencies  w,  then  the  Melnikov  function  (16)  has  a 
simple  zero.  When  (18)  becomes  an  equality,  the  zero  of  M*  is  nontransvcrsc  and  this  corresponds  to 
the  so-called  tangential  intersection  (dM*/dt  -Q  at  t  =  to)* 

The  frequencies  that  will  correspond  to  this  case  are 


(1) 


(2fc+l)rr 
2  Tq 


k  =  0,  ±1,  ±2,... 


(19) 


where  /o  is  the  value  of  to  for  which  (17)  becomes  zero. 
Then,  if  (18)  is  satisfied  and 


(1)  ^ 


(2k  +  Off 

2io  ' 


A:  =  0,±l,±2,... 


(20) 


we  have  that  system  (9)  has  in  its  dynamics  the  so-called  Smale  horseshoe  chaos. 

From  relation  (18)  we  can  also  obtain  the  threshold  curve  for  getting  a  Smale  horseshoe  in  the  parameter 
space  (til,  a.  A).  If  we  fix  one  of  these  parameters  and  we  consider  the  other  two  as  functions  of  each 
other  we  can  obtain  different  threshold  curves.  For  example,  fixing  A  we  have  the  following  threshold 
curve  in  the  (oi,  o)  parameter  space; 

(21) 

This  curve  (see  Fig.  3)  represents  the  bifurcation  diagram  under  which  system  (1)  has  in  its  dynamics 
.a  specific  kind  of  chaos  (Smale  horseshoe).  In  Figs.  3-6  the  shaded  regions  correspond  to  negative  value 
of  a,  and  curves  for  -a  are  shown.  In  the  parameter  regions  below  the  a-curve  horseshoe  chaos  occurs. 
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Fig.  3.  BiFurcalion  curves  for  (he  homoclinic  orbi(s  (11)  in  (he  (o,  a*)  parametr  space.  A^O.S,  A|  •  -I.  (a)  A  >0.(X)I;  (b)  A  ^  i.U; 

(c)  A  »3.5;  (<J)  A  ■3.99.  Shadc(i  regions:  -o  is  shown. 


The  same  analysis  can  be  carried  out  for  the  heteroclinic  orbits  in  Fig.  1(a),  this  giving  a 

threshold  curve  in  the  (a, «)  parameter  space  characterized  by 


a 


,(A,  <u) 
F-,(A)  ’ 


/4>0fixed, 0<  A  <4, 


(22) 


where 

*‘”2vX(4  +  A )  coshCV  1  jA  r]  cos(cu/) 

4  +  A  +  A  sinh’[>/l+lA /] 

and 

f 2VA(4+A)cosh[7n-iAt]V 
-CO  1  4  +  A+A  sinhVl  +U  <]  J 

The  threshold  curve  given  by  (22)  is  shown  in  Fig.  4  (the  upper  region  delimited  by  the  curve  represents 
the  chaotic  region). 

When  A|  =  -l  and  A  >4  we  find  that  the  bifurcation  diagram  for  the  orbit  (<^-i,y.,)  in  Fig.  1(b)  is 
equivalent  to  that  of  the  orbit  (<^_i ,  y_,)  and  therefore  it  is  given  by  the  same  curve  (22)  (the  only  diderence 
is  that  now  A  >  4)  (see  Fig.  5). 


f^-,(A) 
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4.  Bifurcalion  curves  for  the  heteroclinic  orbit  (12)  in  the  (a,  id)  parameter  space.  A  «  0.5,  A,  “  -  I.  (a)  A  “0.001;  (b)  A  “  1.0; 

(c)  A  -3.$;  (d)  A  “3.99.  Shaded  regions:  -a  is  shown. 


5.  Bifurcation  curves  for  the  heteroclinic  orbit  (12)  in  the  (a,  id)  parameter  space.  A  “0.5,  A|  “-1.  (a)  A  “4.01;  (b)  A  ”  $.0. 

(c)  A  “6.0;  (d)  A  “  10.0.  Shaded  regions:  -a  is  shown. 
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In  the  case  A,  =  1,  0«  A  <4,  using  the  heterociinic  orbit  in  (13)  we  have 

A,  A,  w,  a)  =  I  yfCtlCA  cos(<u/  +  6;o/)-fflrr(/)]  dl 


±(16- A*)  sech^l 

u 

16-A^^ 

64  7 

2|^4+A+(4-A)tgh 

iy 

/16-A*  N 
/  64  7 

I] 

[A  cos((>i()]  dr 


cos(wro) 


(16-A^)  sech* 


2 

k  L 


4  +  A+(4-A)tgh 


(?55il 


dr 


(23) 


For  (23)  to  have  a  zero  we  must  have 
aF,(A) 


A/?, (A,  w) 


«  1 


(24) 


where 


(16-A*)scch*(^i^r) 


4  +  A  +  (4-A)tgh’ 


(V¥-) 


dr 


and 


R,(\,  w)  =  I 


(16-X^)  sech^^ cos((ur) 


2 

L 


2  4+A+(4-A)tgh 


dr. 


In  what  follows  we  do  not  consider  the  calculations  for  finding  the  frequencies  which  correspond  to 
the  tangential  intersection.  As  above  they  are  very  easily  found. 

The  threshold  curve  in  the  (a,  w)  parameter  space  reads 


(25) 
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This  curve  is  shown  in  Fig.  6.  In  the  case  A|=*l  and  0^A<4(  using  the  heteroclinic  orbit  (14),  the 
Melnikov  function  becomes 


M‘(lo,  A,  A,  w,  a)  =  I  >*(f)[/4  cos  (ail  +  ato).~ay*(l)]  dl 

f 

(16- A*)  sech^ 


■j: 


A  cos((u() 


■r 


[  2[4-A+(4  +  A)tgh^(/^/)]  J 

(16-A^)scch’^^^^^»)  1 


cos(<u/o) 


2[4-A+M+A).gh=(,/i^,)] 


Making  the  same  analysis  as  before  we  arrive  at  the  following  threshold  curve; 

which  we  report  in  Fig.  7. 


(26) 


(27) 


Fig.  6.  Bifurcation  curves  for  the  heieroclinic  orbit  (13)  in  the  (a.w)  parameter  space.  A“0.5,  A,  “  1.  (a)  A  =0.0;  (b)  A  =  1.0; 
(c)  A  =3.5;  (d)  A  =3.99.  Note  that  when  A  =0.0  one  obtains  the  same  bifurcation  curve  as  that  obtained  for  the  classical  pendulum 

Shaded  regions:  -a  is  shown. 
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fig.  7.  Birurca(ion  curvet  for  the  heteroclinic  orbit  (14)  in  the  (a.  w)  pirameter  space.  i,  (a)  A  >0.0;  (b)  A  >  1.0; 

(c)  A  »  3.5;  (d)  A  >  3.99.  Note  again  that  when  A  >0.0  one  obtains  the  same  bifurcation  curve  as  in  the  classical  pendulum. 


The  last  case  is  A|  =  1,  Ai>4,  in  which  we  have 


r*co 

A,  <0,  «)»  ;if(()[<4cos(ti)f  +  o»fo)-a^f(f)]d/ 

J  -OO 


-I' 


—  a 


dr 


The  threshold  curve 

/\R,(A,  to) 


o= — »  ■-  .  A>0fixcd,A>4, 

*  ) 


COS(lDto) 


(28) 


(29) 


is  shown  in  Fig.  8. 
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Fig.  g.  Birurcaiion  curves  for  the  heieroclinic  orbit  (15)  in  the  {a,  la)  parameter  space.  A  -0.5,  A,  -  I.  (a)  A  -  4.01;  (b)  A  -  5  0. 
(c)  A  -  10.0;  (d)  A  -  100.0.  Note  the  reduction  to  the  pendulum  when  A  >5.0. 


5.  Discussion 

In  this  section  we  discuss  the  results  obtained  in  the  previous  section.  Let  us  start  by  analyzing  the  case 
A,  =  I,  A  ^  0.  In  this  case  for  A  =  0,  equation  (1)  reduces  to  the  pendulum  equation,  and  the  two  heteroclinic 
orbits,  (13)  and  (14),  reduce  to  the  analytical  expression  of  the  pendulum  separatrix.  As  one  would  have 
expected,  we  obtain  in  this  limit  (A  -0)  the  same  bifurcation  diagrams  as  for  the  simple  pendulum  (see 
Figs.  6  and  7).  As  A  goes  from  zero  to  four,  the  threshold  curves  in  Figs.  6  and  7  change  qualitatively 
and  quantitatively.  The  turning  points  of  these  regions  are  the  zeros  of  the  function  in  (25). 

When  A  =4,  system  (9)  bifurcates  changing  its  phase  portraits  from  Fig.  2  to  a  figure  similar  to  Fig. 
1(b).  We  see  that  during  the  bifurcation  the  heteroclinic  orbit  (13)  disappears  merging  into  the  hyperbolic 
fixed  point  (27r,  0).  (An  analysis  of  the  linearized  system  (9)  shows  that  this  point  is  degenerate).  For 
A  >4,  the  bifurcation  diagrams  are  shown  in  Fig.  8.  When  A  >4,  system  (9)  reduces  to  the  pendulum 
equation,  and,  as  expected,  we  see  from  Fig.  8  that  in  this  limit  the  bifurcation  diagram  of  (9)  reduces  to 
that  of  a  pendulum. 

Let  us  now  consider  the  case  A,  =  -1,  A  ^0.  Increasing  from  zero  to  four  (excluded)  we  can  see  in  the 
figures  how  the  bifurcation  diagrams  depend  on  this  parameter.  When  A  =4,  the  system  bifurcates.  The 
phase  portraits  change  from  Fig.  1(a)  to  Fig.  1(b).  We  note  that  the  centres  [±2 cos"'(«A)  +  41c-rr, 0], 
fc  =  0,  ±  1 ,  ±2, . . . ,  disappear.  This  is  because  the  fixed  points  (4mr,  0),  n  =  0,  ±  1 ,  ±2, . . . ,  are  degenerate 
as  one  can  easily  see  from  the  linearization  of  the  system  at  those  points  (we  note  that  our  system  is 
structurally  unstable).  One  can  also  see  that  the  homoclinic  orbit  (11)  degenerates  into  the  fixed  point 
(0,0),  whereas  the  heteroclinic  orbit  (12)  continuously  changes  its  shape  becoming  the  heteroclinic  orbit 
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shown  in  Fig.  1(b).  When  A  >4,  the  term  -^A  sin(j(^)  becomes  dominant  and  we  get  again  the  pendulum 
equation.  The  biTurcation  diagrams  obtained  above  are  also  in  agreement  with  earlier  results  [6-8]. 

We  finally  observe  that  the  bifurcation  diagrams  in  Pigs.  3  and  4  do  not  reduce  to  those  of  a  pendulum, 
when  A-*0  (note  that  system  (9)  in  this  limit  is  the  antipendulum).  In  the  limit  A  =0,  however,  the 
homoclinic  orbit  (11)  and  the  heteroclinic  orbit  (12)  do  not  exist  any  more,  they  indeed  degenerate  in 
the  fixed  points  (2it,  0)  and  (0,0)  respectively.  On  the  other  hand,  for  small  values  of  A  (A  <1)  the 
homoclinic  and  heteroclinic  orbits  shown  in  Fig.  1(a)  get  closer  to  each  other,  and  an  analysis  based  on 
a  first  order  estimate  of  the  splitting  of  the  corresponding  stable  and  unstable  manifolds  could  be  too 
crude.  This  last  point  we  plan  to  investigate  in  a  future  paper. 
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Abstract. 


Attalvtic  results  for  triangular  current:  phase  reiatiu... 


In  this  paper  ne  show  several  analytical  approaches  to 
study  the  effect  of  dissipation  on  fluxon  aotlon;  our 
attention  is  mainly  devoted  to  the  surface  impedance 
te.  m  which  is  the  main  quantity  responsible  for 
qualitative  dynamical  changes  in  the  junction. 

Introduction. 

Soli  ton  (fluxoni  dynamics  In  the  long  Josoohson 
junction  ijosephson  transmission  line  or  JTL)  has  for 
.xany  years  been  one  of  the  most  active  research  areas 
within  the  topic  of  Josephson  tunneling.  Fluxons  show 
purticle-like  behavior  in  the  fact  that  they  carry 
di'ergy  and  momentum,  they  are  structurally  stable  in  the 
serse  that  small  perturbations  do  not  destroy  them,  and 
thev  can  travel  at  almost  the  speed  of  light  Hlthin  the 
.”■1.  All  these  features  mak?  fluxons  excellent 
.-anjidates  for  being  the  building  blocks  of  new  fast 
electronic  devices,  as  has  recently  been  demonstrated 
e-.pvr  imental  ly  Cll. 

In  view  of  this  it  is  Imp'ortant  to  study  the 
effects  of  various  forms  of  dissipation  on  the  fluxon 
motion,  siiice  these  dissipations  are  responsible  for 
distortion  and  even  decay  (switching)  of  the  fluxons. 
Though  a  number  of  numerical  simulations  have  been  done 
to  study  this  effect  C2]i  very  few  analytical  results 
are  known.  This  is  mainly  due  to  the  fact  that  the  model 
equation  for  a  Josephson  transmission  line,  the 
perturbed  sineGordon  equation,  has  no  known  general 
analytic  Solution.  Hence  the  main  results  are  given  In 
terms  of  a  perturbative  analysis  arouitd  known  solutions 
of  the  sine-Gordon  equation  (Ref.  3). 

rron  numerical  simulations  121  it  has  been  shown 
that  due  to  the  presence  of  surface  damping  a  number  of 
t'pw  phenomena  occur:  (i)  A  distortion  of  the  pulse  shape 
of  the  fluion  together  with  a  non-Loreni lan  contraction; 
thij  IS  in  contrast  to  the  relativistic  contraction 
present  in  the  solution  of  the  non-dtssipatlve  j.  , 

sme-Go'don  system,  (ii)  The  occurrence  of  an  overshoob 
in  the  fluxon  pulse  accompanied  with  damped 
c3  : 1 1  I  at  ions.  I  ill)  A  decrease  in  the  maximum  bias  that 
can  justain  pure  fluxon  motion,  with  a  correspcrd ing 
.’ecieas*  of  the  energy;  thus  the  pure  soli  ton  solutions 
orcpxe  uiiptable  against  the  rotating  solution. 

In  the  first  section  we  show  an  analytical  approach 
'O'-  solving  the  perturbed  sine-Gordon  equation  with  a 
cixcawise  linear  approx inat Ion  of  the  non-Iinear  sire 
t*>.x.  In  the  second  section  we  consider  a  phase-space 
a'  sl/sis  that,  although  very  Simple,  gives  surprisingly 
qrnl  results  in  predicting  the  frequency  and  the  damping 
C'j'ivtant  -jf  the  c'-.ershoot  CSC  i  I  latioris  observed 
.•.jw»r  1C  al  1  y  I  as  well  as  the  change  in  the  pulse  shape  of 
‘h*  fl'j.on.  kinolly  we  Introduce  a  new  perturbation 
aep' rich  that  gives  a  surprisingly  good  agreement  with 
cn.  rrsi.U'.  of  numerical  computations. 

•  ftf,  ...an,  i;i  address.  Eleclrolechnical  Laiior.ilory,  1-1-'., 
ity.cnu.  'Iji  jra-mura,  Hiihaii-gun.  Ibaral  i  3'.'5.  Japan 

lecni  /ed  i>ptoriher  36,  I9SC. 


The  JTL  Is  modeled  by  a  perturbed  sinc-Corden 
equation 


♦xx-  #1.-  sin#  -  a#k  ♦  a#x»,  ♦  T.  ■  0 


( 1 1 


where  #  it  the  phase  difference  between  the  two 
superconductors  forming  the  junction,  a  is  the 
normallced  parallel  conductance,  A  is  the  normalireo 
surface  conductance  and  x\,  is  the  bias  current 
normalized  to  the  maximuit  Josephson  current;  space  is 
normalized  to  the  Josephson  penetration  length  X.i  and 
time  is  normalized  to  the  inverse  of  the  Josephson 
plasma  frequency  A>„  >  t/Aj,  where  C  is  the  speed  of 
light  in  the  Josephson  transmission  line. 

In  what  follows  we  will  consider  the  case  in  wMch 
the  length  of  the  junction  is  big  enough  to  disregard 
the  effects  of  the  boundaries  In  order  to  concentraln 
our  attention  on  the  stationary  fluxon  motion. 

In  general  when  o,  fl  and  xj  are  different  from  jero 
Eq.  1  can  not  be  solved  analytically.  To  extract  sore 
analytical  Information  one  can  approximate  the  sire  cei  m 
in  Eq.  1  by  using  a  triangular  current-phase  relatipn 
with  2x  periodicity  (Fig.  1)  f<|)  defined  by 


Fig.l.  a)  Triangular  current-phase  relation  fl#).  'b.c< 
Fluxon  line  shapes  with  a  •  0.02,  C  «  O.Ci!,  and  )•  2'". 
,(b)  u*  0.9  giving  ■  0.079.  (c)  u»  1.0  giving  n.;69 
I 

The  main  idea  of  this  procedure  is  that  now  ,  j 
is  a  piece-Mise  linear  equation,  i.e.  the  pi.ase  space  i' 
divided  In  regions  (regions  1,  II  and  III  in  fig.  n  i>> 
wnlcn  Eq ,  i  is  linear  a.  w  ih«  cu.  respond  i  rg  30lut;0'' 
can  be  found  by  elementary  analysis.  Caution  ras  to  B# 
taken  to  properly  join  the  solutions  at  ti<c  bouidai'y  uf 
the  different  regions  of  the  pt<aso'spac«.  The  protejv '■? 
requiring  father  lengthy  c  a  Icu  la  t  ions .  has  teen  .ai.  le-. 
cut  in  Ref.  ki  using  a  travel  i  nq-wave  as-.umpl  ion  pf  im 
solution  to  Eq.  Ii  whicr.  is  then  rediced  to  a  )hi.d 
order  .irainarv  differential  equation  fODE>: 


00I8-9464/S7/0J0O.|ll4{0t.00(&)l9S7  IEEE 
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U#^,  ♦  (l-u*)  ♦  »uf,  -  f(#l  ♦  •  0 

tjf  n  J 

<31 

o' 

e  u  is  the  velocity  of  the  solution  and  f 

•  K-Ut. 

u 

solution  in  the  three  regions  of  Fig.  1  is 

given  by 

A.expfq.fi  ♦  fk 

(1> 

-002 

(4) 

,  B.exp(r  ,fl«0uexp(rBfl-rB;,eKp(r5,f)  -*{/k  *s 

(11) 

^..expiq;-f)  a  Caexptqo^i  ♦  ♦  8s 

(HI) 

-OOA 

3 

urirre  A,,  Cri  Z-t,  Bit  B^i  83  arc  constants  and  qi<  qii> 
0  and  r,i  fai  r-t  art  the  roots  of  the  characteristic 
rolynomioi*  Pi  of  Eq.  3  (the  q's  are  related  to  P*  and 
the  r 's  to  P - ) 


0.A  0.6  08 


O-02  p-.qi 


j05,.025. 


O’  r  1  025 
Q-Q06  h  / 


-  (l-u")*' 


aux  t  k 


Due  to  the  fore  of  Pi  we  havet  for  P+i  always  a  negative 
real  root  qi  and  for  and  q*  either  two  positive  real 
roots  or  a  couple  of  complex  conjugate  roots  with 
positive  real  part,  for  P-  we  have  always  a  positive 
root  r,  and  for  ri  and  r«  either  two  negative  roots  or  a 
couple  of  complex  conjugate  ones  with  negative  real 
par  t . 

This  information!  together  with  the  asymptotic 
conditions  on  the  solution  f  at^-aioa  gives  Eq.  4.  The 
values  of  the  constants  An  Si  i  Bai  Bui  Cai  Cu  and  ^  are 
determined  by  the  matching  conditions  of  tf  and 
at  the  border  of  the  regions  in  Fig.  1  (41.  The  main 
results  of  this  approach  are  the  following.  The  system 
parameters  for  the  observation  of  the  overshoot  in  the 
riuibn  shape,  (two  complex  conjugate  roots  In  Pa)  Is 
g  1  -e^n  by 

fl  >  4a»/a7k»  <61 

In  presence  of  the  overshoot.  Fig.  8ai  the  period 
of  the  oscillations  and  their  decay  rate  can  be  computed 
respectively  from  the  imaginary  and  the  real  part  of  the 
two  complex  conjugate  roots  q*  and  du  of  Pa.  In  Fig.  8a 
the  absolute  value  of  is  shown  in  a  log  scale;  for 
Both  the  period  and  the^decay  rate  of  the  oscillations  a 
surprising  similarity  with  the  numerical  results  of  the, 
integration  of  equation  Eq.  }i  F)g.  8b  tSJr  is  found.  ) 
The  current-velocity  relationship  for  the  fluxon  tan  be 
derived  analytically  C4]  and  in  Fig.  3  a  comparison  of 

10’  I - 1 - 1 - 1 - 1 - 1 - 1 - 1 - 1 


POSITION 

'  ig.?.  riit  on  line  st.apes.  (al  Analytical  results.  'M. 

I  C  4  I  integration  nf  Eq.  1.  Ti>e  parameters  are: 

•  -  0."?.  1’  r  0.01,  l  •  8/x.  la-n  u  »  0.4,  1  r  O.C’79; 
■u-?)  ,1  r  1  ,  "t  «  0.569,  (b-  I  >  ^  •  0.1.  '.b-81  .  .'.675, 


/.1/05/  /.2..1  , 

-010  - ■ - ^080 

-0.6  -QA  -02  -0 

log*)Tl 

Fig. 3.  Comparison  of  the  -u  curves  computed 
analytically  Isolid  curves!  and  the  results  181  from 
.numerical  Integration  Of  Eq.  1  (marks!  for  various 
values  of  the  parameters  a  and  d. 

the  computed  curve  with  the  results  of  a  numerical 
simulation  of  Eq.  1  Is  shown.  In  this  calculation  the 
value  of  k  (Eq.  8)  Is  chosen  to  be  B/x"  after  a 
comparison  of  the  junction  coupling  energy  per  unit 
length  with  that  of  Eq.  1.  As  shown  in  Fig.  3  the 
analytical  results  obtained  are  very  close  to  the 
.numerical  ones  for  the  original  system. 

The  numerical  methods  used  in  this  paper  were 
simple  and  direct.  An  annular  geometry  was  assumed,  and 
the  simple  finite  difference  equation  corresponding  to 
Eq.  1  was  solved.  Usually  an  annulus  of  normaliteo 
length  eight  was  used,  with  a  total  of  400  finite 
elements  maiing  up  the  ting.  The  time  step  in  the 
simulations  was  usually  about  O.OOS/<u,.  Situations, 
with  light  damping  needed  smaller  time  steps;  heavier 
.damping  could  tolerate  larger  steps.  All  results  -ere 
tested  against  variation  with  the  spatial  grid  and  time 
.step.  Initial  conditions  appropriate  for  creating  a 
single  soliton  were  approximated  by  a  linear  ramp  in 
phase  8s  over  the  length  of  the  junction,  and  tne 
transients  due  to  the  relaxation  to  the  true  soliton 
'were  allowed  to  decay  before  any  measurements  were  made. 
The  reproducibility  of  the  results  despite  variations 
in  spatial  grid  and  time  step  is  tne  main  reason  for 
confidence  in  the  numerical  results. 

Phase  space  analysis. 


In  this  section  we  shall  develop  a  phase-space 
analysis  for  the  perturbed  sine-Gordon  equation  Eq.  1 
in  order  to  investigate  the  effect  of  the  surface  loss 
on  fluxon. 

As  in  the  preceeding  section  we  assume  a  tr.veli  g 
wave  solution  to  Eq.  1  on  an  infinite  JTl  witn  a 
velocity  u.  tie  obtain 


ouf-  -  sin#  *  * 


To  this  third  prder  ODE  is  associated  a  three- 
dimensional  phase-space  in  which  the  fluvon  sc  I 
represents  a  separatri..  m  the  sense  (hat  it  c 
two  fixed  points  of  the  phave-space  in  n.fi'.iu 
Tt,e  fixed  points  involved  are  ooviously  given  q 
X  (arcsin«^»  tnit.  0.  Oi. 

In  the  following  a  linearized  analysis  of 
C.namici  around  the  fired  point;  P  wi 1 1  be  perf 
Asfi.ming  a  solution  cf  Eg.  6  giver,  t) 

#(f)  a  aiCLinajl  tifl  .  jli'5'll  1 


u  t  1  C  n 

pr.npc  t  i 
t  1  -  I  . 

V  F  - 
1  r  e 

c  r.ai. 
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He  oBtein  to  first  order  in  f  the  Ilneer  equetlon 

-flu  ♦  tl-u')iy^  »  ou?^  -  -IT^i  -  0  (9» 

wnose  solution  is  determined  by  the  roots  q  of  the 
iS'>oci<ted  polynufflimum 


this  symmetry  by  ehsnqinq  the  slopes  of  the  flunon 
edgesi  es  has  been  observed  in  numerical  integrations. 

Let  us  assume  for  simplicity  that  hc  have  only  one 
dissipative  term  In  £q.  If  namely  the  o  term.  Using 
the  same  procedure  as  shomn  above i  we  obtain  the 
characteristic  polynomium  in  the  form: 


P(q  1  V  q* 


«  q  ♦ 

f  p“ 


110) 


This  polynomium  Eq.  10  is  similar  to  Eq.  hi 
H'<cept  for  the  last  termi  and  it  will  shorn  the  same 
toology  of  roots.  The  phase  portrait  near  the  fixed 
point  IS  shown  in  Figs.  ha.b.  Figure  ha  corresponds 
to  the  case  of  three  real  rootsi  that  gives  rise  to  a 
s.-nooth  fluxon  shape  with  no  overshoot.  In  Fig.  hb  the 
cave  of  complex  conjugate  roots  is  considered  and  the 
ovcillatinq  behaviour  of  the  overshoot  is  clearly 
Identified  by  the  spiraling  of  the  phase-curve  outwards 
frcm  the  fixed  point. 


a)  b) 

Fiq.h.  Phase  portrait  near  the  fixed  points,  (a)  two 
positive  roots  and  one  negative  (b)  one  negative  root 
and  two  complex  conjugate. 

This  kind  of  analysis  cannot  give  the  threshold  for 
'he  appearance  of  the  oscillating  overshooti  as  the  one 
in  the  first  sectioni  because  the  relationship  between 
’.he  bus  and  the  velocity  u  of  the  fluron  is  not  known. 
However  It  IS  xnuwn  from  numerical  integration  that  the 
velocity  of  the  fluxon  will  rapidly  tend  to  unity  when 
the  bias  is  increased.  Assuming  a  unit  velocity  in  , 
Eq.  10.  one  can  derive  an  expression  for  the  threshold  , 
for  observing  overshoot  in  the  fluxon.  in  the  same  way 
as  in  Eq.  6.  The  result  is 

fl  >  4«»/(27(l  -  n^»lj  (ID  ' 

I 

The  validity  of  this  condition  is  limited  by  the 
fact  that  -fj  must  be  consistent  with  a  fluxon  velocity 
very  close  to  unity. 

Additional  results  can  be  found  by  computing  the  * 
(complex)  roots  of  Eq .  10  using  standard  methods;  that 
gives  the  decay  rate  H  and  the  frequency  u)  of  the 
oscillations  of  the  overshoot.  In  the  case  u  •  1  and  if 


V. ’.'27,1(1-, I) 

/  r 

t  (which  does  not 

introduce  major 

r  1 '  1 

C  1 1 ons ! 

can  obtain  fairly 

Simple  expressions 

for  M 

and  u) 

H 

=  -.5  ( 

( 1  - 

(12) 

(d 

(13) 

Ue  have  compared  the  above  results  with  the  ones 
obtained  by  the  numerical  integration  of  Eq.  1  13}  and 
obtain  a  wry  good  agreement  (within  2-3'/.l. 

Anott.er  interesting  result  that  can  be  obtained  by 
t  p  pruse-bpace  analysis  regards  the  slope  of  the 
Iradinri  and  the  trailing  edge  of  the  flu.  on. 

It  It  well  t-nown  that,  in  the  absence  of 
1 1  s  .u  it  It...  the  slopei  of  the  leading  and  the  t. ailing 
sdqe  a'  the  flu^cn  are  e.iual.  i.e.  the  pulse  I'lape  is 
..'■r-et  1C,  Tt-c  prase.’ce  oc  dissipative  terms  may  area) 


Ptql'e  q*  ♦  ou/(l-u*)q  -  ( l-a^l*'*/(  l-u*l  »  0  (1<.1 

the  roots  of  which  are  given  by 


q.,®  «  -ou/3(l-u*>± 

l<ou/2(l-u«)l«*(l-^*l‘^*/(l-u*l l‘'*  (151 

In  a  neighborhood  of  the  fixed  points,  the-sotution 
«(f)  will  then  be  given  by 


}*(f)  ■  arcsinsj^*  Aexpl-q.fi 

(  16) 

#*lf)  *  arcsinvj  ♦  Bexp(-qsf)  *  2« 

where  represents  the  leading  edge  of  the  fluxon  and 
the  trailing  one. 

From  Eq.  IS  it  is  seen  that  when  a  is  very  small, 
the  two  exponents  are  equal  in  magnitude,  but  when  a  is 
not  small  a  difference  in  the  magnitude  of  the  exponents 
is  founo.  This  difference  becomes  more  and  more  enhanced 
as  tends  to  unity,  reproducing  the  behaviour  observed 
in  the  numerical  calculations.  The  same  procedure  that 
leads  to  Eq.  IS  can  be  applied  in  the  case  il  *  0. 
however  the  calculations  are  more  lengthy  to  carry  out. 


In  the  previous  section  it  has  been  shown  that  is 
possible  to  derive  analytical  results  concerning  the 
influence  of  the  dissipative  terms  on  the  fluxon 
dynamics.  Unfortunately,  the  lack  of  knowledge  about  the 
relationship  between  the  bias  current  and  the  fluxon 
velocity  (v^-u  curve)  limits  the  amount  of  information 
that  is  possible  to  obtain  from  such  a  procedure.  Since 
the  exact  waveform  of  the  fluxon  in  presence  of  bias  and 
dissipations  is  not  known,  various  perturbative  methods 
have  been  used  to  derive  them^-u  curve.  The  classical 
one  C3]  assumes  the  kink  solution  of  the  sine-Gordon 
equation  as  an  approximation  to  the  solutions  of  Eq.  1. 
i  .e. 


f(x.t>  *  warctglexpl  x-ut  1 ) ) 


(  17) 


where  is  the  Lorentz  factor  Yi^xl/d-u*-')' ■**.  Inserting 
Eq.  17  into  Eq.  I  and  imposing  a  power  balance 
between  the  energy  output  due  to  dissipat ion . and  the 
energy  Input  due  to  the  bias  current,  the  following 
expression  for  the  ‘'^-u  curve  is  obtained  C31 


=  (k/xlu  Y|_(a  ♦  (I  /3i 


110) 


Altnough  this  expression  represents  the  qualitative 
behavior  of  the  fluxon  as  observed  both  experimentally 
and  in  numerical  simulations  quite  well,  it  fails  to 
describe  the  high  velocity  region.  In  fact,  when  u->l 
Eg.  18  predicts  that  the  bias  goes  to  infinity,  in 
contrast  to  numerical  and  experimental  results. 

The  problem  lies  in  the  form  of  the  solution 
assumed  in  Eq.  17.  which  implies  that  the  fluxon 
becomes  .xore  and  more  narrow  as  the  velocity  approaches 
uihitv.  It  has  been  observed  numerically  that  when  ,1  *  n 
the  presance  of  a-dissipation  determines  a  lowe.'  li.r.it 
i.T  the  fluxon  contraction.  Ferrigno  and  Pace  C51  I'ave 
found.  (  il'O  I  similar  results  by  using  soluticn  4('<t' 
•X  arcsinT^  ♦  fnlx.tli  where  ♦..(x.t'  is  given  by  Eg. 
with  a  different  contraction  factnr  : 


’I 


Y,.  r  -I 


«)'r*/(  1  - 
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Ti-it  1e«cl»  to  « ‘tt'u  relationship  given  by 
fc  edit  ling  that  '*i->l  and  for  u-^1.  Both  the 

perturbation  approach  in  13}  and  in  tSl  have  their  nain 
limitation  in  the  fact  that  the  perturbative  terms 
♦  -r^  >  in  13)  and  ('J  ♦  ^{co»J+a4,  )  in  t3)  are 

considered  very  small)  while  for  "[-♦1  this  is  not  true, 
r.oi  eover  the  presence  of  the  fl  term  distorts  the  shape  ( 
of  the  fluron  considerably  from  the  one  assumed  in  j 
Eo.  Iv  making  the  ansatt  about  the  solution  to  Cq.  1 
L,nr ea  1  i st  ic  . 

A  possible  way  to  handle  the  first  of  the  two 
p  oblems  exposed  can  be  to  rewrite  Eq.  1  as 

i..-  sinfimj.  a’llil*)  ■  -oi'|#t|#i-  aii  130) 

lip  left  side  of  Eq.  SO  hat  an  exact  solution  C6]  for 
any  value  of  , 

♦  (v)t)  *  AarctgCexpt  f(x-ut>)  ♦arciinsj  (31) 

where  »  Vp  it  given  by  Eq.  19  and  o*“*^3u^l2.  Note 
that  typically  a'  <<  I  even  when  ^-*1.  Inserting  Eq. 

?!  ii-.to  Eg.  30  and  imposing  a  power  balance  on  the 
'erms  of  the  right  side  in  Eq.  30  we  obtain 

"7  =  (S/xiu/’lo  ♦  lJ<’^/3)  (33) 

which  IS  the  same  as  Eq.  10  but  with  a  different 
'lu'on  contraction  term.  It  can  easily  be  shown  that 
thp  ansati  Eq.  31  always  leads  to  Eq.  33  for  any  choice 
of  f.  In  the  cate  fl«0  the  expression  for  f  (Eq.  J9)  can 
be  derived  by  minimlting  the  power  balance  energy 
'Eg.  33  tg  be  derived  btiowl  with  respect  tg  If.  The 
power  balance  pnmrgy  ^or  a  general  contraction  factor  If 
can  be  computed  from  Eq.  1  by  multiplying  Eq.  1  with 
I  integrating  once  with  respect  to  time  and 
integrating  all  Over  the  space.  To  perform  the 
integration  we  have  assumed  the  form  Eq.  Si  for  f  with 
y  a<  an  independent  parameter  and  the  power  balance 
^elation  Eg.  33.  As  a  result  the  power  balance  energy  is 
cb  tamed 

e  »  <.(  fa  *  u*>  *  ■J '  ‘i!!!!  i  -  SunY*  03) 

r 

wte'e  u  is  given  by  Eq.  33, 

In  the  case  0*0  ttie  mlnimliing  procedure  cannot  be 
applied  because)  as  it  has  been  discussed  in  the 

n  ! 


previous  sections)  the  effect  cf  the  |1  term  is  to 
strongly  deform  the  ftuxon  shape  mai ing  the  a»sat2 

Eq.  31  not  valid  anymore. 

In  the  case  (><<1  the  expression  Eq.  19  for  /  can 
still  be  considered  a  good  approximation)  supporting  the 
result  obtained  by  the  perturbative  analysis. 

Me  have  checked  the  expression  Eq.  33  with 
numerical  results  from  the  integration  of  Eq.  I 
obtaining  a  much  better  agreement  than  for  thr  stanoa'd 
perturbation  result  Eq.  16.  In  Fig.  3  m^-u  curves 
obtained  from  Eq,  33  are  compared  to  numerical  results 
from  [5]  in  the  critical  region  of  high  bias  and 
velocity  values.  As  expected  a  deviation  is  found  »nen 
is  not  small  compared  to  a  and  when  the  velocity  of  the 
fluxon  is  close  to  if  i.c.)  when  the  overshoot  is 
present  and  the  assumption  Eq.  3|  is  not  valid 
anymore. 

As  a  final  remark  we  note  that  Eg,  33  predicts  an 
increase  of  the  width  of  the  fluxon  when  the  p  term  is 
present,  in  particular  in  the  limit  case  '*1*1  and  u«l 
the  value  of  has  a  correction  with  respect  to  the 
value  found  in  ref.  3  for  fl«0)  that  to  the  first  order 
in  (1)  Y  is  given  by 

j  Y  *  »/4o  (1  -  l/(3(i  ♦  16a»/x*P)))  (31.) 

1  Conclusion. 

,  Ue  have  developed  a  number  of  analytical  methods  to 
(Study  the  effect  of  the  surface  impedance  damping  on  the 
'fluxon  motion  in  a  JTL. 

I  A  simple  piecewise  linear  approximation  of  the  sme 
(term  in  the  perturbed  sine-Gordon  equation  (PSGE)  that 
Imodels  3TL*s  allows  to  derive  analytical  solutions.  It 
[is  shown  to  be  very  accurate  in  describing  the  dynamics 
of  the  original  non-linear  equations)  especially  with 
regard  to  the  effect  of  the  surface  (iamping  term.  A 
phase-space  analysis  of  the  PSGE  in  the  travelling  wave 
assumption  is  able  to  predict  quantitative!-  the 
'dynaisical  effects  of  the  surface  damping  in  terms  of  the 
frequency  and  decay  rate  of  the  oscilletions  connected 
with  the  overshoot  in  the  fluxon  shape  and  tiie  asymmetry 
in  the  fluxon  shape.  Finally)  a  new  perturbative  schema 
based  on  the  solution  of  PSGE  with  quadratic  damping  is 
derived)  leading  to  a  general itation  of  earlier  resuitsi 
obtained  in  absence  of  surface  damping. 
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nreather  dynamics  in  the  sine-Gordon  system  with  chan^'nj  sine  term  cocdlcicnt  is  investigated.  It  is  shown  that  for 
adiabatic  changes  the  frequency  of  the  breather  in  rescaled  time  is  constant  while  the  velocity  changes  just  as  the  velocity  of  a 
kink. 


1.  Introduction 

During  the  past  years  a  great  deal  of  interest 
lia.s  been  devoted  to  the  study  of  solilon  dynamics 
in  variou.s  physical  systems  [1].  One  of  the  "systems 
where  .soliton  propagation  is  more  accessible  to 
c.xpcrimcnlal  measurements  is  the  long  Josephson 
junction  [2].  In  this  case  the  dynamics  is  governed 
by  the  sine-Gordon  equation  and  soliton’s 
(Iluxon’s)  resonant  motion  manifests  itself  with 
ilic  presence  of  dc  singularities  in  the  current- 
voltiigc  characteristic  of  the  junction  [2,  3].  In  this 
conte.xt  several  physical  situations  such  as  smooth 
spatial  modulation  of  the  Josephson  supcrcurrcnt, 
slow  temperature  drift  of  the  junction,  etc...  arc 
modelled,  (neglecting  dissipation  and  bias),  by  the 
following  simple  perturbed  sine-Gordon.  equation 
in  normalized  form 
'f*,  '  +  “(-*•  f))sin(<j)) 


•  AUo  (i  N  S  M.  sczionc  di  Salcmo.  1-84100  Salerno.  Italy. 
••Permanent  address:  Physics  Laboratory  1.  The  Technical 
University  of  Denmark,  Dk-2300  Lyngby,  Denmark. 


Here  <P(x,l)  is  the  field  variable,  i.e.  the  macro¬ 
scopic  phase  difTercnce  across  the  junction, 
a(.)c, /)sin(t^)  represents  a  nondissipative  per¬ 
turbation  with  a  a  slowly  changing  function  of 
space  and  time,  and  m(x,  i)  is  the  instantaneous 
2'n’-kink  mass. 

In  a  previous  paper  [4)  the  cfTccts  of  such  a 
perturbation  on  a  2ir-kinlc  motion  were  investi¬ 
gated  by  assuming  an  adiabatic  “switch  on"  of  the 
perturbation.  The  analysis  was  performed  without 
the  need  of  perturbation  theory,  by  using  the 
conservation  laws  of  system  (1).  The  results  were 
also  found  in  good  agreement  with  numerical  c.\- 
periments. 

In  the  present  paper  we  will  continue  this  analy¬ 
sis  by  investigating  the  cfTccts  of  the  same  per¬ 
turbation  on  the  other  soliton  solution  of  ihc 
sine-Gordon  equation:  the  breather.  A  breather  is 
a  bound  state  of  a  solilon  and  an  anti-soliion  that 
is  described  by  two  parameters:  the  velocity  wiih 
which  the  whole  structure  moves  and  the  internal 
frequency  of  oscillation  [5].  This  will  require  the 
use  of  two  conservation  laws  of  cq.  (1)  to  de¬ 
termine  the  perturbed  breather  dynamics.  In  sec¬ 
tion  2,  by  using  the  energy  and  the  momentum  of 
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cq.  (1)  wc  compute  the  rate  of  change  of  the 
micrnal  frequency  and  of  the  velocity  of  a  sine- 
()t>rdon  breather  under  the  influence  of  perturba¬ 
tions  of  type  asm(<i))  with  a  either  a  function  of 
space  or  of  time.  In  the  analysis  we  will  assume  an 
adiabatic  switch  on  of  the  perturbation,  this  avoid¬ 
ing  llic  creation  of  background  radiation  into  the 
system.  As  a  result  we  find  that  the  internal 
frequency  in  “rescaled"  coordinate  is  constant 


while  the  velocity  exactly  follows  the  same  changes 
as  those  found  in  ref.  4  for  a  2ff-kink.  In  section  3 
the  udiabatically  “switching"  process  is  numeri¬ 
cally  simulated  for  the  a{f)sin(<p)  kind  of  per¬ 
turbation.  The  comparison  between  numerical  and 
analitical  results  confirms  the  validity  of  our  sim¬ 
ple  approach.  Finally  in  section  4  we  estimate  the 
limits  of  validity  of  the  adiabatic  assumption  and 
summarize  the  main  results  of  the  paper. 


2.  Analysis 

Let  us  start  by  defining  the  energy  H{t)  and  the  momentum  P(l)  for  cq.  (1)  as 

-  f  ’<^>^  +  (1 +«)(! -cos(<f)))djc,  (2) 

•  X 

-  -  f  (.3) 

X 


.ind  by  considering  their  time  derivatives.  With  the  help  of  eq.  (1)  we  get 


<111  _ 
dr 

(  a,(1  -  cos(<f)))dj:, 

-  X 

(4) 

d  P 

A  *  X 

dr  ~ 

-I  a,(l  -  cos{<(>))dj:, 

-  X 

(5) 

from  which  it  is  clear  that  when  a,  =  0  (i.e.  a  s  a(.x))  the  energy  is  conserved  [4,  6],  while  when  n,  =  0  (i.e. 
ix^n(i))  the  momentum  is  conserved  (4|.  In  the  adiabatic  case  with  a  spatial  localized  entity,  the 
derivative  of  «  in  eqs.  (4),  (5)  can  be  taken  outside  the  integrals  and  one  is  left  with  the  spatial  integral  of 
( I  -  cos(<>))  in  both  equations.  (For  a  2w-ldnk  these  equations  provide  the  same  informations.)  In  order  to 
tind  ihe  rate  of  change  of  the  breather  frequency  it  is  convenient  to  introduce  the  rescaled  spatial  and  time 
1.  .iri.ihles  t, 


dr  =  (l+a)''^^d.t,  dT=(l+a)'^^ 

in  icrms  of  which  eq.  (1)  is  rewritten  as 

3  In (m) 

-  sin  (<#>)  =  <t>, — - 


d/. 


d  In  (m) 
dz 


(6) 

(7) 


aIktc  ihc  last  two  terms  represent  perturbations  to  the  pure  sine-Gordon  equation.  Eq.  (6)  shows  that  the 
clocity  IS  the  same  m  the  original  and  in  the  rescaled  variables 

_  d;  _  d.t 

“  dT  “  717  • 


(S) 


xgx 
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wiiilc  the  re-scaled  frequency  «'  is  related  to  the  original  frequency  u  by 

w  = -37  =  (1 +a)  =  (1 +a)  w.  (9) 

For  adiabatic  changes  of  the  mass  m  the  instantaneous  breather  solution  of  eq.  (7)  is  written  as 


\  u'cosh  r(<i)')  r(u)(z-tJT)j  J 


r(u')  'sin 

[w'Tr(u)  '  —  w'r(u)t;(z  — 

ut)  +  <to 

.1 

w' cosh  j 

r(u')  'r(«;)(z-uT) 

/ 

(10a) 

(10b) 


where 


(11) 


Inserting  eq.  (10)  into  eq,  (2)  and  using  eq.  (6)  we  get  for  the  energy 
//  =  16(1  +  a)'^V(w')‘'r(u)  =  2mr{u’y'r{v). 


(12) 


Similarly,  from  eq.  (3)  we  get  for  the  momentum 

P  =  16(1  -t-  a)'^^f'(w')*'r(u)u  =  2mr(u')~’r(a)v.  (13) 

III  order  to  u.sc  cqs.  (4),  (5)  we  have  to  perform  the  spatial  integral  of  (1  -  cos(<J>)).  Since  the  changes  are 
adiabatic  the  breather  parameters  v  and  «'  will  change  very  little  during  one  period  of  oscillation. 
Therefore  we  can  first  take  the  time  average  of  (I  -  cos(<(>))  and  then  do  the  spatial  integration.  With  the 
use  of  cqs.  (10)  and  (6),  after  some  lengthy  calculations  we  get 


T 


di  f  (1  -  cos{i)))dx 

-'()  -  00 


8r(<j0~' 

r(t;)(l-t-a)'^^' 


(14) 


From  cqs.  (4)  and  (5)  together  with  eqs.  (12).  (13),  (14)  we  have 
5  ^(W' -/’')  =  128(1 -<a'')(a,  +  i;a,). 


(15) 


Observing  that 


do 

-7—  —  a,  +  ua., 

d/  '  ' 


cq  (15)  implies 
d 


dr 


(1  -OJ'^)  =  0, 


(16) 


(17) 
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mclcpcndenlly  of  how  the  change  of  a(j;,  0  is  made,  the  only  requirement  being  its  adiabaticity.  the 
frequency  parameter  in  the  rescaled  time  u'  is  constant.  The  frequency  w  in  the  original  time  is  then  easily 
I'htaincd  from  cq.  (9). 

To  compute  the  rate  of  change  of  the  breather’s  velocity  we  observe  that  since  w'  is  constant  there  is  no 
sub.stantial  difference  between  the  breather  problem  analized  here  and  the  2ff-kink  problem  analized  in  ref. 
4.  We  have  only  to  replace  r(<a')”'  by  |  in  eqs.  (12),  (13),  (14)  and  take  over  the  results  from  ref.  4.  These 
results  depend  on  a{x,  t)  and  on  the  initial  velocity.  Here  we  consider  only  the  cases  =  0  and  a,  =  0. 

(  uve  (t,  =  0.  In  this  case  the  momentum  /*  is  a  conserved  quantity.  Thus  from  eqs.  (5),  (13),  (17)  it  follows 
(in  =  initial) 

{1  +  =  constant  =  yi„r(u,„),  (18) 

tins  giving  for  the  breather  velocity 

,=r,y[l+/t(l-l,f„)l'^'.  (19) 


Cci.se  (X,  =  0.  In  this  case  the  energy  is  the  conserved  quantity  (see  eq.  (4)),  this  implying  (eqs.  (12).  (17)) 
(1  +  n!)''^^r(<i)  =  constant  =  r(oj„),  (20) 

from  winch  it  follows  that 


\/i 


(21) 


In  the  next  section  we  will  compare  the  results  referring  to  the  a^-0  type  of  perturbation  with  those 
obtained  by  a  direct  numerical  integration  of  system  (1). 


.V  Numerical  experiment 

We  have  integrated  numerically  eq.  (1)  assum¬ 
ing  periodic  boundary  conditions  over  a  normal¬ 
ized  length  L  =  40.  This  value  has  been  chosen  in 
order  to  avoid  interferences  between  the  tails  of 
ihe  breather-like  solution  during  the  time  evolu¬ 
tion  of  the  system.  The  numerical  algorithm  is 
b.ised  on  an  explicit  finite  difference  scheme  de- 
ri\ed  by  .Ablowitz  et  al.  [7]  that,  with  a  choice  of 
the  spatial  and  temporal  step  size  of  0.1  ensures 
si.ibiliiv  and  accuracy  of  the  calculation  (8). 

In  .ill  numerical  experiments  we  have  restricted 
ourscKcs  to  the  case  a  =  a(i)  since  the  other  one 
( n  -  o(  V ))  requires  a  much  more  complex  code  to 


be  implemented  on  a  finite  length  model  and  does 
not  give  a  deeper  understanding  of  the  system. 
Each  numerical  integration  has  been  carried  out  in 
the  following  way;  a)  The  initial  condition  is  set  in 
the  form  of  a  “pure”  sine-Gordon  breather  and  a 
is  set  to  zero;  b)  o  is  changed  (increased  or 
decreased)  at  a  constant  rate  and  the  frequency 
and  the  velocity  of  the  solution  are  measured  at 
each  oscillation  period  of  the  solution  itself.  A 
value  of  the  rate  of  change  of  a  of  10'^  has  been 
chosen  in  such  a  way  that  it  ensures  us  that  no 
spurious  dynamical  effects,  like  phonon  creation, 
are  generated. 

.  The  most  interesting  part  of  the  numerical  pro¬ 
cedure  is  the  way  that  both  the  velocity  and  the 
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frequency  of  the  solution  arc  measured.  The  prob¬ 
lem  lays  in  the  fact  that  a  moving  breather  does 
not  have  a  constant  profile,  but  oscillates  in  an 
un-harmonic  way. 

The  program  locates  the  maximum  A/,  of  the 
solution  and  its  x  coordinate  at  each  time  step, 
using  a  parabolic  interpolation  between  adjacent 
spatial  grid  points.  A/,  evolves  in  time  in  an 
oscillatory  way,  reaching  a  maximum  value  A/,  , 
I'nce  per  period  of  oscillation  of  the  solution.  A/,  , 
is  evaluated  together  with  the  corresponding  time 
value,  again  using  a  parabolic  interpolation  be¬ 
tween  adjacent  time  points.  Once  that  the  posi¬ 
tions  .t„  and  .t,  and  the  two  corresponding  times 
/„  and  I,  of  the  two  consecutive  maximums  A/,  , 
arc  known,  then  the  velocity  and  the  frequency  of 
the  .solution  arc  calculated  as 


r 


(■^1  -  y.)) 

i'i-'n) 


and 


w  = 


2ff 

"  ^o) 


(22) 


In  cq.  (9)  we  have  given  the  connection  between 
(he  original  frequency  «  and  the  rescaled  frequency 
w'.  From  cq.  (10a)  we  see  that  the  rescaled 
frequency  measured  at  a  given  point  is 

u'|  =  w'/'(n)  (23) 

and  from  cq.  (10b)  that  the  rescaled  frequency 
measured  in  the  frame  moving  with  the  breather 
{z  =  vt)  is 


w'  f  '(  V ) 


(24) 


These  relativistic  effcct.s  are  important  when  com¬ 
paring  to  numerical  experiments.  Indeed,  the 
method  we  have  used  to  compute  the  solution 
frequency  corresponds  to  a  measurement  in  the 
original  lime,  so  in  order  to  compute  the  corre¬ 
sponding  value  of  the  parameter  w'  in  eq.  (17),  cq. 
(23)  must  be  u.scd.  The  results  of  the  numerical 
integration  arc  shown  in  figs.  1  and  2.  In  fig.  la 
the  case  of  a  resting  breather  (o  =  0)  is  analyzed. 

The  initial  values  of  the  frequencies  u  are  varied 
from  0.1  to  0.9  and  the  corre.sponding  frequency 


il 


Oi 


rig.  1.  a)  Frequency  u  of  the  breather  as  function  of  o  -  o(r) 
for  difrcrcni  .starting  frequency  values.  The  dashed  curves  arc 
titc  theoretical  predictions  (eqs.  (9).  (17))  and  the  full  curves 
arc  the  numerical  results.  (When  the  dashed  curves  are  not 
visible  they  coincide  with  the  full  ones.)  The  initial  velocity  is 
set  to  icro  and  the  line  length  is  2, "  20,  b)  Same  as  in  fig.  la 
but  with  an  initial  velocity  of  0.5  and  line  length  L  “  40. 


changes  are  computed,  both  from  an  increase  of  a 
up  to  a  =  1  and  for  a  decrease  of  a  down  to 
a=  -1.  A  comparison  of  the  numerical  results 
(full  curves)  with  the  prediction  of  eqs.  (9),  (17) 
(dashed  curves)  shows  that  an  excellent  agreement 
is  reached,  except  for  the  region  where  the 
breather-like  solution  becomes  so  wide  that  the 
influence  of  the  periodic  boundary  conditions  can¬ 
not  be  neglected  (in  this  case  the  spatial  length 
was  20).  In  fig.  lb  a  similar  comparison  is  shown, 
corresponding  this  time  to  a  moving  breather  with 
an  initial  velocity  u  =  0.5.  Again  a  very  good 
agreement  is  reached,  apart  from  a  region  where 
the  same  considerations  made  before  apply  (this 
time  the  spatial  length  is  40).  Once  that  it  has  been 
shown  that  the  change  of  the  frequency  <j  with  a 
docs  not  depend  on  the  initial  velocity  of  the 
breather,  as  predicted  by  eq.  (17).  a  number  of 
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I'lg  2  Velociiy  v  of  the  breather  as  function  a  —  a(t)  for 
diUcront  setting  of  initial  velocities.  The  initial  frequency  is  0.5, 
The  (lashed  curves  are  the  theoretical  predictions  (eq.  (19)) 
while  the  full  ones  are  the  numerical  results.  (When  the  dashed 
curse.s  arc  not  visible  they  coincide  with  the  full  ones.) 

intcgralions  with  a  fixed  initial  frequency  w  =  0.5 
and  with  initial  velocities  ranging  from  0.1  to  0.9 
have  been  performed.  The  results  are  plotted  in 
lig  2  where  the  velocity  of  the  solution  is  plotted 
as  a  function  of  a  both  for  an  increase  of  a  up  to 
a  =  1  and  for  a  decrease  down  to  a  =  - 1.  Again  a 
very  good  agreement  is  found,  except  for  the 
poinf.s  lying  in  llie  previously  discussed  region, 
verifying  ihe  results  (eq.  (19))  obtained  from  our 
analy.si.s, 

4.  Conclasion 

In  this  paper  we  have  considered  the  effects  of 
changes  in  a  in  eq.  (1)  on  a  breather  solution.  We 
have  shown  that  as  long  as  the  changes  are  adia¬ 
batic  the  rescaled  frequency  parameter  u'  is  con¬ 
stant  and  the  velocity  changes  just  as  the  velocity 
of  a  kink.  Finally  we  have  done  a  numerical  test  in 
order  to  estimate  the  limits  of  validity  of  the 
adiabatic  assumption.  To  perform  this  test  we 
have  used  the  following  expression  for  a(f): 

n(  I )  =  ^  +  A  ~ '  l-dn~ '  [rrs(f  -  i  Tp)) ) , 

(25) 

where  Tp  is  the  integration  time,  s  is  the  maxi¬ 
mum  slope  of  a{t)  and  A  is  the  final  value  of  a. 


Fig.  3.  Dependence  of  the  change  of  u  and  u  on  the  rule  of 
changes  of  a(t)  (sec  eq.  (25)).  The  initial  frequency  and 
velocity  are  both  set  to  0.5,  and  a  is  changed  according  to  eq. 
(25)  (/4-1.  Tp  —  (20.4/i)  +  100).  The  final  frequency  and 
velocity  are  plotted  as  functions  of  s.  The  dashed  lines  corre¬ 
spond  to  ihc  theoretical  predictions  in  the  adiabatic  approm- 
Illations  (eqs.  (9).  (19)). 

The  results  are  summarized  in  fig.  3  where  the 
final  values  of  u  and  v  are  reported  as  function  of 
s  (w,„  =  0.5,  Ui„  =  0.5,  /I  =  1)  and  Tp  is  adjusted 
in  order  to  give  a(Tf)^0.99A.  The  figure  shows 
that  up  to  a  value  of  s  =  0.1,  corresponding  to  a 
time  of  change  of  a  comparable  with  the  oscil¬ 
lation  period  of  the  breather,  there  is  no  apprecia¬ 
ble  deviation  of  the  numerical  results  from  the 
theoretical  predictions  based  on  the  adiabatic  as¬ 
sumption. 
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The  stability  of  the  McCumber  solution  of  the  perturbed  sine-Gordon  equation  that  describes 
the  dynamics  of  a  long  Josephson  junction  may  conveniently  be  studied  within  the  context  of  a 
Fourier-Galerkin  approximation.  In  the  absence  of  an  externally  applied  magnetic  held,  this  pro¬ 
cedure  predicts  analytically  how  the  number,  locations,  and  widths  of  the  unstable  regions  of  the 
McCumber  curve  depend  on  the  junction  parameters.  These  instabilities  are  of  physical  interest 
because  they  evolve  into  the  Ruxon  oscillatioas  associated  with  zero-field  steps.  In  the  presence  of 
a  small  applied  magnetic  field,  the  same  procedure  provides  a  technique  for  studying  Fiske  steps. 


I.  INTRODUCTION 

The  determination  of  instability  regions  associated 
with  the  McCumber  curve  in  the  current-voltage  (/-K) 
characteristics  of  long,  narrow  (hysteretic)  Josephson 
tunnel  junctions  has  attracted  research  interest  because 
the  existence  of  such  instability  regions  is  directly  con¬ 
nected  with  the  experimental  observation  of  zero-field 
steps  iZFS’s)  in  the  /-F  characteristics  of  such  junctions. 
Tliis  connection  was  first  pointed  out  in  1973  by  Fulton 
.iiui  IDynes,'  on  the  basis  of  observations  on  a  mechani¬ 
cal  analog  of  the  long  Josephson  junction.  Later,  the 
problem  was  studied  analytically  by  Burkov  and  Lifsic.^ 
More  recently,  Pagano  et  aO  have  considered  the  prob¬ 
lem  in  some  detail,  reporting  analytical,  numerical,  and 
experimental  results.  Briefly,  the  picture  that  emerges 
from  these  studies  is  as  follows:  To  observe  ZFS’s  exper¬ 
imentally,  one  raises  the  bias  current  applied  to  the  junc¬ 
tion  from  zero  up  to  the  critical  value,  whereupon  the 
junction  switches  from  the  zero-voltage  state  to  the  gap 
stale.  The  bias  current  is  then  reduced  to  some  nonzero 
saluc;  during  this  phase  the  McCumber  curve  in  the  I-V 
plane  is  traced  out.  Raising  the  current  again  then  al¬ 
lows  tracing  out  the  ZFS’s. 

This  situation  may  be  understood  theoretically  by  per¬ 
forming  a  stability  analysis  of  the  particular  solution, 
corrcsjionding  to  the  McCumber  curve,  of  the  perturbed 
sii. e-Gordon  equation  that  describes  the  dynamics  of  the 
junction.  The  simplest  case  is  that  in  which  there  is  no 
e.xicrnal  magnetic  field  applied  to  the  junction.  In  this 
case  it  is  particularly  convenient  to  perform  a  mul¬ 
timode,  i.e.,  Fourier-Galerkin,  decomposition  of  the 
model  equation  since  the  McCumber  solution  corre- 
s()unus  lo  exciiatnju  of  the  zero-order  mode.  The 
stability  of  this  solution  is  governed  by  the  higher-order 
mode  equations,  which,  in  the  linear  approximation, 
reduce  lo  a  set  of  uncoupled,  damped  Lame  equations, 
for  which  exact,  analytic  solutions  have  been  found. 
Such  Lame  equations  exhibit  parametrically  excited  un¬ 
stable  solutions  in  some  regions  of  their  parameter  space; 
these  instabilities  evolve  with  time  into  (he  fluxon  oscil- 
lalion,s  associated  with  the  ZFS’s. 


The  application  of  an  external  magnetic  field  provides 
a  mixing  mechanism  between  the  various  mode  equa¬ 
tions,  thus  rendering  the  analysis  less  tractable.  For  a 
sufficiently  small  field,  however,  we  can  once  again 
linearize  the  higher-order  mode  equations.  In  this  ap¬ 
proximation,  the  essential  effect  of  the  field  is  simply  to 
add  an  inhomogeneous  driving  term  to  the  odd-ordcr 
mode  equations.  This  term  is  responsible  for  the  appear¬ 
ance  of  (odd-order)  Fiske  steps  (FS’s)  in  the  J-K  charac¬ 
teristic  of  the  junction. 

11.  MATHEMATICAL  .MODEL 

The  mathematical  model  of  the  overlap-geometry 
Josephson  junction  is,  in  normalized  form,  the  perturbed 
sine-Gordon  equation* 

>  (1^1 
<f>.flO,t)  =  (l>^(L,t)  =  7]  .  (lb) 

Here,  <^(x,r)  is  the  usual  Josephson  phase  variable,  .r  i.s 
distance  along  the  junction  normalized  to  the  Jo.scph.soii 
penetration  length,  and  t  is  time  normalized  to  the  in¬ 
verse  of  the  Josephson  plasma  angular  frequency.  The 
model  contains  five  parameters:  a,  0,  y,  L,  and  i;.  The 
term  in  a  represents  shunt  loss  due  to  quasiparticle  tun¬ 
neling  (assumed  Ohmic),  the  term  in  13  represents  dissi¬ 
pation  due  to  the  surface  resistance  of  the  supcrcoiuluci- 
ing  films,  y  is  the  spatially  uniform  bias  current  normal¬ 
ized  to  the  maximum  zero-voltage  Josephson  current,  L 
is  the  normalized  junction  length,  and  i;  is  the  normal¬ 
ized  external  magnetic  field,  applied  in  the  plane  of  the 
junction  and  perpendicular  to  its  long  dimension.  In  re¬ 
cent  years  this  model  has  been  shown  to  describe  a  wirle 
range  of  experimentally  observed  Josephson  phenomena, 
often  to  a  surprising  level  of  detail. 

A  number  of  approaches  have  been  employeil  in  the 
literature  to  solve  Eqs.  (1).  One  of  these,  which  has  been 
found  convenient  in  particular  for  (he  study  of  periodic 
limit  cycle  behavior,  is  the  Fourier-Galerkin  appro.xima- 
tion,  i.e.,  projection  onto  a  truncated  series  of  Fourier 
spatial  modes  whose  amplitudes  arc  unknown  functions 
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of  lime.  To  illustrate  this  approach  we  consider  first  the 
case  of  homogeneous  boundary  conditions,  i.e.,  7/=0  in 
Lij.  I  lb).  We  take  as  a  solution  ansatz  the  form 

.V 

diixj)—  (i>j{t)cos{Jirx /L)  ,  (2) 

ulicrc  V  is  some  finite  number.  The  choice  of  this  form 
stems  from  considering,  at  any  instant  of  time,  a 
refleetion  of  the  function  (j>(x,t)  in  the  interval  x  =0  to  L 
onto  the  interval  x  =0  to  — L  in  such  a  way  as  to  con¬ 
st  met  a  periodic,  continuous,  smooth,  even  function 
with  spatial  periodicity  2L.  In  the  limit  N—*oo  the  rep¬ 
resentation  of  Eq.  (2)  is  exact;  the  practical  usefulness  of 
this  approach  depends  upon  being  able  to  obtain  a 
"reasonable"  description  of  the  system  behavior  using  a 
relatively  small  value  of  N. 

Inserting  Eq.  (2)  into  Eqs.  (1),  and  using  the  ortho¬ 
gonality  properties  of  the  trigonometric  functions,  we 
obtain  the  following  set  of  ordinary  differential  equations 
for  the  mode  amplitudes 

/L 

sin({idx  ,  (3a) 

X  =0 

S...  -\n  )i„  0)1,4) „ 

=  — (2/L)  %\n4)ccis,(mrrx /Ddx  ,  Ob) 

X  =0 

m  =  l,2,...,iV 

in  wliieh  (o,„  =mn/L,  and  4>  is  given  by  Eq.  (2),  and 
overdots  denote  derivatives  with  respect  to  t. 

111.  McCUMBER  STABILITY  ANALYSIS 

A  McCumber  solution  of  Eqs.  (1)  is  one  without  spa¬ 
tial  structure;  in  terms  of  the  elastically  coupled 
pendulum-chain  analog  of  the  sine-Gordon  system  it  has 
all  of  the  pendula  rotating  in  synchronism  “over  the 
top."  In  terms  of  Eqs.  (3)  it  is  represented  by  a 
configuration  having  4>o=^^  ^md  <^„,{r)  =  0,  m 
=  1.2,.  .  .,;V.  In  this  situation  Eq.  (3a)  becomes 

6„-^aSo  =  Y  —  sin4>o  ,  (4) 

and  all  of  Eqs.  (3b)  become  identically  zero.  In  the  ab¬ 
sence  of  loss  and  bias  (af  =  y=0),  the  rotating  solution  of 
Eq.  <4)  is  exactly 

(,'i  ,i  1 1  =  2  am( l  /k\k)  ,  (5) 

vvfierc  am  is  the  Jacobian  elliptic  amplitude  function’  of 
modulus  k,  with  0<k  <1.  For  nonzero  a  and  y  we  as¬ 
sume  that  Eq.  (5)  solves  Eq.  (4)  in  the  power-balance  ap- 
proMmation,  i.c.,  we  equate  the  average  power  furnished 
by  the  bias  supply,  P,„=y{4)o),  to  the  average  power 
dissi|iated.  P„„|  =  a ( ) ,  where  angular  brackets  denote 
I  iime-averagcd  value.  Carrying  out  this  operation 
yields  ilie  following  expressions  for  the  McCumber 
Ivuueli  of  I  lie  /-K  characteristic  of  the  junction; 

■  ■i(fi:ik)/rrk  ,  (6a) 

I  =-/kK(k)  ,  (6b) 


where  K{k)  and  E{k)  are,  respectively,  the  complete  el¬ 
liptic  integrals  of  first  and  second  kinds.’ 

To  study  the  stability  of  this  solution  we  suppose  now 
that  the  m  =  1,2,.  .  .,N,  are  all  small  but  nonzero. 

Defining 

s 

€=  X  <l>j(l'>cos{Jirx/L)  ,  (7) 

y  =  i 

we  expand  sini^  to  linear  terms  as 

sin<^=  sin(<^o+f)=  sin^o+^cos<^o  •  (8) 

Inserting  Eq.  (8)  into  Eqs.  (3),  and  utilizing  once  again 
the  orthogonality  of  the  cosines,  we  obtain 

<fo-^a(l>o=Y— sm4>o  ,  (9a) 

i/S’m  +  (a +00)1,  )((>„  -Yo)l,(p„  =  -<p„  cos4>o  , 

m=l,2 . N.  (9b) 

The  equation  for  Eq.  (9a),  is  exactly  the  same  as  in 
the  unperturbed  case,  Eq.  (4).  Equations  (9b)  represent  a 
set  of  N  uncoupled,  linear,  parametrically  excited  oscilla¬ 
tors  in  which  the  term  is  the  parametric  driver.  Since 
these  equations  are  uncoupled,  they  may  be  solved  in¬ 
dependently,  which  greatly  simplifies  the  analysis. 

Inserting  the  expression  of  Eq.  (5)  for  4>o  into  the  gen¬ 
eric  member  of  Eqs.  (9b),  we  obtain  explicitly,  for  the 
nth  mode,  the  equation 

+(a+0o)\  )(p„+[Q)l  +  l  —  2snHt/k  ;k)]4>n  =0  ,  (10) 

where  sn  is  the  Jacobian  elliptic  sine  function  of 
modulus  k.  Defining  the  new  time  variable,  T  =  t/k,  we 
transform  Eq.  (10)  into 

+k{a+Po)l  )(j)„+[kHQ}l  +  \)  —  2khnHT;k)]4>„  =0  , 

(11) 

where  overdots  now  denote  derivatives  with  respect  to  r. 
We  may  eliminate  the  first  derivative  term  in  Eq.  (11)  by 
means  of  the  standard  transformation 

<^„(r)=>'(T)exp[— ■i-fc(a-|-/3tuj)r]  ,  (12) 

under  which  Eq.  (11)  becomes 

y  +  \k\o)],  +  \—^{a+Po)l  )^]  —  2khnHr,k)\y  =0  . 


Equation  (13)  is  Lame’s  equation.  A  detailed  discussion 
of  the  exact  analytic  solution  of  this  equation  (in  some¬ 
what  more  generalized  form)  may  be  found  in  Whittaker 
and  Watson*  (who  attribute  the  original  solution  to  lec¬ 
ture  notes  of  Hermite  dating  from  1872).  Following 
their  discussion,  we  find  two  linearly  independent  solu¬ 
tions  of  Eq.  (13)  to  be 

y  +  (r)  =  [//(T-ro)/0(T)]exp[-fZ(ro)r]  ,  (14a) 

>'_(r)  =  [//(T-f ro)/0(T)]exp[  — Z(rn)r]  ,  (14b) 

where  //,  9,  and  Z  are,  respectively,  the  eta,  theta,  and 
zeta  functions  of  Jacobi,’  provided  the  constant  r,, 
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satisfies  the  equation 

cn‘(  r„;A:)ds^(ro;^)  — ns^(ro;A) 

=  +  .  (15) 

where  cn,  ds,  and  ns  are  Jacobian  elliptic  functions.* 
Using  various  identities  amongst  these  functions,*  we 
may  simplify  Eq.  (15)  to 

sn'(ru:A:)=  1 /fe  ^  — +-j(a+/3ctjJ  .  (16) 

The  nature  of  the  functions  in  Eqs.  (14)  depends  on 
the  value  assumed  by  the  right-hand  side  of  Eq.  (16). 
We  may  a  priori  distinguish  four  possible  cases. 

Case  I:  0  <  ] /k^ —cal  +  j{a+  PcjI)^  <  1.  Using  vari¬ 
ous  results  from  Ref.  5,  we  may  establish  that  tq  is  real, 
H/9  is  real  and  periodic,  and  Z(to)>0. 
Hence,  from  Eqs.  (14)  and  (12),  the  stability  boundaries 
of  Eq.  (11)  are  given  by 

b  =  Z{To)-\k(a+P<al)  =  Q  .  (17) 

6  <0  implies  stability;  5>0  implies  instability. 

Case  2:  l//c^  — djJ  4-i(a-f  Pml)^  <0.  We  may  estab¬ 
lish  that  Tq  is  pure  imaginary,  Zir^)  is  pure  imaginary, 
and  H /d  is  complex,  but  periodic.  Hence,  Re(5) 
=  —  ( a  +Po}l )  <  0,  which  implies  stability. 

Case  3:  \  <[/k^  —  o)l+j{a+  Pol)^  <l/k^.  We  may 
establish  that  Tq  is  complex,  Re(ro)  =  Ar (fc),  ZItq)  is  pure 
imaginary,  and  H /d  is  complex,  but  periodic.  Hence,  as 
in  case  2,  Reib)=  —  \k(a-hP(o\)<0,  which  implies  sta¬ 
bility. 

Case  4:  1 <  1 -^-|•(a'|-l3<ui  )^  <  «,  i.e,, 

a  -t-Pwl  >  2a)„.  We  may  establish  that  tq  is  complex, 
Im(ro)  =  /C(/c'),  where  k'  is  the  complementary  modulus, 
and  H  /O  is  complex,  but  periodic;  however,  the  nature 
of  Z(rg)  is  not  (at  least  to  us)  completely  clear.  Howev¬ 
er,  we  note  that  for  ‘‘physically  reasonable”  parameters 
case  4  is  unlikely;  e.g.,  with  a  =  0.05  and  P=0.02,  case 

4  is  obtained  only  if  L/n  <0.0314  or  if  £,/n>I26, 
where  L  is  the  normalized  junction  length  and  n  is  the 
order  of  the  ZFS. 

Consequently,  in  practice,  the  only  physically  relevant 
situation  is  case  1.  The  computational  procedure  in¬ 
volves  fixing  the  parameters  a,  P,  L,  and  n,  and  iterating 
Eqs.  <16)  and  (17)  until  a  value  of  k  is  found  which  gives 

5  =  0.  The  stability  boundaries  in  current  and  voltage 
are  then  found  by  inserting  this  value  of  k  into  Eqs.  (6). 
The  necessary  calculations  may  be  carried  out  readily 
using  a  programmable  pocket  calculator. 

As  a  check  on  this  theory  we  have  compared  our 
present  results  with  those  obtained  by  Pagano  et  al.^  by 
means  of  a  perturbation  expansion  of  Eqs.  (9b)  in  the 
high-voltage  region  of  the  McCumber  curve.  We  have 
also  compared  our  results  with  those  obtained  by  a 
direct  numerical  implementation  of  Floquet  theory.’ 
Agreement  was  found  in  ail  cases. 

IV.  SOME  PARTICULAR  RESULTS 

Suppose  we  wish  to  establish  a  stability  boundary  at 
I'  <1.  I  e  ,  we  impose  5(  K  =0)  =  0.  From  Eq.  (6b),  F  =0 


corresponds  to  k  =  l.  For  k  =  l,  both  sn(ro;A.)  and 
Z(to)  reduce  to  tanh(To),' so  that,  from  Eqs.  (16)  and 
(17),  the  condition  for  6(  F  =  0)  =  0  is 

[\-cal+^{a+Pwil)^Y''^=^{{a-i-Pcol)  ,  (18) 

i.e.,  L/n  =ir.  For  L/n>ir,  we  have  5(  =0)  >  0,  which 

implies  instability.  From  these  facts  one  might  be 
tempted  to  infer  that  for  all  L/n  >v  the  instability  re¬ 
gion  in  voltage  extends  from  some  maximum  value,  say 
K,„,  down  to  V =0.  Numerical  calculations  show  this  to 
be  almost,  but  not  quite,  correct;  For  L/n  very  slightly 
greater  than  rr,  the  instability  region  may  consist  of  two 
disjoint  pieces  separated  by  a  region  of  stability.  For  ex¬ 
ample,  for  a=0.05,  P  =  0.02,  and  Z,/;i=3.142,  the 
McCumber  curve  is  unstable  from  V  =0  to  0.287  and 
from  V  =0.589  to  2.39;  but  already  for  L/n  =3. 143  the 
intermediate  stable  region  becomes  unstable,  and  the  in¬ 
stability  region  extends  smoothly  down  to  F  =0. 

Another  consequence  of  this  theory  is  that  instability 
regions  corresponding  to  the  same  value  of  a,  P,  and  L, 
but  different  n,  can  overlap.  This  situation  is  illustrated 
in  Fig.  1,  which  shows  the  instability  regions  for 
a  =  0.05,  p =0.02  and  n  =1,2,3,  as  a  function  of  L.  For 
different  values  of  a  and  P  the  form  of  the  instability  re¬ 
gions  remains  quite  similar  to  that  shown,  the  major 
difference  being  that  the  ‘‘peak  points,”  i.e.,  the  points 
where  the  width  of  a  region  goes  to  zero,  move  to  higher 
voltages  for  smaller  a  and/or  p.  The  numbers  in 
parentheses  in  Fig.  1  indicate  which  McCumber  regions 
are  unstable  in  the  various  zones  of  the  V-L  plane.  The 
existence  of  overlapping  instability  regions  might  imply 
the  existence  of  a  switching  mechanism  between  different 
ZFS’s,  but  a  verification  of  this  hypothesis  lies  beyond 
the  scope  of  a  linear  stability  theory.  In  any  case,  the 
above  two  observations  suggest  a  simple  explanation  for 
the  frequently  observed  experimental  fact  that  it  is  often 
difficult  to  bias  on  low-order  ZFS’s  in  longer  junctions: 
If  the  low-order  instability  regions  overlap,  and  if  the 
lowest  region  or  regions  extend  down  to  F  =0,  then  it 
seems  not  unlikely  that  in  descending  along  the 


FIG.  1.  Junction-length  dependence  of  instabiliu  n.c;''!;-- 
for  a=0.05  and  /7=0.02.  Numbers  m  pareiulicM'- 
which  McCumber  regions  are  unstable. 
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McCumbcr  curve  one  might  switch  directly  to  the  zero- 
\('li:igc  stale,  skipping  over  the  intervening  ZFS’s. 

\  linear  stability  analysis  can  provide  estimates  of  the 
'lal'iiiiy  boundaries  along  the  McCumber  curve,  but  it 
eannoi  furnish  the  time  evolution  of  an  unstable  solu- 
lu'ii  This  question  was  addressed  in  Ref.  3,  where  it 
«.is  shown  by  direct  numerical  integration  of  Eqs.  (3) 
how  such  an  unstable  solution  evolves  into  the  fluxon  os- 
sillatuni  associated  with  a  ZFS.  The  existence  of  such  a 
dynamic  route  is  al.so  suggested  by  the  following  analytic 
argument:  Suppose  in  Eqs.  (3)  that  only  one  spatial 
mode,  say  the  /ith,  is  excited,  but  that  its  amplitude  is 
not  restricted  to  be  small.  In  this  case  Eqs.  (3)  can  be 
written  explicitly  as 

(iii4-a(io  =  y  — -/nliAn  Isiniio  ,  (I9a) 

(fi,,  -hla  +  Pcul  )S„  =  ~U\{(j>„  )cos0o  ,  (19b) 

where  J,,  and  J\  are  Bessel  functions  of  the  first  kind. 
U  iih  the  assumption  that  (f>Q  =  cot,  with  <u  constant,  Eq. 

'  I'lbi  becomes  just  the  equation  derived  by  Takanaka*  to 
study  the  I-V  profile  of  ZFS’s.  In  fact,  all  of  Takanaka’s 
results  are  reproduced  by  applying  the  Krylov- 
llogohubov  approximation  procedure’  to  Eqs.  (19). 
Similarly,  a  tw'o-mode  approximation  to  Eqs.  (3),  togeth¬ 
er  with  the  Krylov-Bogoliubov  procedure,  gives  rise  to 
the  results  of  Chang  ct  a/.,'”  and  an  iV-mode  approxima¬ 
tion  to  those  of  Enpuku  cl  a/." 

V.  MAGNETIC  FIELD  EFFECTS 

(ii  the  presence  of  an  external  magnetic  field,  r]:^0  in 
I  q  Mbh  the  solution  ansatz  of  Eq.  (2)  is  no  longer  ap¬ 
propriate  since  It  does  not  satisfy  the  boundary  condi¬ 
tions.  The  expedient  normally  employed  in  this  situation 
IS  to  replace  Eq.  (2)  by  an  ansatz  of  the  form 

,v 

2  0/ ( t ) coslyn-x /L )  ,  (20) 

;=o 

a  here  fix)  is  some  function  that  satisfies  Eq.  (lb). 
Sescral  different  such  ansatze  have  been  used  by  various 
.uiihors;  Enpuku  et  a!."  u.se  f(x)  =  r]x.  Watanabe  and 
Ishn'  use  the  procedure,  due  to  Olsen  and  Samuelsen,’’ 
I'f  choosing  an  fix)  that  corresponds  to  two  static  virtu- 
.il  nusons  placed  outside  the  two  ends  of  the  Junction. 
K.iwunioio'’  ''  uses,  respectively,  in  the  two  papers  cit¬ 
ed  :i  static  fluxon  lattice  array  and  a  static  fluxon- 
■intilluxon  array  for  fix). 

The  basic  mathematical  requirement  on  /(x)  is  that  it 
must  satisfy  Eq.  (lb).  In  addition,  a  “good”  choice  for 
/  \ '  presumably  should  be  computationally  simple  and 
should  lead  to  a  relatively  rapid  convergence  of  the  trun¬ 
cated  Eouricr  scries  in  Eq.  (20).  Since  we  are  not  aware 
nl  liow  to  guarantee  a  priori  this  second  condition,  we 
shall,  in  what  follows,  use  the  Enpuku  et  a/."  ansatz, 

'  \  -  i/x.  because  of  its  simplicity.  This  choice  [with 
the  siilisiitution  of  Eq.  (20)  for  <6]  leaves  the  form  of  the 
dynamical  equations,  Eqs.  (3),  unchanged. 

(he  mam  effect  of  the  introduction  of  the  magnetic 
tield  IS  that  now  there  is,  in  general,  always  an  excitation 
'>r  I  he  sp.itial  modes  that  does  not  any  longer  allow  a 


separation  of  the  junction  dynamics  into  independent  os¬ 
cillators,  as  in  the  discussion  leading  up  to  Eqs.  (9). 
Consequently,  in  order  to  make  some  analytical  pro¬ 
gress,  we  now  assume  that  sjL  « 1,  and  we  assume  that 
this  implies  that  e  in  Eq.  (7)  is  small.  Expanding  sin<6  to 
linear  terms  in  small  quantities,  we  may  write  Eqs.  (3)  as 

(^o  +  ai^o=y- s'n(<^o  +  ’?^/2)  ,  (2Ia) 

(f„  +{a+l3c}l,  -b(tUm  -b  co%<i)Q)(})„ 

=  {4r]L /m^iT^)P„  cosia  ,  (21b) 

where  m  =  1,2,. .  .,N,  and  P„  =(0, 1 )  for  m  (even,  odd). 

With  the  substitution  (j>Q=(t>Q  +  r]L  /2,  Eq.  (21a)  be¬ 
comes  identical  to  Eq.  (9a).  Equations  (21b)  differ  from 
Eqs.  {9b)  only  by  the  presence  of  the  inhomogeneous 
driving  term  (AtjL /m^ir^)P„  cosio,  which  is  present 
only  for  odd  m.  Since  Eqs.  (21b)  are,  by  construction, 
once  again  linear,  their  total  solution  is  just  the  sum  of 
the  homogeneous  solution,  i.e.,  that  found  in  Sec.  Ill 
above,  plus  a  particular  integral.  The  homogeneous 
solution  shows  exponential  growth  when  the  dominant 
frequency  of  cosi^o  'S  approximately  2co„  (for  any  m). 
Outside  of  the  instability  regions  the  homogeneous  solu¬ 
tion  tends  asymptotically  to  zero.  The  particular  in¬ 
tegral,  on  the  other  hand,  is  essentially  a  resonance  hav¬ 
ing  a  peak  response  when  the  dominant  frequency  of 
cosi^o  is  approximately  a)„  (for  odd  m).  Thus,  in  the 
context  of  the  linear  approximation,  the  appearance  of 
ZFS’s  may  be  attributed  to  a  parametrically  excited  reso¬ 
nance  of  the  multimode  equations,  whereas  the  appear¬ 
ance  of  the  odd-order  FS's  derives  from  a  directly  e.rcif- 
cd  resonance  of  these  equations.  A  complete  analysis  of 
magnetic  field  effects,  and  in  particular  an  analysis  of  the 
even-order  FS’s,  requires  going  beyond  the  linear  ap¬ 
proximation.  This  may  be  effected  by  perturbation 
theory,  as  in  Ref.  3,  or  else  by  a  direct  numerical  in¬ 
tegration  of  Eqs.  (3),  in  either  case  using  the  ansatz  of 
Eq.  (20)  for  i^. 


VI.  CONCLUSIONS 

The  linear  stability  analysis  described  above  prov  ides  a 
simple  explanation  for  a  number  of  frequently  observed 
experimental  facts,  e.g.,  the  fact  that  it  is  often  dilhcull 
to  bias  on  low-order  ZFS’s  in  longer  junctions.  More¬ 
over,  it  underscores  the  fact,  first  suggested  by  Chang  ct 
a/.,'°  that  both  ZFS’s  and  FS’s  might  be  described  within 
the  context  of  a  single,  unified  model.  It  should  be  not¬ 
ed,  however,  that  this  analysis  applies  only  to  the  mech¬ 
anism  of  switching  from  the  McCumber  curve.  There 
presumably  exist  also  other  mechanisms  for  biasing  on 
steps  (both  ZFS's  and  FS’s);  the  study  of  these  will 
presumably  require  other  tools. 
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Summary.  —  Tho  Muliiikov  function  for  tlio  prediction  of  Sninlo  hoKOiiboo 
uliaoa  in  applied  to  a  driven  damped  pendulum  with  variublo  lungtli. 
Boponding  on  tho  parainotcrM,  il  ia  shown  that  this  dynamical  system 
umlortukus  hoturoc.tinio  hifurcalionM  which  are  the  source  uf  tho  unstat>le 
clmolic  motion.  Tho  analytical  rosults  aru  illustratod  by  now  numerical 
simulations.  Purtherinoro,  using  tho  averaging  theorem,  tho  stability 
of  tho  suhharmonics  is  studied. 

PACS.  0.'>.45.  -  Theory  and  inodols  of  chaotic  systems. 

I’ACS.  43.40.Ga  -  Nonlinear  vibration. 


1.  -  Introduction. 

In  tills  paper  wo  investigate  the  liotoroclinic  and  subharraonic  bifurcations 
of  a  pendulum  with  variable  lcngt.li  using  tho  so-called  Melnikov  method  (*). 

This  method  is  a  global  perturbation  theory  which  is  able  to  analytically 
jirodict  tho  occurrence  of  homoclinic  (hotcroclinic)  and  subharmonic  bifurca- 


(*)  Present  address:  Alatbomatics  Department,  Queen  Mary  Collcgo  Uiiivcr.sity  uf 
London,  Alilo  End  lload,  London,  El  4NS,  England. 

(')  V.  K.  AIelnikov;  Trans.  Moscow  Math.  Soc.,  12,  1  (19C3). 
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t.ioiis  ivliiui  some  parametors  of  the  system  arc  varied.  Further,  it  gives  suf¬ 
ficient  conditions  for  the  occurrcnco  of  transversal  intersection  between  the 
stable  and  unstable  branches  of  the  homoclinic  (hctcroclinic)  orbits.  Wlien 
such  a  transversal  intersection  occurs,  it  can  bo  shown,  using  the  BirkholT- 
Smale  theorem  (^),  that  the  set  of  nonwandering  points  (*)  contains  an  invariant 
Cantor  set ;  moreover,  some  iterate  of  the  Poincare  map  restricted  to  this  Cantor 
sot  is  equivalcjit  to  a  shift  on  two  symbols  (t.e.  a  horseshoe)  (*).  This  invariant 
liyperbolic  Cantor  set  is  structurally  stable,  this  guarantees  that  we  can 
perturb  it  slightly  without  destroying  it.  However,  it  is  important  to  realize, 
that  this  invariant  set  is  not  an  attractor.  This  means  that  the  existence  of 
homoclinic  (heteroclinic)  points  does  not  imply  stable  chaotic  behaviour.  Never¬ 
theless,  it  is  quite  difficult  to  predict  the  asymptotic  behaviour  of  an  orbit 
because  the  stable  manifold  bidiaves  like  an  uncountable  sot  of  saddle  sep- 
aratrices,  i.e.  two  orbits  starling  on  different  sides  of  the  stable  manifold  will 
ultimately  separate  exponentially  fast  (this  is  equivalent  to  saying  « sensitive 
dependence  upon  initial  conditions  »,  i.e.  chaos). 

Also  the  occurrence  of  the  so-called  homoclinic  (hctcroclinic)  tangencies 
in  dissipative  systems  is  very  important.  Works  of  Nowhouso  (*••)  and 
Gavrilov-Silnikov  (*•’)  indicate  that  tlicro  arc  infinite  sets  of  «  stable »  periodic 
orbits  of  arbitrarily  long  periods.  These  orbits  arc  created  through  saddle- 
node  bifurcations  and  througliout  the  bifurcations  they  double  their  periods 
repi'atedly.  Such  bifurcations  can  be  expected  to  occur  within  chaotic  regimes. 
Jloreovor,  we  can  expect  an  infinite  number  of  periodic  sinks  for  parameter 
values  near  the  homoclinic  tangencies.  Several  examples  exist  of  systems  for 
which  homoclinic  tangencies  occur  (’).  Thus  we  expect  this  wild  behaviour  to 
be  found  in  many  other  systems. 

The  paper  is  organized  as  follows:  Sect,  2  describes  the  physical  model. 
Section  3  contains  the  hctcroclinic  Melnikov  function.  Section  4  deals  with 
the  subharmonic  Melnikov  functions.  In  sect.  5  the  stability  of  the  subharmonic 
solutions  is  discussed  using  second-order  averaging.  Finally,  sect.  6  contains 
th<'  conclusion.  Tlirougliout  the  paper  one  can  sec  how  Jlchiikov’s  theory 
gives  global  results,  which  enable  us  to  prove  the  onset  of  chaos  for  periodically 
perturbed  nonlinear  systems  like  the  pendulum  with  variable  length. 
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Wc  hope  that  it  will  bo  possible  to  make  real  experimimts  on  this  system 
as  in  other  comparable  systems  (•)  in  order  to  test  the  physical  validity  of 
Melnikov’s  theory. 

Stops  in  this  direction,  that  is,  examples  in  whicli  Melnikov’s  theory  has 
Ix'cn  compared  with  real  experiments,  are  those  described  in  ref.  (’•“). 


2.  -  The  physical  model. 

Wc  consider  a  simple  damped  pendulum  with  unit  mass  and  variable  length 
in  Ihe  gravity  field,  driven  by  an  oscillating  external  torque.  It  can  be  shown 
tliat  the  equation  of  motion  which  governs  this  system  is  (“) 

d  /,  d.T\  ,  dr  , 

U)  +  s,n(e..r), 

r,  r,  and  cui  being  nonnegative  constants.  Ilere  .t(t)  is  the  angular  displacement 
from  t]i(>  vortical  at  time  r.  r  is  tlic  damping  constant,  r,  is  the  amplitude  ot 
Ihe  oscillating  external  torque  with  frequency  ro, and  g  denotes  the  gravitational 
constant.  The  hmgth  1(t)  of  the  pendulum  is  a.ssumed  to  vary  with  time  t 
according  to 

(2 )  Z(t)  =  a  +  sin  (cot)  ,  a»&>0,  co>0. 

Introducing  U  =  l)/a<l  and  coj  =  gla,  eqs.  (1)  ...<1  (2)  lead  to 

i.f)  (I  a  _'// sin  (cor))  •,  -h 'Jeo// cos  (cor) ~  -1- 

dr^  dr 

f  coJ(l  -[-  II  sin  (cot))  sin.c  - ■  —  — ,  ~  -f  sin  (fo,T)  . 

ct*  dr  ci* 
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Besides,  the  unperturbed  system  (9)  lias  the  followiii)'  solutions: 

a)  Oscillations  with  energy  J^{x,  y)  <  2. 

b)  Complete  revolution  (rotations)  with  energy  y)  >  2. 

c)  Aperiodic  motion  with  energy  J^(x,  y)  =  2.  . 


TIu!  orbits  corresponding  to  cases  a)  and  b)  are  periodic  orbits. 

In  order  to  compute  the  hcteroclinic  Melnikov  function  (*■“)  it  is  necessary 
to  know  the  so-called  hcteroclinic  solutions  (*)  of  the  unperturbed  system  (8). 
They  are  given  by 


(10) 


x[t  -  t„)  =  ±2  tg-‘  [sinh  {t  —  g] , 

--  to)  —  y{t  —  to)  =  ±2  aech  (t  —  <„)  • 


This  case  corresponds  to  case  c)  described  above.  The  Melnikov  function 
for  system  (7)  is  (*) 


(11)  iir±(fo);=J^(<-  +  e.8in(a),t)- 

—  00 

—  2JTco  cos  (u)t)y{t—  g]  dt  , 

Making  the  following  change  of  variables  in  formula  (11);  (  ->i  +  to,  wo 
obtain 

4-00 

(12)  M±(g:=|y(t){-^y(t)  -f  p.sin[a,,(t  f  g]- 

—00 

—  211(0  cos  [w(t  -|-  to)]  y(t)}  dt  , 


wliich  is  more  convenient  in  calculations.  Substituting  formula  (10)  into  for- 
rmila  (12)  and  making  the  calculations,  wo  arrive  at  the  following  result: 

1 1  .'i )  :=  ±  sin  {co,  ta)  secli  j  ■“ 

—  cos  (foto)  cosecli  ^  foj . 

If  sin  Wito  =  ±l  and  cos  wto  =  —  li  corresponding  to  the  ratios  (u,/co  = 
=  (!-(-  4s)l(2  -{-  ..)  and  w,/w  =  (3  +  4s)/(2  +  It),  where  s,  t  arc  integers,  the 


(")  li.  1).  Gkeknspan  and  1’.  J.  1Iolme.S:  Uomorlinic  orbits,  sublinrmonici  and  global 
hilnrciUions  in  forced  oscillations,  in  N onlinear  Dynamics  and  Turbulence,  edited  by 
li.  Bake.niii.att,  G.  Iooss  and  D.  U.  Joseph  (I’itiiiaini,  bondoii,  1983),  p.  172. 
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The  equalities  in  formulae  (14)  and  (15)  characterize  the  onset  of  tin* 
lietcroclinio  bifurcations  with  an  approximation  of  0(1)  for  sufficiently  small  e. 
Furthermore,  the  strict  inequalities  (14)  and  (15)  characterize  the  existence'  of 
transverse,  heteroclinie  inteirsection  points  between  the  local  stable  and  mistable 
branches  of  the  heterocliiiic  orbits  (10).  It  may  be  shown  (*)  that,  if  the  stable, 
and  unstable  branches  of  the  heteroclinic  orbits  (10)  intersect  transversely 
once,  then  they  intersect  each  other  infinitely  many  times.  The  presence  of  such 
intersecting  orbits  implies  that  the  Poincare  map  has  the  so-called  Sinale 
hor8«isho(!  (*).  A  Smalc  horseshoe  contains  a  countable  set  of  unstabh'  pc'riodic 
orbitS;  an  uncountable  set  of  bounded,  nonperiodic  orbits  and  a  dcjise  orbit. 
It  should  be  noticed  that  even  though  the  Smalo  horseshoe  is  extremely  com- 
l)lieat<'d  ivnd  contains  an  uncountable  infinity  of  nonperiodic  or  chaotic  orbits, 
it  is  not  an  attractor.  However,  it  can  exert  a  dramatic  influence  on  tlu'.  be¬ 
haviour  of  orbits  which  pass  close  to  it.  These  orbits  will  display  a  sensitive. 


0  0.5  1.0  1.5  2.0  w,  2.5  0  2  t-  6  -w.  3 


Fig.  1.  Fig.  2, 

Fig.  1.  -  Ilnlrroi'linii;  liifiirr.Tlioii  curve  in  (lie  (ei,,  Oij-plaiio  (eq.  (14)).  Sinale  lior.'.i'^lioo 
rliao'i  abiive  curve.  ////(  =  0.2. 

Fig.  2.  -  Ileteroi'linie  liifiirealinii  curve,  in  (ho  (»),,//)  par.aineter  piano  (cq.  (I.h). 
Sin.ale  hor'culioo  cliaos  alxive  curve.  «,//?  =  0.2. 
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(lci)ondciico  on  initial  conditions.  Thus  system  (7)  has  a  Smalc  liorseshoo  in 
its  dynamics  when  inequalities  (14)  and  (15)  are  strictly  satisfii^d.  TJio  bi¬ 
furcation  curves  in  parameter  space  which  separate  regions  with  and  without 
Sinalo  horseshoe  chaos  arc  given  by  the  equalities  in  formulae  (14)  and  (15). 
These  curves  arc  shown  in  fig.  1  and  2,  where  gja  and  Hjct  are  depicted  as  func¬ 
tions  of  CO,.  In  both  figures  we  have  chosen  the  ratio  cui/co  =  (1  +  4s)/(2  -f-  4t) 
witli  s  =  t  =  1. 


4.  -  Subharmonic  Melnikov  functions. 

In  order  to  apply  the  subharmonic  Melnikov  functions  (•)  we  need  to  know 
tlie  analytical  expressions  of  the  periodic  solutions  of  the  unperturbed  problem. 
In  fact,  the  subharmonic  Melnikov  fimction  for  system  (8)  is  defined  as 
follows  (’): 

mt 

(10)  =J/[<f{t)]A<7[«*{0,  (t  +  <o)]d<. 


riero  g^(t)  is  a  periodic  orbit  of  the  unperturbed  system  with  period  T“  = 
=  {mln)T,  m  and  n  relatively  jirime,  T  is  the  period  of  the  perturbation  eg. 

For  system  (8)  wo  have  two  qualitatively  dilleront  periodic  solutions: 
the  oscillating  and  the  rotating  solutions.  The  analytical  expressions  are 

«o)  ft)=±2sin->[fc8n(<-  fc)], 

(17) 

yji  -k,k)  =  ±2fc cn(t 
for  the  oscillating  case,  and 


(IS) 


—  k)  =  ±2  sin 
— «o,  k)  =  ±2/cdn 


(<  -  to),  I 


in-*  jsn 

^{t  <q),  - 


for  tlic  rotating  case.  We  note  that  «  os  »  and  « ro  *  stand  for  oscillating  and 
rotating,  respectively. 

In  eqs.  (17)  and  (18)  sn,  cn  and  dn  are  the  Jacobi  elliptic  functions,  and  k 
is  the  elliptic  modulus  (”).  Moreover,  for  system  (7)  wo  sec  that  the  period 


(”)  I’.  F.  liYitD  and  .M.  D.  Friedman:  Uandbook  of  Klliplio  Integrals  for  Kngineers 
iinil  I’hi/sieisls  (.Springer-Verlag,  llerlin,  1971). 


IG  -  /Z  iVnooo  Cimenfo  B. 
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of  tho  perturbation  is 

(19)  T  =  pT,=  qT,, 


wlu'rc  fOj/o)  =  piq  with  p  and  q  relatively  prime  and  where  T,  =  2nla)i,  T,  — 
=  27t/co  arc  the  periods  of  sin  Wif  and  cos  tot,  respectively. 

We  now  compute  tlic  subharmonic  McLiikov  functions  for  these  resonant 
periodic  orbits.  The  resonance  conditions  arc 


(2*0) 


lu¬ 

ll 


for  the  oscillating  motion  (k  <  1)  and 
L'A'd//.-) 


(21) 


Ic 


m 

n 


m  271 

rP~' 

4K{k)  = 

-T 

m 

2.-1 

7  — 

n  to. 

n 

n 

to 

:  <  1)  and 

m  27t 

2Jl'(l/A) 

m 

rt\ 

m  2  71 

P  ) 

n  to. 

k 

~  71 

1  = 

—  q  — 
n  to 

for  the  rotating  motion  {k>  1). 

In  (20)  and  (21),  m  and  n  arc  relatively  prime  natural  number.s  and  K{k) 
denotes  the  complete  elliptic  integral  of  the  first  kind  (”). 

The.  subharmonic  M<‘lnikov  function  (16)  reads 

mf 

(22)  iVr/"(t,)  =Jy„.(<)  ^)[— i3yo.(‘»  *=)  +  ei  sin  (to,t  +  to, to)- 

0 

—  2IIco  cos  (tot  -f  toto)i/„,(t,  k)]i\t 

for  the  oscillating  case  and 


(23) 


mf 

+  01  («^i<  +  CO, to)- 

0 


—  2Ifto  cos  (tot  +  coto)y„(t,  A')]dt 


for  the  rotating  case.  How  inserting  (17)  into  (22)  and  (18)  into  (23),  respec¬ 
tively,  we  get  for  tli(^  two  subharmojiic  Dlelnikov  functions 


(24)  -lfr/"(to)  =  —  4/3t’Jcn=(t,  fc)dt±2e,kjRin  (to,  t  +  to,  to)cn(t,  k)  dt  -f 

0  0 

mr 

—  SEcok^jeos  (ojt  4  a)^)cn*(', 

0 

mf  mf 

—  Ifl/c’Jdn'^/.'t,  Ijdf  J_-  ;to,/.J'sin  (r.),  t  4-  rii,/„)  dn  ^kf,jjd/  — 


(2.".)  .ir,T{tn)  -= 


mr 

0  J COS  ( 


—  ■'<it»//oj(cos(r„t  -i-  o,f„)dn‘  (At,  -)dt  . 

^  J 
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Tlic  second  intognd  of  expression  (24)  vnnislie.s  o.xcei)t  for  n  =  1  ivnd  odd 
mp,  while  the  third  one  viuiishes  except  for  n  =  1  and  eveji  mq.  Li  tliosii 
cases  we  obtain 

(-<>)  =  -  16^[-E(fc)  -  k'-K(k)]±4:io,  sech  (coiK'(k)}  sin 

—  IGnUco^  coscch  (cuK'(k))  cos  (wtg) . 

For  tlio  rotating  motion  wo  have  that  the  second  and  third  integrals  of 
expression  (25)  vanish  except  for  n  =  1.  Li  tliis  case  wo  obtain 

(27)  .)/;:'■(/„)  =-«/?/,■/<;(  1 /A)  ^:2n/nseeh(^— -^^'''^^jsiu((u,i„)- 

—  Snf/<i>‘  cosecli  j  ■ 


cos  (ojio) 


In  (20)  and  (27),  K'{Jc)  =  K(k'),  and  k'  is  the  complementary  modulus, 
\\liich  is  related  to  A:  by  A:'*  =  1  —  k*  (»’).  Eoarranging  oqs.  (20),  (27)  we  find 
tMo  necessary  conditions  for  the  occm-ronco  of  subharmonics  of  periods  mT 
with  an  accuracy  of  0(1);  tliesc  conditions  are 

rj^)  /n.».>eos]i  (w,7r(/.))  ^  (E(k)~k'^Ka)) -4//ro‘  coscch  (coK'{!.)) 


I'jL'  1-  I’ig-  4. 

I  'ii.'  1  -  Siiiiliai  iiKiiiic  PS  for  the  osrillatiiif;  c.aso  and  lietiiroclinh;  bifurcation  curve 

iij  llic  (</),,»,)  jiaiaineter  plane  (cqs.  (28)  anil  (14)).  Soliil  ciirvo:  vi/i  =  2,  7)17=  2. 
I 'allied  I  '.irvc-  "ip  —  ti,  mq  =  4  and  (overlapping)  m/i  =  !),  mq  =  0  and  (overlapping) 
III  ll■l(H■linil■  enrvo.  UIP  =  0.2. 

I'lg.  4.  -  Siildiarinonic  curves  for  (he  rotating  case  and  liolcroelinic  bifurcation  curve 
in  tin;  (ni,,?,)  iiarainotor  plane  (eqs.  (2!))  and  (14)).  Solid  curve:  {mp,mq)  =  (3,2), 
lO,  4),  (0,  (i)  and  lietcroclinic  curve  ovcrlapiiing.  ////!=  0.2. 


e,JP 
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ftiul 


(1^!))  (?!.«> cosh ^E^-4Uw^  . 

Tho  subharmonic  bifurcation  curves  corresponding  to  formulae  (28)  and  (29) 
are  shown  in  fig.  3  and  4,  respectively.  In  fig.  6  and  6  we  show  enlargements 
of  these  curves. 


Fig.  6.  -  Enlargement  of  fig.  3  in  the  region  1.60  <  cu|<  1.55.  (mp,mq)  indicated  in 
tho  superscripts. 

Fig.  0.  ~  Enlargement  of  fig.  4  in  tho  region  2.000  <  ci>,<  2.001.  {mj},mq)  indicated 
in  tlic  superscripts. 


Similarly,  we  can  obtain  the  expressions  for  tho  occurrence  of  subharmonics 
in  the  (cu,,j?)  parameter  plane.  They  arc  the  following  ones: 


(30)  //„> 

(31 


^(>E?(/v)-fc'*/i:a-))  -^sech  (w.7v"(A))j  =  J?';’"" 


Hiiih  [(oj IC I  ]  Ik)) llj 

^  ~Z 


—  E{1  flc)  —  Y  sech 
7t  4 


A'" 


As  above,  the  subharmonic  bifurcation  curves  corresponding  to  formulae 
(30)  and  (31)  are  shown  in  fig,  7a}-d)  and  fig.  8,  respectively.  In  fig.  9  we  show 
the  cnl.argement  of  the  rotathig  case  in  the  interval  3.000<a)i<3.001. 

In  the  oscillating  case  the  resonance  condition  (20)  can  bo  solved  for  each 
choice  of  mp,  mq  with  27implnwi  >  2;r  and  2nmg/ncu  >  2.-t.  Tho  curves  in  fig.  3 
and  7  arc  restricted  accordingly. 
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Formulae  (28)-(31)  converge  to  formulae  (14)  and  (16),  respectively,  be¬ 
cause 

(.<J)  J  lira  i»C.(<o)  =  lim  MZ{h)  =  MHU) . 

m-»<»  «-♦<«> 


I'lg.  7.  -  Subharmonic  curves  for  the  oscillating  case,  («)-c)),  and  hotoroclinic  bifurca- 
Uon  curve,  (<1)),  in  the  (co,,  U)  parameter  plane  (cq.  (30))  for  mp  =  3,  6,  9  and  mq  = 
=  3,  4,  6  and  oqs.  (15)  and  (30),  respectively.  qJ^  —  0.2. 


Fig.  8.  -  Subharmonic  curves  for  the  rotating  case  and  hotoroclinic  bifurcation  curve 
in  the  (oij.IZ)  parameter  plane  (oqs.  (31)  and  (16)).  Solid  curve:  {mp,  mq)  =  (3,2); 
(lotted  curve:  (6,4);  dashed  curve:  (9,6)  and  hotoroclinic  (overlapping).  qJP  =  0.2. 
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l'’ig.  9.  -  Eiilargcniciit  of  fig.  8  in  llio  rogion  3.000  <  cu,<  3.001. 


Tiio  figures  fiomoiislrato  the  coiivergencc  is  extremely  rapid. 

From  this  it  follows  tliat  the  heterocliiiic  bifurcations  are  the  Umit  of  a 
sequence  of  subharmonic  .saUdle-nodo  bifurcations.  Furthermore,  we  can 
define  the  convorgenco  rates  as 


and 


(5 


=  lim 


lim 


where  t  =  2  in  the  oscillating  regime  and  i  =  1  in  the  rotating  one.  Making 
the  ciilculations  we  find  that  5  =  exp  [2:1  jw]  and  d,  =  exp  [2,-t/w,]  in  both 
regimes. 


I'ii;.  )o.  -  Numerical  solution  of  oq.  (0)  for  2  .sin"‘ fc  =  1,0,  fi  =  0.1,  p,  --  o.  1  , 
»),  —  mil i>l2K{k)  and  m  =  mnijl2I{{k)  with  vi/i  =  1  and  mq  =  2.  n)  17  =  0.0144, 
t)  77  0.014.'!. 
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The  previous  predictions  by  Melnikov  tlieory  for  subliurmonic  bifureniions 
were  tested  by  n  numerical  simulation.  For  parameter  values  2  Kin~‘  k  =  1.0, 
ji  =  0.1,  Qi  =  0.1,  (ill  =  mnpl2K(h)  and  to  —  nmqftKQc)  with  mp  =  1  and 
mq  =  2,  eq.  (30)  yields  the  critical  value  =  0.0147.  Figure  10  shows  the 
luunerical  solution  to  eq.  (G)  for  the  same,  values  of  k,  /?,  Qi,  coi  and  co.  For 
II  ~  0.0144  wc  get  tile  stable  subharmonic  sohitioji  shown  in  fig.  10a),  while, 
a  decrease  in  H  to  11  =  0.0143  makes  this  subharmonic  solution  imstable  as 
.seen  in  fig.  106).  The  prediction  by  Melnikov  theory  thus  only  deviates  by  3  %. 
ITowever,  it  is  important  to  notice  that  we  cannot  use  subharmonic  Melnikov’s 
method  for  proving  that  the.  stable  and  imstable  manifolds  of  the  hyperbolic 
orbits  inti'rsect  transv(>rsally.  This  is  because  the  subharmonic  Mehiikov 
function  is  exponentially  small  and  the  remainder  in  tlie  perturbative  series 
becomes  important  (“). 


5.  -  Stability  analysis  of  suJiharmonic  orbits. 

In  this  section  we  shall  use  the  following  perturbation  method  ('•••“)  in 
ordi^r  to  get  inform-ation  on  the.  stability  of  the  subharmonic  orbits.  We  considiT 
the  perturbed  system  (7);  because  it  is  a  Ilainiltonian  system  when  e  =  0, 
a  symplectic  change  of  co-ordinate  to  action-angle  variables  can  be  found: 


(33) 


1  =  l(x,  y) , 
0  =  0(x,  y) . 


Using  transformations  (33)  system  (7)  becomes 

=  i- /.-(/,  0,t), 

o.V 

(31)  „ 

^  =  mn  +  =  i3(/)  -(-  £(/(/,  0,  t) , 

oy 

wlierc 

(35)  9  ~  —  pi  Qi  sino»it—  2i/ct>  cos  {wi)x 


is  the  perturbation,  and 


(.30) 


Q(I-)  = 


a/ 


_  'In 

i-t*  T'^ 


is  the  angular  frequency  of  the  unperturbed  orbit  —  <o))  2/“(f  —  <o)]  witli 


('")  r.  Holmes:  Phyaicu  I)  {Ulrechl),  5,  335  (1982). 
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action  I®  =  %),  Ult 


(37) 


n  n 


If  wo  now  consider  small  perturbations  of  a  resonant  orbit  T®,  wo  can  ap¬ 
proximate  the  variations  of  the  action-angle  variables  as  follows: 


(38) 


e  =  D{l<‘)t  +  (p(t) . 


Making  the  derival.ivcs  with  respect  to  time,  wo  obtain 


(39) 


h  =  VIF(I'>,  i3®«  ?!, «)  +  eF’{I«,  Q<^t  +  (p,t)h  +  0(£») , 


(p  =  ‘\/eD'(I'*)li  -h  e 


G{I«,Q«t  +  ,p,t)  +  Q’{I«)^-^  +0(£»), 


where  the  primes  denote  3/0f 

If  f3'(Z®)  is  bounded  we  can  apply  the  averaging  theorem  ('*)  for  Ve  suf¬ 
ficiently  small.  Tills  yields,  with  an  averaging  transformation  (h,  (p)  ->  [k,  f), 


(10) 


(p  =  ^/z  Q'h  z 


‘Q"h} 

2 


+  G„W) 


+  0(£*), 


^  =  v^,—  3f’"(y/.Q«)  -f-  €F'„{f)h  +  0(£») , 


where  F'^  and  are  the  averages  of  F'  and  <7.  For  more  details,  see  (*'). 

Let  us  start  with  the  action  transformation :  In  order  to  deduce  the  exjni’s- 
sion  of  tlio  action  variable  I  it  is  convenient  to  write  the  Hamiltonian  jf  =  :^{x, 
y)  =  y*/2  4-  (1  —  cos  x)  as  a  function  of  the  elliptic  modulus.  Both  in  the 
oscillating  case  and  in  the  rotating  one  wo  obtain 

(41)  J^{k)  =  2k\ 

where  0<  it<l  and  fc>l  in  the  oscillating  and  rotating  cases,  respectively. 
Using  formula  (41)  and  sfamlard  methods  for  the  computation  of  the  action 


(‘•)  J.  K.  IIale;  Ordinary  Diflrreiitinl  Eyiiahons  (J,  WiU-y  Sons,  New  York,  .  V.. 
1009). 
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v;iriablo  (”)  wo  arrivo  at  tho  formulao 

(-(•,■)  I»{k)  ==-[E{k)-k’*K(k)] 

7t 

for  tlio  oscillating  case,  and 

(1.1)  l%[=I„(k)=-kE{llk) 

n 

for  the  rotating  ono. 

The  expressions  for  f2(I“)  given  by  formula  (36)  aro 


(-11) 


and 

(-ir.) 


n 

‘2K{k) 


at  ft>i 

mq  mp 


„  nk  _  to  _  w, 

-  mq"  mp  ’ 


where  k  is  given  by  relationships  (20)  and  (21),  respectively.  Using  the 
identity  f3'(I*):=  3f3(f)/02[,_,.  and  formulae  (42)-(45)  wo  obtain  tho  following 
expressions: 


(hi) 


n^[E{k)-k'^Km  Q 
lG/c«fc'*7f>(fe) 


and 

(-17) 


n^k^Ejllk) 
ik'*KHllk)  ' 


Further,  wo  have  !?'(/«):==  a*f3(I)/3I»|,.,.  and  from  this  we  get 

,  p.  _ 

’  '  l28kK{k)  dk  [  k*k'*K^k)  J 


and 

(lit) 


=  - 


71^  d 

16iC{l/A:~)  dfc 


■  k*E{llk)  ■ 
k'*Kmik)_  ■ 


Finally,  from  (26)  and  (27)  we  obtain 


(50)  =  K.i<Pl^‘)  =  -  16^[-E(fc)  -  + 

±47zoi  sech  [oiiK'ik))  sin  (mpp)—  IGnEat*  cosech  (a)K'(k))  cos  {mqp) 


(-“)  1.  I’f.nciVAL  and  D.  Kiciiaiids:  Introduction  to  Dynamics  (Cainbridgo  University 
I’rcss,  Cambridge,  1982). 
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iuid 


(r.i) 


i  -TtPi  sech 


sill  {mpq>)  —  Snlfw^  oosech 


(o,K’l\lk)\  ,  , 

I - ^ - I  cos  (mtjcp) 


Wo  first  consider  system  (40)  to  the  order  0(V1),  and  dropping  the  bars 
wo  got 

(■'-)  9  =  V?-^4(/‘’) h,  A  =  Vi i-  MZiqjQ^) 

for  tlie  oscillating  case  and 

'".•i)  <p  =  ^eQ',At-)h  ,  h  ^  Vi“ 

l7l 

for  the  rotating  one. 

Such  systems  have  fixed  points  at  A  =  0  and  at  the  values  of  (p  for  which 
~  0  =  0,  respectively.  For  both  .systems,  .such 

fixed  points  arc  saddles,  if  d3f’"lc<p>  0,  and  centres,  if  SM’'l^(p<  0. 


II.  -  I’liAso  portraits  of  systoii;  (52)  for  tlio  oscillatioK  c.aso  with  2  siir'  A  = 
=  l.r>,  /t  =  0.1,  0,  =-  0.1,  r  =  1,  vip  =  1  and  mq  =  2.  a)  H  =  0.002  < 

—  O.OMTOO  (oq.  (2H)).  No  perioiiir,  points,  b)  11  -  Doubly  (h‘';i‘ni'rato  poinl.'. 

•■)  11  -  0.01!  >  Sailillc.'s  ami  rentros. 


“Hfe-fiZOS  469  COHE^SENCE  flUD'CHflis  FHEMOHEilfl  IN  JOSEPHSON  "SSCILMTOR- 
FOB  SUPERCONOUCTIN  (Ui  TECHNICAL  UNIV  OF  DENMARK 
LVNGBV  LAB  OF  APPLIED  MATHEMATICAL  P 
UNCLASSIFIED  P  L  CHRISTIANSEN  ET  AL  25  JAN  09 


F/a  9/1 


I'li  vos  i\  rF.NDur.uM  wirit  variahle  lenc.tii 
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I'lj;.  12.  -  IMiiisc  portraits  of  system  (53)  for  the  rotating  case  with  it  =  )/0.05, 
jl  —  0.1,  jji  =  0.1,  e  =  1,  mp  =  1  and  mq  =2.  a)  II  =  0.02  <  =  0.114042 

(eq.  (29)).  Xo  periodic  points.  6)  II  =  yf)"'-'"’’.  Doubly  dogenorato  points,  c)  II  = 
0.2  >  Siiddlos  and  eentre.s. 


Lii  fig.  lla)-c)  and  12a)-o),  wc  show  tlio  pliaso  portraits  of  systems  (52) 
;uid  (53),  rpspoctivcly,  corresponding  to  the  choices  of  mp  ==  1  and  mq=  2, 
Hiid  the  i»lus  sign  in  formula  (50),  which  gives 

-'^0.(7’/-^'“)  =  ~  1G/?[£(A:)  —  fc'>Z(fc)]  +  ijzQi  sech  (<y,7t'(fc))  sin  95  — 

—  16n:£rto*  coscch  {a)E'(k))  cos  (297) , 

iuid  corresponding  to  tho  choices  of  mp  =  1,  mq=  2  and  tho  pins  sign  in  for¬ 
mula  (31),  which  gives 

1/ Jr/  /O')  =  - .s/iA-A'(J //c)  +  sech 

—  8nIf(o^  coscch  1 - ^  ~ 

'I'lK'se  figures  show  the  tlirec  cases  of  iT„  and  loss  than,  equal  to  atid 
laigi'f  than  tho  values  of  the  corresponding  subharmonic  bifurcation  curves. 


cos  ‘Jf  . 
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Then,  according  to  the  averaging  theorem  (”)  wo  have  that  the  full  syst<‘m  (7) 
liaa  saddle-typo  orbits  near  the  saddle  points  of  (52)  and  (53)  and  periodic  orbits 
near  the  centres. 

Furthermore,  we  note  that  systems  (52)  and  (63)  are  Hamiltonian  systems 
with  Hamiltonians  given  by 

where 

F  =  -^Jjf"(9,/12*)d7>, 

i.e.  explicitly 

(34)  Jf..  -  T 

4F  4»„  ,ccl,  KW)  ““ co.0.1,  , 

'  '  '  mp  '"7  JJ 

(33)  J(“„  =  V5{^^’»’-^[-S»l/4)?'=F 

T  „el,  Hfym  co,och  ’llWW'l)  , 

^  \  k  J  mp  \  k  /  mq  i 

Since  systems  (62)  and  (63)  are  structiirally  unstable,  it  is  necessary  to 
take  into  account  the  0(e)  terms  in  system  (40),  where 


and 


with 


and 
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Making  tlio  calculation  wo  obtain 

)  nj[)  ±  e,(AJr  +  BJ't)  sin  (mp<p)  -  H(AJ^  +  BJi)  cos  {mqq,) 


:Hlll 


.  r,  W>c08(mp9>)  ,  ,  „^,^8in(m99) 

=  ±  ei  (-^'^1+ - , 


mp 

7,  =  J,(m)  =  \6[E(k)-  k'*K{k)] , 

mpjiK'ik) 


./j  =  Jt(m,  oji)  =  4h  seek 
Jj  =  Jj(m,  to)  =  16Hto*  cosech 


2K{k)  ’ 

mqnK’ik) 
2K(k)  ' 


,,  ,  ^ 
A  =  ^(m)  = - - >  0  , 


7?  =  B(jn)  = 


CO, 


Snmpk 

in  the  oscillating  case,  and 


inoji 


>0 


r'j<i )  =  ■ 

with 


■fiiAKi  +  BK[)  ±  ni(AKt  +  BK'^)  sin  (mpf)  — 

—  H{AKi  +  BE[)  cos  (mqp), 

±  cMir,  +  5S!^>  +  HtAS,  +  ur,) 


7,',  =  77, (w)  =  8*71(1 /A) , 


77,  =  K,(m,  CO,)  =  271  such 


mp7iK'[llk) 

77(1/*)  ’ 

mqTiK'illk) 

7i,  =  7v3(7n,  co)  =  Stico’  cosecn  -  “^^27^) — 

,  ,,  ,  mpQ'JI^)  „ 

.1  =  A(m)  = - -  <  0  , 


liHfO, 


71  =  B(m) 


STimpk 


in  tlic  rotating  case. 
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The  traces  of  the  linearized  system  (40)  read 
(66)  TT,.{L)  =  -£filAJ,  +  Bj[] 

in  tlie  oscillating  ease,  and 

(57)  TTjL)  =  ~e^[AK,  +  BK[] 

in  the.  rotating  one. 

They  arc  both  constants.  Thus  according  to  Bendixon’s  criterion  (■)  it 
follows  that  system  (40)  cannot  have  closed  trajectories. 

In  flg.  13a)-d)  we  show  the  phase  portraits  of  system  (40)  in  the  oscillating 
ca.se.  In  the  rotating  case  one  obtains  analogous  results. 


Fi^.  l;j.  -  I’lm.'JO  portraits  of  sy.stuin  (40)  in  tlic  oscillating  ra.so  witli  2  ■••in  '  /. 

—  1.0,  /?  =  0.1,  pj  =  t).l,  £  =  1,  tii/i  =  1  !uid  miji  ~  2.  It)  U  =  0.002  < 

—  0.014  70fl  (rn.  f2S)).  No  iieriodio  fioint.’.  b)  Jl  —  DoiiOly  licgcticr.ili'  poinl- 

c)  II  =  0.03  >  .Sink  .and  saddio  points. 


It  is  important  to  note  that  these  re.sults  arc  not  uniformly  valid.  Indeed 
the  factor  I3'(/“)  becomes  unbounded  as  a  ->  oo.  Therefore,  a.s  a  inrrea.ses 
averaging  is  valid  in  smaller  and  smaller  regions  0  <  £<s:  eo(wi)- 
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6.  -  Conclusion. 

Li  this  piipcr  have  investigated  tlio  onset  of  eliaos  for  a  perturbed  pen¬ 
dulum  with  variable  length.  Wo  show  that  this  system  exhibits  Smale  horseshoe 
eliao.s  for  certain  ranges  of  parameter  values.  The  bifinreation  diagram  shown 
in  fig.  2  gives  some  insight  into  the  behaviour  of  the.  system.  One  can  sec  that 
when  CO,  goes  to  zero  we  do  not  get  Smale  horseshoe  chaos.  This  is  in  agreement 
with  the  well-known  classical  phenomenon  that  the  action  variable  is  an  adia¬ 
batic  invariant  for  this  system  when  its  length  is  varied  sufficiently  slowly. 

Furthermore,  by  using  the  subharmonic  Melnikov’s  functions  wo  have 
obtained  the  bifurcation  diagrams  for  the  occurrence  of  subharmonic  orbits. 
These  subharmonic  bifurcation  curves  converge  (rapidly)  to  the  hcteroclinic 
bifurcation  curve.  This  result  implies  that  the  hcteroclinic  bifurcation  is  the 
limit  of  a  countable  sequence  of  subharmonic  saddle-node  bifurcations. 

Moreover,  making  use  of  the  averaging  theorem,  the  stability  of  the  sub¬ 
harmonics  was  investigated.  Ltdced,  according  to  the  averaging  theorem  the 
equilibria  of  the  averaged  system  correspond  to  cycles  of  the  perturbed  system. 

have  found  that  the  fixed  points  of  the  averaged  system  arc  sinks  ajid 
.saddles  wliich  arc  created  through  saddle-node  bifurcations.  Tliis  implies 
that  the.  perturbed  system,  at  least  on  a  time  scale,  of  l/e  (for  s  sufficiently 
small),  has  a  hyperbolic  periodic  orbit  of  the  same  stability  tyiie  as  the  fixed 
points  of  the  averaged  system. 
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•  RIASSUNTO 

In  quc.sto  articolo  si  applica  la  tcoria  di  Melnikov  per  prediro  analiticainonto  la  pre- 
sciiza  di  oaos  (Siiialc-Uorscslioo)  in  uii  pcndolo  con  luiigliczza  variabilo  in  prcse.nza  di 
(lissipazioiio  c  di  un  termino  forzanto.  Si  inostra  cho  talo  sistcina  dinaiiiico  prcsciita 
nna  ca-cc.ita  <li  biforcazioni  ctcrocliiiicho  quando  i  p.aranictri  chc  ciitraiio  ncll’cqnaziono 
(lilTorcnzialc.  olio  lo  dcscrivo  soiio  variati.  La  pro.«cnza  di  qucslo  biforcazioni  is  lasorgcnio 
ilcl  inoto  caotico.  Si  studia  inoltro  la  stabilit.\  dcllo  subarnioniclio  facoiido  uso  del  teu- 
ii'iiia  delta  niudia  tcinporalc. 
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Note 

Split-Step  Spectral  Method  for  Nonlinear 
Schrodinger  Equation  with  Absorbing  Boundaries 


By  application  of  spectral  methods  [I]  the  computational  solution  of  nonlinear 
partial  dilTerential  equations  has  been  improved  in  accuracy  as  well  as  cfliciency  in 
particular  on  vector  computers.  Fourier  spectral  methods  [2]  require  periodic 
boundary  conditions  often  in  contrast  to  the  actual  physical  problems  where 
modelling  by  outflow  boundary  conditions  may  be  appropriate  in  many  cases. 

In  this  note  we  consider  the  cubic  nonlinear  Schrodinger  equation  (NLS)  which 
occurs  in  nonlinear  optics  [3],  deep  water  wave  theory  [4],  plasma  physics  [5], 
biomolecular  dynamics  [6].  c.g.  The  equation  cun  be  solved  numerically  by  the 
split-step  Fourier  method  (SSFM)  described  in  [7,8],  We  generalize  the  method 
by  including  an  additional  term  in  the  partial  dilTerential  equation  with  the  effect  of 
absorbing  outgoing  radiation  at  the  boundaries.  The  applications  of  SSFM  requires 
periodic  boundary  conditions.  However,  the  drawback  of  these  conditions  is 
eliminated  by  our  new  method. 

The  NLS  with  periodic  boundary  conditions  is  given  by 

/H, -(- jM,,  +  |w|^H  =  0,  (la) 

u{-L/2,t)=‘uiLI2,t),  and  k,(-Z,/2. /)  =  «,(Z./2, /)  (lb) 

—  L/2  <  X  ^  L/2,  —  oo  <  /  <  00,  and  ti  —  m(.v,  /). 

The  SSFM  in  its  original  form  consists  of  two  steps.  First,  the  nonlinear  part  of 
Eq.  (la),  /m, -1- 1m|^ M  =  0,  is  solved  by  means  of  the  simple  wave  solution  «(.v,  f)  = 
(f(.v,  0)  exp(/jM(.r,  0)1^  l).  Second,  the  linear  part  of  Eq.  (la),  hi,  +  li/,,  =0,  is  solved 
by  means  of  Fourier  transformation. 

Our  modified  verion  of  NLS  is 

iu,  +  )«,,  +  |«|^  M  -H/yf.v)  u  =  0,  (2a) 

m(-L/2,  r)  =  u(£/2,  r),  and  ii,(- LI2,  i)  =  u,{L/2,  i),  (2b) 

where  the  real  function  y(.x)  in  the  absorbing  term,  i>(.y)  h,  is  given  by 

y('^)  =  y(i(scch^[«(.x-L/2)]  +  scch^[a(.v-t-Z./2)]).  (2c) 

As  seen  in  Fig.  I  we  introduce  smooth  losses  at  the  boundaries  x=  —LI2  and 
X  =  L/2  through  this  choice  of  /. 
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«=-L/2  0  «  =  L/2 


Fio.  1.  The  absorpdon  runction  v(.v)  (2c)  introduces  losses  in  the  neighborhood  of  the  periodic 
boundaries  at  .t=  ±Z./1  Parameters  Vo  (2c)  must  be  chosen  such  that  the  scattering  from  the 

“absorption  walls."  sech^[a(xT  L/2)],  is  small. 


In  the  corresponding  new  generalized  split-step  method  we  first  solve  the  non¬ 
linear  part  of  Eq.  (2a) 

/i7,  + jul^  u  + /y(x)  u  =  0  13) 

for  which  we  have  found  the  exact  solution 

u(x,  t)  =  u(x,0)cxp{tlu(x,0)lUl  -e~^'''')/2y-y/j  (4) 

by  inspection.  Second,  the  linear  part,  /«, -i-^m„!=0,  is  solved  in  Fourier  space  by 

d(i\ /)=  0(A,0)  exp( -i/c^t/2}.  (5) 

Also  in  our  generalized  SSFM  the  solution  is  advanced  one  time  step  Jf  by  (i) 
obtaining  u(x,  /il)  from  m(.v,  0)  by  means  of  (4)  with  iJf.v,  0)  =  id-ic,  0),  (ii)  inserting 
the  Fourier  transform  of  M(.r,  At)  as  U{k,  0)  in  (5) 

U(k,Ai)={  rr(.v,  d/)  cxp{iA:.x}  f/.x  exp{  — /A’ df/2},  (6) 

'f. 

and  (iii)  transforming  the  resulting  U(k,  Af)  back  to  .x-space 

u{x,At)  =  -^\  U{k,  At)  cxp{—ikx}  (ik.  (7) 

271  J  T 

This  method  is  second-order  accurate  in  At  and  all  orders  in  Ax  and  is  uncon¬ 
ditionally  stable  according  to  linear  analysis  [8]. 

Figure  2  shows  the  time  development  of  the  initial  condition 

m(.x,  0)  =  (I +0.6  cos  7.x)  sech  x  (8) 

in  two  cases;  (a)  subjected  to  the  classical  NLS  dynamics  given  by  ( I )  and  (b)  sub¬ 
jected  to  the  NLS  dynamics  with  absorption  given  by  (2).  The  initial  condition  (8) 
desribes  an  NLS  1-soliton  [9]  with  radiation  superposed.  In  case  (a)  the  radiation 
cannot  escape  from  the  system  owing  to  the  spatial  periodicity  and  eventually 
destroys  the  1-soliton.  In  case  (b)  the  radiation  is  essentially  absorbed  already  at 
the  first  passage  of  the  boundary  leaving  the  l-soliton  undisturbed. 
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I'lcj  2.  Evolulion  of  NLS  l-soliton  (8)  with  dynamics  given  by  (a)  classical  NLS  (I ).  (b)  NLS  with 
absorption  (2).  Parameters  L=  12.8,  yo  =  20,  and  «=  1.  Resolution  J.v  =  0.l  and  d/*- 0.005. 

The  dilTerence  between  Figs.  2a  and  2b  demonstrates  the  importance  of  adding 
absorption  in  the  NLS  equation.  This  new  trick  makes  the  SSFM  much  more 
applicable  to  the  physical  problems  mentioned  in  the  introduction. 
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Nonlinear  dynamics 

Observations  of  real  solitons 


Peter  L.  Christiansen 

S< II  HONS  lire  loculizcd  nonlinear  waves 
ihai  can  propagate  and  interact  like  par¬ 
ticles  Theoretical  studies  show  that 
phenomena  such  as  water  waves,  light 
pulses  in  optical  fibres,  magnetic-flux 
quanta  in  superconducting  devices  and 
coherent  excitations  of  biomolcculcs  can 
be  solitons.  Computer  simulations  show 
that  solitons  can  form  in  the  presence  of 
such  realistic  features  as  frictional  loss 
mechanisms,  external  d''iving  forces  and 
thermal  fluctuations.  The  solitons  will 
exist  under  these  circumstances  for 
sulfieiently  long  to  he  important  features 
in  the  time  evolution  of  the  wave  excita¬ 
tions  Hxpcrimcntal  demonstrations 
of  soliton  dynamics,  however,  arc  still 
se.iree  rherefore,  two  recent  papers  by 
I  ulim.iki,  Nakajima  and  Sawada'  and  by 
Wu.  Wheatley,  Piiltcrman  and  Rudnick’ 
show  mg  solitons  in  real  .‘ystems  arc  most 
noteworthy 

rile  work  by  I’ujimaki  et  al.  deals  with 
collision  of  solitons  on  an  electronic 
losephson  transmission  line  (JTL).  I.S  mm 
long,  composed  of  a  sequence  of  31 
discrete  Josephson  junctions  (interleaved 
siipeiconducting  and  insulating  layers).  In 
the  continuum  version  of  the  JTL,  the 
losephson  effect  (superconducting  elec¬ 
trons  tunnelling  through  the  insulating 
l.ixers)  results  from  the  weak  coupling 
between  pairs  of  superconducting  thin 
lilms  This  overlap  geometry  is  modelled 
very  accurately  by  the  sine-Gordon  equa¬ 
tion  originally  developed  by  particle 
physicists.  In  1962.  Perring  and  Skyrmc' 
showed  that  this  nonlinear  partial  differ¬ 
ential  equation  pos.sesscs  solutions  that 
thev  termed  'kink'  and  ’antikink',  after 


1  ED-  ■  S'  1  1 

MO  AS 

□  c 

ED2 

-A'  1 

c 

1  •- 

1 

■~r~ 

□ 

— 0 

[  H 

JTL 

>c 

1 

Hg.  I  Simplified  block  diagram  of  the  fluxon 
experiment  of  F  ujim.iki  cl  at  The  fluxon  and 
.iniifluxon  (cross  .and  dot.  respectively)  are 
ini'.-iicd  inio  the  Josephson  transmission  line 
I J 1 1  m.ide  I'f  .SI  Josephson  junctions,  each  a 
4  «  4.|iin'  sandwich  of  two  superconducting 
lilms  jnd  one  insulating)  by  the  fluxon  genera¬ 
tors  f-fil  .ind  FG2  Electronic  delays  EDI  and 
I  1)2  del,iy  ihe  fluxon  and  advance  the  anti- 
fluxon  bv  eii.  effectively  shifting  the  system 
1  \I  leftwards  along  the  JTL  The  sampler 
records  the  flux  density  al  Ihe  midpoint  of  Ihe 
I  1 1  liter  .1  vari.ibic  mechanical  time  delay 
(Vtt)i  o(  .i.S  The  whole  process  is  initialed 
wlien  tile  control  eurrcnl  /,  exceeds  a  crilical 
\  .due  I  f  rom  ref  I  I 


their  shapes,  which  can  propagate  and 
interact  with  each  other  completely  non- 
destructively,  suffering  only  phase  shifts 
as  a  result  of  the  interaction. 

In  certain  respects,  Perring  and 
Skyrme’s  paper  foreshadows  the  pioneer¬ 
ing  work  by  Zabusky  and  Kruskal  on  the 
Korteweg-dc  Vries  equation  (originally 
formulated  to  describe  shallow  water 


Kig.  2  Fluxon-antiduxon  annihilation  process 
observed  a  0,  6  8.  c  16  and  <1  24  ps  after  the 
fluxons  are  launched.  The  width  of  the  picture 
is  1,8  mm.  (Courtesy  of  A.  Eujimaki.) 

waves),  which  introduced  the  soliton 
concept.  The  derivative  of  Perring  and 
Skyrme’s  kinks  corresponds  to  the  soli¬ 
tons.  An  isolated  kink  solution  to  the 
,sinc-Gordon  equation  cannot  bo 
destroyed  and  is  therefore  a  ‘topological’ 
soliton.  In  the  JTL  theory,  these  solitons 
carry  magnetic-flux  quanta  (current 
vortices)  and  arc  termed  fluxons.  Cor¬ 
respondingly.  negative  magnetic  flux 
quanta  arc  carried  by  antifluxons.  One 
consequence  of  the  theory  is  that  the 
fluxons  behave  as  relativistic  particles 
(their  effective  mass  increases  with 
increased  velocity).  In  both  papers'*  the 
analysis  was  directly  inspired  by  computa¬ 
tional  results. 

The  superconducting  circuit,  made 
using  standard  lead-based  technology, 
consists  of  two  fluxon  generators,  the  JTL 
and  a  sampler  to  measure  the  flux  in  the 
JTL  (Fig  1);  all  arc  based  on  the  Joseph¬ 
son  effect.  A  fluxon  is  injected  into  the 
JTL  when  a  control  current  /.  to  the  fluxon 
generator  exceeds  a  critical  value.  A  bias 
current  /„  perpendicular  to  the  JTL  con¬ 
trols  the  vcloeity  v  of  the  fluxons  (which  is 
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FiR.  3  Collision  of  clockwise  and  anlidockwise 
envclopc  solitons  travelling  around  a  thin 
cylindrical  shell.  The  shape  of  the  envelope 
persists  beeause  of  the  balance  between 
amplitude  dispersion  and  the  nonlinearilv  of 
the  elastic  medium.  Without  this  balance  the 
wave  packet  would  disperse  The  lop  ir.)ec 
shows  the  excitation  pulse  (From  ref.  2  i 

typically  4  x  10’ m  s  '),  and  must  also 
exceed  a  minimum  value.  Tltc  sampler 
detects  only  at  one  central  point,  so  that 
the  flux  across  the  whole  J’TL  cannot  he 
measured  in  one  go. 

Instead,  a  variable  delay  2A/  c;in  be 
introduced  between  the  two  fluxon 
generators,  effectively  moving  the  fluxon- 
antifluxon  pair  left  or  right  by  a  distance 
vAf.  A  single  scan,  such  as  shown  in 
Fig.  2,  IS  obtained  by  sweeping  Af  The 
time  sequence  shown  in  Fig.  2  is  obtained 
by  introducing  a  second  delay  A5  before 
firing  the  sampler. 

Fujimaki  etal.  thus  ob.scrvc  the  collision 
of  a  fluxon  and  an  antifluxon,  in  which  the 
two  merge,  interact  and  dissipate  their 
energy  via  a  ‘breather  mode’  (the  soliton 
and  antisoliton  bound  together  in  a  local¬ 
ized,  lower-energy  state)  into  linear 
oscillations  (‘radiation’)  which  arc  finally 
absorbed  by  shunt  resistances  (Fig.  2) 
This  agrees  well  with  computational 
results  and  can  also  be  understood  in 
terms  of  fluxon  perturbation  theory  In 
other  cases,  the  fluxons  can  survive  the 
collision.  The  fringes  in  the  traces  arc  non- 
solitonic  effects  inevitable  in  real  versions 
of  such  idealized  mathematical  concepts 
The  authors  also  demonstrate  the  relativ¬ 
istic  nature  of  the  fluxons  by  showing  that 
the  product  of  the  pulse  height  and  the 
pulse  width  is  independent  of  the  fluxon 
velocity. 

Wu  el  at.'  observed  envelope  solitons 
in  clastic  solids  for  the  first  time.  In 
contrast  to  topological  solitons,  envelope 
solitons  arc  wave  packets  with  i  sohton- 
shaped  envelope  (Fig  3).  Earlier  experi¬ 
ments  with  fluid  surface  waves  have  been 


interpreted  in  terms  of  envelope  solirons*. 
Wu  ei  al '  excite  flexural  wave  packets  by 
an  acoustic  horn  driver  on  a  circular- 
cylindrical  thin  elastic  shell.  The  waves 
propagate  clockwise  and  anticlockwise 
around  the  cylinder  Their  nonlinear 
interaction  is  seen  by  means  of  transducers 
mounted  on  the  shell.  The  reason  for 
using  thin  shells  is  that  this  system  is  very 
dispersive  and  has  a  high  nonlinear 
response,  making  the  generation  of  soli- 
tons  feasible,  and  a  large  quality  factor,  so 
that  they  persist  Such  a  combination  of 
parameters  generally  makes  soliton  for¬ 
mation  in  off-equilibrium  (highly  distor¬ 
ted)  systems  accessible  to  observation. 

■As  in  other  quickly  varying  hyperbolic 


classical  fields,  the  slow  modulations  of 
(he  flexural  waves  on  the  shell  are  described 
by  the  nonlinear  Schrodinger  equation. 
TTie  parameters  in  the  interacting  enve¬ 
lope  soliton  solutions  of  this  equation  can 
be  fitted  perfectly  to  the  observed  data, 
thus  implying  the  existence  of  envelope 
solitons. 

Solitons  are  not  of  interest  to  physicists 
alone.  Davydov’  has  proposed  application 
of  envelope  solitons  to  understand  energy 
storage  and  transport  in  protein  chains. 
Our  computer  studies*  of  the  quantum 
model  of  a-helical  proteins  show  that  the 
solitons  have  long  lifetimes  at  biological 
temperatures.  Unfortunately,  experi¬ 
mental  evidence  of  this  mechanism 


remains  to  be  obtained.  □ 
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The  elTecis  of  thermal  fluctuations  on  solilons  and  phonons  of  the  sine-Gordon  system  are  investi¬ 
gated  in  the  presence  of  a  a^,  — 0^..,  dissipation.  The  analysis  requires  the  assumption  of  a  more 
general  autocorrelation  function  for  the  noise  than  the  one  used  in  previous  works.  We  verify  that 
this  leads  to  the  correct  results  for  the  average  kinetic  energies  of  solitons  and  phonons  in  the  sys¬ 
tem.  We  also  evaluate  the  linewidth  for  a  Josephson  oscillator  in  the  presence  of  both  a  and  P  dissi¬ 
pation,  and  lastly  we  briefly  discuss  the  extension  of  the  theory  to  more  general  dissipative  terms. 


1.  rNTRODUCTlON 

The  effects  of  thermal  fluctuations  both  on  solitons  and 
phonons  of  the  sine-Gordon  system  arc  relevant  in  the 
description  of  many  physical  systems  in  co^-tact  with  a 
heat  reservoir.'”*  In  the  context  of  Josephson  Junctions, 
for  example,  H  was  shown  that  thermal  fluctuations  in  the 
fluxon  velocity  are  directly  related  to  the  appearance  of  a 
very  narrow  oscillator  linewidth.*’*  The  coupling  of  the 
sine-Gordon  system  to  the  heat  reservoir  can  be  schema- 
tued  as  shown  in  f^ig  1,  where  A  represents  an  ordered 
flow  of  energy  from  the  system  to  the  heal  reservoir  (due 
to  dissipation)  and  B  represents  a  disordered  flow  of  ener¬ 
gy  from  the  reservoir  to  the  system  (thermal  fluctuations). 
This  means  (hat  the  toss  term  in  the  sine-Gordon  equa¬ 
tion  IS  intnnsically  connected  to  a  noise  term  (dependent 
on  temperature)  representing  the  effect  of  the  reservoir  on 
the  system.  This  scheme  leads  to  the  following  thermal 
sinc-Gordon  (TSG)  equation: 

-sin^  =  T7-h  r(^)-hn  (x.f)  ,  (1) 

where  r(^)  represents  a  generic  dissipation  and  n(x,f)  is 
the  stochastic  force  associated  with  the  loss.  [In  £q.  (I)  a 
bias  term  rj  which  represents  ordered  energy  input  into 
the  system,  suitable  for  many  practical  applications,  is 
also  included.]  In  recent  papers  (he  TSG  equation  was 
studied  by  assuming  a  loss  term  proportional  to  [i.e., 
r(d)  =  od,  in  Eq.  (I)],  and  an  autocorrelation  function 
for  (he  noise  given  by 


A 


f-'IG  I.  Schematized  representation  of  the  thermal  sine- 
Gordon  system.  A  represents  ordered  flow  of  energy  from  the 
Sine  Gordon  system  to  the  heat  reservoir  and  B  represents 
disordered  flow  from  the  reservoir  to  the  system. 


k  T 

(n  (x,/)/i  (x’,r'))  =  16a— ^ — 6(x  —x'lbii  —t'l  .  (2) 

*0 

In  Eq.  12)  (  •  •  •  )  means  ensemble  average,  Eq  is  the  rest 
energy  of  the  soliton  (used  to  fix  the  scale  in  energy),  k^  is 
the  Boltzmann  constant,  and  T  is  the  temperature.  Tlie 
prefactor  in  Eq.  (2)  was  determined  by  applying  the 
fluctuation-dissipation  theorem  to  a  soliton  with  small  ve¬ 
locity.^  Among  other  results,  it  was  shown  that  as  a 
consequence  of  the  thermal  reservoir,  solilons  have  an 
average  energy  of  \kgT  per  mode.*  ’  This  analysis  was 
also  applied  to  a  josephson  junction,  leading  to  an  ex¬ 
pression  for  the  oscillator  linewidth  in  agreement  with  ex¬ 
perimental  measurements.*  In  the  context  of  the  Joseph¬ 
son  junction  however,  besides  a  loss  term  proportional  to 
it  is  of  interest  to  include  a  loss  proportional  to 
which  is  due  to  normal  surface  currents  through  the  junc¬ 
tion.  This  kind  of  dissipation  is  found  to  be  responsible 
for  several  interesting  phenomena  such  as  bunching  of 
fluxons,*  and  appearance  of  strong  deformations  on  the 
fluxon  tail.'**  The  aim  of  Ihe  present  paper  is  to  extend  the 
analysis  in  Ref.  6  to  include  this  dissipative  term. 
More  precisely  we  will  consider  F  in  Eq.  (1)  to  be  given 
by 

=  a.peR*  (3) 

and  assume  for  the  noise  the  following  autocorrelation 
function: 

k  T 

<n(x.f)n(x’,r')>  =  16-|— 6(( -t'l 
Eq 

02 

X  a—P — r  6(x  —x')  .  (4) 

dx'* 

The  effects  of  the  noise  term  (4)  in  Eq.  (1),  will  be  then 
studied  in  the  cases  of  pure  soliton  and  pure  fluxon 
motion,  respectively,  in  Secs.  II  and  III.  As  a  result  we 
find  that  the  “thermal”  solitons  and  phonons  will  sull 
have  an  average  energy  of,  respectively,  -jL-jr  and  k^T 
per  mode;  however,  the  presence  of  the  P  term  in  (3)  will 
decrease  the  diffusion  constant  of  a  soliton  by  a  factor 
a/(a-)-^/3).  In  Sec.  Ill  we  also  relate  the  above  results 
to  the  Josephson  junctions  by  showing  that  there  will  be 
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no  change  in  the  linewidlh  expression  given  in  Ref.  5  due 
to  the  presence  of  the  (3  dissipation.  Finally  in  Sec.  IV  we 
give  a  short  summary  of  the  main  results,  including  a 
brief  discussion  on  the  generalization  of  the  above- 
mentioned  results  to  higher-order  dissipative  terms  of  the 
•yp*  I  "'•th  a,  GR,  D,  =  3/3x,  and  m  GN. 

11.  THERMAL  PHONONS 

In  this  section  we  consider  the  TSG  equation 

-sin(4  =  T7-t-a(6,-^(J„,-)-/i(x,t)  (5) 

in  the  small-arnplitude  limit  and  with  no  solitons  in  the 
system.  Phonon  modes  are  seen  as  small  oscillations 
around  the  groui.u  state  ^o=-sin"'Tj  satisfying  the 
boundary  conditions 

0.(O.t)=--i/-,(L./)  =  O  ,  (6) 

The  field  <^(x,i)  in  the  small-amplitude  limit  can  be  writ¬ 
ten  as 

(^(x,t)=  — sin“'(T;)-t-^(x,/)  with  ||0||«1  .  17) 

By  substituting  (7)  in  (5)  we  get  the  following  stochastic 
equation  fot  thermal  phonons: 

=t^',i  1  -  +»(x./)  .  (8) 

When  a  =  0,  ^=0,  and  n  (x,/)=0,  these  phonons  are  just 
classical  Klein-Gordon  modes  with  energy  given  by 

£ 

^ph  =  Tfi  ^ '*■  1  <5) 

(here  L  is  the  length  of  the  system).  The  general  solution 
of  Eq.  (8)  can  then  be  expressed  in  terms  of  the  complete 
set  of  orthonormal  Klein-Gordon  modes  as 

=  2  .4,(/)0,(x)  =  v'2/L2  A,{t)cos{k„x)  (10) 


with  k^=Hir/L  and  vl/L  just  a  normalization  factor. 
Inserting  (lO)  in  (8)  and  projecting  the  resulting  equation 
along  the  unperturbed  eigenstate  we  get 


A„,„+(a+Pk^}A„^,-+<olA^=t„(n  . 

(ID 

where 

t,(f)  =  v'2/L  (x,i]cos(k„x  )dx 

(12) 

and 

(13) 

Dy  using  (4)  we  obtain  for  the  autocorrelation  function 
and  for  the  power  spectrum  of  the  normal  process  E,(t) 
the  following  expressions: 

RjJl  -/')s(£,((')E,(t)> 

k  T 

==\6(a+Pkji)-^5{i -f)  ,  lU' 

^0 

k  T 

{u)=\t{a+Pkl)~-  . 

•  Ei) 

By  identifying  a+Pkjl  with  a  we  see  that  F.qs.  illi. 
(14),  and  (15)  coincide,  respectively,  with  tqs.  (.'  ''i. 
(2.12),  and  (2.13)  of  Ref.  6.  One  can  follow  ihc  sjiin.- 
analysis  of  Ref.  6  to  show  that  the  average  energy  per 
phonon  mode  is 

{H^)=kgT.  iin. 

[This  easily  follows  by  solving  by  harmonic  analysis  l^q 
(I  I)  and  by  using  Eq.  (9).)  It  is  worth  remarking  ihai  ihis 
result  does  not  depend  on  the  particular  boundary  condi¬ 
tions  used,  nor  on  the  smallness  requirements  of  a,  /I,  and 
V- 

III.  THERMAL  SOLITONS 

In  this  section  we  concentrate  on  the  effect  of  the  a,  /i, 
T),  and  n{x,l)  terms  in  Eq.  (5)  on  an  unperturbed  sine 
Gordon  soliton 

0  =  4tan"‘exp[y(u)(x  -u/l]  , 

,  , ,,  ( I '  I 

)'(u)  =  (  I  . 

Note  that  the  rj  in  (5)  shifts  the  ground  state  from  0  lu 
— sin"  'i;;  therefore  a  soliton  in  our  system  should  be  seen 
as  a  2ir  kink  from  — sin"'i7  to  2tr  — sin"  'rp 
An  equation  of  motion  for  the  perturbed  soliton  can  he 
easily  obtained  by  defining  the  momentum 

P  =  -\f*“’<^,<t>,dx  (IK, 

and  differentiating  it  with  respect  to  time,  this  giving 

dP  irij  a  r  ,,  ,  P  r 

=  j  +  j  J  ,  (I'n 

where 

€(f)=  —  jf^  <p^n(x,i)dx  .  (20) 

With  neglect  of  thermal  noise,  Eq.  (19)  has  stjiiinury 
27r-kink  solutions  moving  with  the  power-balance  m- 
locity  «o,  for  small  perturbations,  satisfying" 

-^(l-uj)^^^-auo(l-uo)- yuu=:0  '21. 

and  with  momentum 

Po  =  Moy(“o)  •  '22l 

In  the  stationary  case,  the  integrals  in  Eq  (19)  can  be 
written  as 


~f(rj^dx  +  jf(K)'dx  =-u 


nrjiu) 

4 


i2T 


—  u 
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where  we  used  Eq.  (18)  together  with  0“=!— Equa¬ 
tion  (22)  defines  the  functions  yi(u)  and  yj(u)  which  for 
small  perturbations  (or  small  velocities)  reduce  to  the 
usual  Lorentz  factor  in  (17). 

By  inserting  Eq.  (23)  into  Eq.  (19)  we  get  for  the 
momentum  the  following  Langevin  equation  for  P\ 


the  2]r-kink  motion  is  then  to  decrease  its  diffusion  con¬ 
stant  as  one  would  have  expected.  We  finally  close  this 
section  by  showing  that  the  linewidth  of  a  Josephson  os¬ 
cillator  with  damping  will  still  be  given  by  the  same 
expression  reported  in  Ref.  6.  To  this  end  we  return  to 
Eq.  (24)  (which  is  valid  for  all  u)  and  rewrite  it  as 


di  4  4 


(24) 


The  noise  term  e(()  in  Eq.  (24)  introduces  fluctuations  in 
the  momentum  and,  from  (22),  in  the  velocity  of  the  kink 
according  to 


dp  3Au  _  rr  dg 
8u  3f  4  3u 


Am  -f  e(/)  , 


(25) 


where  Am  measures  the  deviation  of  the  2rr-kink  velocity 
from  the  power-balance  value  (21).  The  autocorrelation 
function  and  the  power  spectrum  of  the  process  tit)  in 
(251  are  then  easily  evaluated  by  means  of  Eqs.  (4)  and 
(2 1 ).  we  write 


k  T 

=  7,(u)8(/-t')  . 

2u  Cf\ 


S,(£j)  = 


tr 

2u  £q 


Tj(u)  . 


(26) 


For  small  velocities  (i.e.,  rjwO)  we  have  from  (23), 
4u 


r)(u)~ 


(27) 


Then  Eq.  (25)  reduces  to  a  Langevin  equation  for  u. 


dj/ 

di 


u  -)-c(t)  . 


(28) 


By  using  (26)  and  (27),  Eq.  (28)  is  easily  integrated  by  har¬ 
monic  analysis,  this  giving 


5.(w) 

^ - p- 


(29) 


from  which  it  follows  that 


(uO  =  RJ0)=  r''"^5,(Mi)=-^^  .  (30) 

2rr  Eq 

The  time  average  of  the  kinet'  energy  in  the  Brownian 
motion  of  the  Irr  kink  is  then  evaluated  as 


(31) 


From  Eq  (29)  a  diffusion  constant  D  for  the  2n’-kink 
motion  can  also  be  derived  as 


D  = 


J_ 


(32) 


which  is  just  the  usual  relation  reported  in  Ref.  6  with  a 
identified  with  a+0/'i.  The  effect  of  the  P  dissipation  on 


—  Am  ■f  —  '^Au  =  —£(/)  ,  (331 

dt  4  dp  dp 

this  leading  to  the  following  expression  for  the  power 
spectrum  of  Am: 


du 

2 

dp 

S.lw) 


cu’-f 


ir  3n 
4  dp 


(34) 


and  by  performing  the  same  analysis  of  Ref.  S,  one  gets 
the  following  linewidth  expression: 


irkgT  Rl 

Av= - - - — 

^0  ^5 


(35) 


where  Rg  cedu/dp,  R^au/p,  and  the  flux  quantum 
h  /1e  (for  details  we  refer  to  Ref.  5). 


IV.  CONCLUSIONS 

It  has  been  shown  that  the  effect  of  a  thermal  reservoir 
on  solitons  and  phonons  in  the  sine-Gordon  system  in  the 
presence  of  dissipations  gives  an  average  ki¬ 

netic  energy  of,  respectively,  {kgT and  by  kgT per  mode. 
The  presence  of  the  p  term  on  the  soliton  is  to  decrease 
its  diffusion  constant.  Furthermore,  we  showed  that  the 
above  analysis  in  the  case  of  the  Josephson  oscillators 
leads  to  the  same  linewidth  expression  as  obtained  in  Ref 
5, 

Finally,  in  closing  the  paper,  we  wish  to  point  out  that 
the  above  analysis  can  be  generalized  to  dissipations  of 
type  S<^,  with  &  given  by  the  following  differential  opera¬ 
tor: 


a==:  where  D^s—.  (36) 

K-O 

In  this  case  we  need  to  replace  the  autocorrelation  func¬ 
tion  (4)  for  the  noise  n  (x,i)  by  the  following  expression: 

k  T 

<n(x,()n(x',f')>  =  16-^6(f  -  llaSix  ~x']  (37) 

Eq 

in  order  to  get  the  correct  results.  Indeed  one  easily  sees 
that  (36)  and  (37)  will  give  little  changes  in  the  above  re¬ 
sults  except  for  the  substitutions  of 

ia+Pkl)-*aQ+'2,ctikl‘  (38) 

I 

in  the  phonon  case  and 
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no  change  in  the  linewidth  expression  given  in  Ref.  S  due 
to  the  presence  of  the  0  dissipation.  Finally  in  Sec.  IV  we 
give  a  short  summary  of  the  main  results,  including  a 
brief  discussion  on  the  generalization  of  the  above- 
mentioned  results  to  higher-order  dissipative  terms  of  the 
type  with  ajGR,  Z),  =3/0x,  and  m  GN. 

II.  THERMAL  PHONONS 

In  this  section  we  consider  the  TSG  equation 

-  sin^  =  r;  -t-  n  ( Jt, » )  (5) 

in  the  small-amplitude  limit  and  with  no  solitons  in  the 
system.  Phonon  modes  ^  are  seen  as  small  oscillations 
around  the  ground  state  sin~'7;  satisfying  the 

boundary  conditions 

t^,(0,t)==tA,(L,»)  =  0  .  (6) 

The  field  ^(x,()  in  the  small-amplitude  limit  can  be  writ¬ 
ten  as 

^(x,r)  =  — sin“'(ij)-|-^jc,/)  with  ||i^||«l  .  (7) 

By  substituting  (7)  in  (S)  we  get  the  following  stochastic 
equation  for’ thermal  phonons: 

When  a  =  0,  0—0,  and  n(x,f)s0,  these  phonons  are  just 
classical  Klein-Gordon  modes  with  energy  given  by 

E» 

(here  L  is  the  length  of  the  system).  The  general  solution 
of  Eq.  (8)  can  then  be  expressed  in  terms  of  thi  complete 
set  of  orthonormal  Klein-Gordon  modes  as 

=  2  A,{t)<t>/x)=:'/27L2  /<,(Ocos(Jt,x)  (10) 

with  k^=nit/L  and  V'2/L  just  a  normalization  factor. 
Inserting  (10)  in  (8)  and  projecting  the  resulting  equation 


along  the  unperturbed  eigenstate  we  get 

"h  ~  ’ 

(11) 

where 

£,(()  =  v'Z/L  f^nlx,t}cos(k,x)dx 
•'  0 

(12) 

and 

(13) 

By  using  (4)  we  obtain  for  the  autocorrelation  function 
and  for  the  power  spectrum  of  the  normal  process  e„(r) 
the  following  expressions: 


R,  (r-/')  =  (e,(/')e,(/)> 

k  T 

=  16(a-h0fci)-|-6(i-/')  .  *14, 

k  T 

S,  {a)=ma+pk^)-^  .  <15* 

•  *0 

By  identifying  a+pk^  with  a  we  see  that  Eqs.  111). 
(14),  and  (15)  coincide,  respectively,  with  Eqs.  (3.'3i. 

(2.12),  and  (2.13)  of  Ref.  6.  One  can  follow  the  same- 
analysis  of  Ref.  6  to  show  that  the  average  energy  per 
phonon  mode  is 

<H,)=kaT.  ilfi 

{This  easily  follows  by  solving  by  harmonic  uiiulysis  Lq 
(11)  and  by  using  Eq.  (9).]  It  is  worth  remarking  dial  dus 
result  does  not  depend  on  the  particular  boundary  condi¬ 
tions  used,  nor  on  the  smallness  requirements  of  u,  (i,  and 

HI.  THERMAL  SOLITONS 

In  this  section  we  concentrate  on  the  effect  of  the  u.  /). 
Tj,  and  nix,l)  terms  in  Eq.  (S)  on  an  unperturbed  sinc- 
Gordon  soli  ton 

^=4tan~'exp[y(u)(x  — ui)]  , 

(I7i 

y(u)=(I-M*)-'^^  . 

Note  that  the  tj  in  (5)  shifts  the  ground  state  from  0  to 
—  sin"  '17;  therefore  a  soliton  in  our  system  should  be  seen 
as  a  2ir  kink  from  —  sin"'»/  to  2rr— sin"'??. 

An  equation  of  motion  for  the  perturbed  soliton  can  be 
easily  obtained  by  defining  (he  momentum 

P  =  -if^y,<P,dx  1I81 

and  differentiating  it  with  respect  to  time,  this  giving 

^  =  + +  f  .  "9' 

where 

£fl)--jf*’*^j,n(x,l)dx  .  i20) 

With  neglect  of  thermal  noise,  Eq.  (19)  has  staiinnary 
2ir-kink  0*'  solutions  moving  with  the  power-balance  ve¬ 
locity  Uq,  for  small  perturbations,  satisfying" 

^(l-uJ)^'*-aMo(l-uJ)-4uo  =  0 

4  J 

and  with  momentum 

In  the  stationary  case,  the  integrals  in  Eq.  DO)  can  he 
written  as 


—  u 


j  J  I4>’‘j^dx  +  ^  f  {4>'iJ^dx  ay,{u)+^yJ(M) 


irr](u) 
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In  long  Joscphson  junctions  the  motion  of  Huxons  is  revealed  by  the  existence  of  current  steps, 
zcro-lietd  steps,  in  the  current-voltage  characteristics.  In  this  paper  we  investigate  the  stability  of 
the  fluxon  motion  when  high  values  of  the  current  bias  are  involved.  The  investigation  is  carried  on 
by  numerical  integration  of  the  model  equation,  the  perturbed  sine-Gordon  equation,  simulating 
junctions  of  overlap  and  annular  geometry.  A  detailed  description  of  the  mechanism  for  the  switch¬ 
ing  from  the  top  of  the  zero-iield  step  for  both  geometries  is  reported.  Moreover,  the  eflect  of  the 
various  dissipations  and  of  the  junction  length  on  the  switching-current  value  is  investigated.  A 
simple  boundary  model  is  able  to  describe,  for  junctions  of  overlap  geometry,  the  qualitative  depen¬ 
dence  of  the  switching  current  on  the  system  parameters. 
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1.  INTRODUCTION 

It  is  well  known  that  Josephson  junctions  can  support, 
under  appropriate  conditions  the  motion  of  magnetic 
field  quanta  (lluxons).  The  evidence  of  such  motion  is  ob¬ 
served  experimentally  as  current  singularities  [zero-held 
steps  (ZrS's)]  in  the  current-voltage  characteristic  and  as 
microwave  emission,  in  junctions  having  physical  lengths 
bigger  than  (he  Joscphson  penetration  length  Ay.'  Since 
1973,  an  attempt  has  been  made  to  explain  the  observed 
phenomena  in  terms  of  oscillatory  solitonic  solutions  of 
the  "perturbed”  sine-Gordon  equation  (PSGE)  describing 
the  elect rodynamic  of  a  Josephson  junction)?For  a  unidi- 
mcnsional  geometry  and  in  normalized  units  it  has  the 

Here,  ifi  is  the  usual  Josephson  phase  variable,  jc  is  dis¬ 
tance  along  the  junction  normalized  to  the  Josephson 
penetration  length  Ay,  t  is  time  normalized  to  the  inverse 
of  the  Josephson  plasma  angular  frequency  (Oj,  a  is  the 
normalized  shunt  conductance  that  takes  info  account 
tunneling  of  normal  electrons  across  the  junction,  is  (he 
normalized  re.-il  part  of  (he  superconductor  surface  im¬ 
pedance,  /  is  the  dc  bias  current  normalized  to  the 
Joscphson  critical  current,  and  the_  subscripts  indicate 
p.iriial  derivatives.  Equation  (1),  together  with  the  ap- 
ptopri.itc  boundary  conditions,  determined  by  the  partic¬ 
ular  junction  geometry  employed,  gives  a  very  good 
description  of  the  observed  dynamical  behavior  of  the 
junction,  often  to  a  surprising  degree  of  accuracy.  It  htis 
to  he  noted,  however,  that  since  exact  analytic  dynamical 
solutions  of  Eq.  (1),  are,  in  general,  not  known,  all  the  in¬ 
formation  is  obtained  cither  by  direct  numerical  integra¬ 
tion  of  Eq.  (1),  or  by  perturbative  methods  based  on  (he 
known  analytical  solutions  of  the  unperturbed  sine- 
Gordon  equation  [a=P  =  }'==0  in  Eq.  (1)],  or  by  some 
other  approximation  scheme. 

The  perturbative  approach  is  very  useful  in  describing 
the  overall  dynamics  of  lluxons  in  the  junction,  in  partic¬ 


ular  when  all  the  perturbing  terms  are  small,  but  it  fails 
in  describing  extreme  situations  such  as  the  ones  where 
the  stability  of  the  traveling  solutions  at  high  bias  values 
is  involved.  In  fact,  the  perturbative  approach  is  unable 
to  predict  the  maximum  current  amplitude  of  the  ZFS's, 
i.e.,  the  maximum  dc  bias  current  that  can  sustain  fluxon 
propagation.  The  simplest  power-balance  perturbative 
scheme^  predicts  an  infinite  step  current  height,  while  the 
perturbative  scheme  proposed  in  Refs.  4  and  5  predicts  a 
maximum  normalized  step  height  equal  to  one.  In  con¬ 
trast,  experimental  and  numerical  results,  by  various  au¬ 
thors^  typically  give  a  maximum  step  height  between  0.4 
and  0.8.”  The  main  reason  for  the  failure  of  the  perturba¬ 
tive  approach  is  that,  being  based  on  solutions  of  the  pure 
sine-Gordon  equation,  it  is  not  valid  when  the  perturba¬ 
tive  terms  [the  right-hand  side  of  Eq.  (I)]  become  large, 
as  occurs  when  bias  values  that  are  not  small  are  con¬ 
sidered. 

Since  the  question  of  the  maximum  current  amplitude 
of  the  ZFS’s  is  of  considerable  practical  importance  to 
the  experimentalist,  and  since  no  completely  adequate  an¬ 
alytic  or  perturbative  approach  is  presently  available,  we 
propose  in  this  work  to  furnish  a  detailed  numerical 
study  of  the  question,  with  the  hope  of  providing  a 
springboard  for  future  theoretical  work.  We  note  that  a 
step  in  the  same  direction  has  recently  been  taken  by 
Zhang  and  Wu.’  With  respect  to  their  work,  our  work  (i) 
considers  junctions  of  both  annular  and  overlap 
geometries,''^  (ii)  describes  in  detail  the  instability  mecha¬ 
nism  for  both  geometries,  and  (iii)  employs  more  than  one 
numerical  scheme,  which  in  turn,  (iv)  pinpoints  a  numeri¬ 
cal  pitfall  to  be  avoided.  Like  Zhang  and  Wu,  we  limit 
attention  to  dynamic  states  involving  a  single  propaga¬ 
ting  fluxon.  Moreover,  we  shall  not  consider,  in  this 
work,  the  effects  of  intrinsic  and  extrinsic  noise  and  of 
barrier  spatial  nonuniformities*  on  the  stability  of  the 
fluxon  oscillations.  The  reasons  for  this  choice  are  based 
on  the  facts  that  the  cited  effects,  although  often  impor¬ 
tant  in  physical  devices,  can  always  be  reduced  by  a  care¬ 
ful  shielding  of  the  junction  Fom  electromagnetic  in- 
lerferencCjby  lowering  the  working  temperature  and  by 


improving  the  fabrication  processes.  Then  the  maximum 
performances  will  be  determined  by  the  intrinsic  instabili¬ 
ties  of  the  fluxon  oscillations,  which  are  the  subject  of 
this  work. 

In  Sec.  II  a  description  of  the  numerical  methods  used 
is  reported.  Junctions  of  annular  geometry  and  of  over¬ 
lap  geometry  are  then  analyzed  in  order  to  identify  the 
ranges  of  stable  fluxon  motion  in  each  case.  Finally,  a 
qua.sianalyiical  model  is  presented  which  gives  reasonable 
qualitative  agreement  with  the  numerical  results  for  over¬ 
lap  geometry  junctions. 

II.  NUMERICAL  METHODS 

In  order  to  numerically  solve  Eq.  (1)  with  the  appropri¬ 
ate  boundary  condition,  two  different  numerical  schemes 
have  been  employed.  One  is  based  on  a  Fourier-Galerkin 
spatial  decomposition  of  the  phase  0  as* 

(i>(x,t]  =  r]x  +<I)q(i)+  ^,(/)cos 

H  -I  [  ' 


where  the  and  tf>^{i)  are  unknown  functions  of  time, 
I  is  the  normalized  junction  length,  and  r;  is  a  constant 
chosen  to  take  appropriately  into  account  the  boundary 
conditions.  For  the  annular  geometry  junction  the 
boundary  conditions  are 
xr  c.  A 

(b{x,t)  =  (f>t(xJ~^)  +  2miT  ,  (3) 

where  m  is  the  difference  between  the  number  of  fluxons 
and  aniifluxons  present  along  the  junction  (since  the  junc¬ 
tion  is  a  closed  loop  m  is  a  conserved  quantity).  In  this 
case, 


For  the  overlap  geometry  junction  the  boundary  condi¬ 
tions  are  ^ 

=  1  =  7,  ,  (5) 

where  now  rj  represents  the  normalized  value  of  the 
external  magnetic  field  along  the  y  direction  in  the  junc¬ 
tion  plane.  Moreover,  the  boundary  conditions  (Eq.  (5)] 
impose  that  0,  =0  for  all  n.  All  the  results  obtained 
herein  are  referred  to  the  case  where  no  external  magnet¬ 
ic  field  is  applied. 

Although  other  geometrical  configurations  are  possi¬ 
ble,  only  the  above  two  have  been  considered  because 
they  are  the  most  useful  for  (he  understanding  of  the 
junction  dynamics. ^Inserting  Eq.  (2)  into  Eq.  (I)  and  us¬ 
ing  the  orthogonality  of  the  trigonometric  functions,  the 
following  set  of  differential  equations  is  obtained: 


^0 + -  r  =  -  , 

1^,  -F  -  y  /Jsin^  cos  dx  , 


n  =  1,2, .  . .  ,/V  ,  (6b) 


+M/.  +  wi  0,  =  -  y  sin  |  ‘lx  , 

n  =  1,2, .  .  .  ,  Af  .  tbc) 

Here  o,  ={nir/D,  and  overhead  dots  denote 

time  derivatives. 

The  set  of  equations  (6)  is  solved  using  a  sixth-order 
predictor-corrector  method  with  variable  step  size,'“ 
while  the  right-hand  sides  of  Eos.  (6)  are  evaluated  by 
fast-Fourier-transform  routine.'  The  accuracy  of  the 
numerical  integration  was  checked  by  decreasing  the 
time  step  and  by  increasing  the  number  of  spatial  har¬ 
monic  components  considered.  A  typical  value  for  the 
time  step  was  At  =0.05  while  a  choice  of  a  number  of 
spatial  harmonics  equal  to  twice  the  junction  length  was 
always  appropriate. 

The  other  numerical  scheme  employed  was  an  implicit 
finite  difference  method'^  where  the  phase  ^  is  restricted 
to  a  square  mesh 

■ 4=^(I^Ajc,?  A)  .  (7)' 

A 

The  derivatives  in  Eq.  (1)  are  approximated  by  a  second- 
order  Taylor  expansion  in  the  step  size,  with  a  time  aver¬ 
age  over  one  time  step  for  the  x  derivatives  and  inserted 
into  Eq.  (1).  The  boundary  conditions  are  handled  by  in¬ 
troducing  virtual  extra  points  at  the  edge  of  the  mesh  in 
the  usual  way.  A  predictor-corrector  loop  is  used  to 
evaluate  the  nonlinear  term  in  Eq.  (I),  enhancing  in  (Ins 
way  the  stability  of  the  whole  scheme.  Finally  a  set  of 
linear  algebraic  equations  with  a  tridiagonal  coefficient 
matrix  is  obtained  in  the  form 


A^  =  y  , 


1  where 

x=(0r' . 1^^+')  (9) 

^  and  y  is  an  appropriate  function  of  the  phase  values  at 
the  mesh  points  and  previous  two  time  steps.  Equation 
(8)  is  solved  by  the  "double-sweep  method"'^  which  has 
been  demonstrated  to  be  stable  as  long  as  the  matrix  is 
diagonally  dominant,  i.e.,  in  this  case 

'  - - <1.  UO) 

a(  Ax -F  2(  Ax)  VAr -I- 2^+ 2  A/ 

Again  the  accuracy  of  the  results  has  been  checked  by 
halving  both  the  space  step  Ax  and  the  time  step  At.  Al¬ 
though  it  may  seem  exaggerated  to  use  two  different  nu¬ 
merical  methods  to  solve  the  same  equation,  this  was 
very  useful  to  lest  the  independence  of  the  numerical  re¬ 
sults  on  the  scheme  used.  This  fact  is  very  important 
when  dealing  with  dynamical  states  parametrically  driven 
to  unstable  regions.  Another  point  to  consider  is  that,  al- 
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FIG.  I.  Time  evolution  of  (he  first  four  mode  speeds.  The 
modes  considered  are  the  Oth  (solid  curve),  (he  1st  (dashed 
curve),  the  2nd  (dash-dotted  curve),  and  (he  3rd  (dotted  curve). 


though  the  finite  difference  method  seems  to  be  more 
efficient  for  long  junctions,  the  multimode  method  is  able 
to  give  more  physical  information  about  the  dynamical 
states  investigated.  For  example,  looking  at  the  phase  ve¬ 
locity  of  each  mode  in  annular  junctior|i^is  very  useful  to 
determine  whether  or  not  stationary  motion  conditions 
are  achieved.  The  mode  phase  velocity  is  defined  as 

where  F,(  Y)  is  the  nth  component  of  the  spatial  Fourier 
transform  of  Y.  This  definition  is  based  on  the  idea  that 
each  Fourier  component  of  the  phase  travels  with  a 
modulating  velocity  u,,fwhich  is  slowly  varying  on  the 
time  scale  of  the  time  step  used  in  the  integration  scheme. 
In  Fig.  'l  a  plot  of  the  time  dependence  of  the  phase  ve¬ 
locity  of  the  first  four  modes  is  shown  for  the  case  of  an 
annular  geometry  junction  with  /  =  16,  a  =  0. 18,/3=0.01, 
=0.89,  m  =  1.  The  parameter  values  correspond  to  the 
top  of  the  first  current  singularity  and  the  time  evolution 
shows  how  the  fluxon  solution  becomes  unstable  and 
breaks  down  at  the  time  r~35.  In  fact,  as  long  as  the 
fluxon  is  stable  and  travels  along  the  junction,  ail  the 
modes  have  the  same  velocity,  the  fluxon  velocity, 
whereas  when  the  solution  becomes  unstable  it  undergoes  •! 
transitory  state  where  all  the  modes  behave  differently^ 
and  finally  reaches  a  new  stable  configuration  where 
again  all  the  modes  have  the  same  velocity  (not  shown  in 
the  figure). 


in.  ANNULAR  GEOMETRY 

In  this  section  a  study  of  the  mechanism  for  the 
switching  from  the  “nuxon"  state  (ZFSI)  to  the  “rotat¬ 
ing"  state  (McCumber  branch)  is  carried  out  for  junctions 
of  annular  geometry.  The  choice  of  the  annular  geometry 


FIG.  2.  at  two  different  bias  levels:  (solid  curve) 

and  y  =0.8  (dashed  curve). 


of  the  fluxons  with  the  boundaries;  thus  the  resulting  dy¬ 
namics  is  smoother.  Moreover,  since  junction  normal¬ 
ized  lengths  / » 1  are  always  considered,  the  motion  of  a 
single  fluxon  on  an  infinite  Josephson  transmission  line  is 
well  approximated.  This  allows  a  reduction  of  Fq.  (I)  to 
a  third-order  ordinary  differential  equation  (ODE)  for  tlic 
traveling  phase  profile,  reducing  the  problem  to  the  study 
of  a  low-dimensional  system. 

In  Figs.  2tA  the  initial  condition  of  the  fluxon  line 
shape  proposed  by  Ferrigno  and  Face’  is  used, 

0o(j:,r)=sin~'y+‘^‘®”~'l®*Pl‘ ““of  >1  ' — 


X(l-y^)''V(l-ttS)' 


where  Ug  is  computed  from  power-balance  considera¬ 
tions’ 


speed 


IS  made  because  in  such  a  system  there  are  no  collisions  i  ,9=0.1,  y=0.83,  and /  =  16. 


FIG.  3.  Stabilization  of  the  fluxon  after  a  bias  change  illus¬ 
trated  by  the  first  four  mode  speeds  as  in  Fig.  I.  a  =  0.1 8, 


4uo  particular  numerical  code  used. 

jr  ‘*"*'3  When  the /J  losses  are  absent,'^  a  constant  speed  i<  IS 

°  1  °  1  found  for  all  values  of  y  less  than  one.  If  a  small  P  loss  is 

present,  i.e.,  |9«a,  a  constant  speed  u  is  not  found  for  y 
In  the  limit  y— *0,  Up  assumes  the  value  found  by  values  very  close  to  one.  For  y>l  there  are  no  more 

McLaughlin  and  Scott.'*  After  some  lime  the  solution  re>  static  solutions  of  Eq.  (1),  therefore,  a  solution  of  fluxon 

laxes  toward  a  fixed  profile  traveling  with  a  constant  structure  is  not  possible.  This  leads  to  the  first  kind  of 

speed  u.  The  value  of  u  is  determined  either  by  a  mea-  switching  mechanism.  It  can  be  described  as  the  disap- 

surements  of  the  mode  phase  velocities,  or  by  a  direct  pearing  of  the  stable  equilibrium  solutions  of  Eq.  il), 

measurement  of  the  fluxon  position,  depending  on  the  which  form  the  asymptotic  slate  of  any  fluxonlike  solu- 


FIG.  4.  Time  sequence  of  the  switching,  (al  f  =23;  (bl  f  =  50;  (c)  /  =55;  (d)  1  =60;  (e)  t  =65;  (f)  /  =70;  (g)  1  =75. 


FIG.  4.  [Continued). 


tion.  In  terms  of  the  chain  of  pendula  analog,  this  corre*  "  The  presence  of  the  perturbative  terms  in  Eq.  (I)  intro- 
spend  to  the  starting  of  a  uniform^^tayon^of  all  the  pen-  duces  a  modification  of  the  fluxon  line  shape  from  the 
— 1  dula.  If  Ref.  14.  Durkov  at  oTjhave  nia^e  a  detailed  sta-  sine-Gordon  one.^  The  modification  becomes  more  pro- 

_  bilily  analysis  of  Eq.  (1)  with  P=0  and  with  periodic  nounced  for  increasing  bias  values.  In  Fig.  2  the  numeri- 


boundary  conditions  corresoondine  to  an  annul**- 
geometry  Junction.  Their  results  also  reveal  stability  of 
the  fluxon  when  y  <\.  The  same  result  is  found  in  Refs. 
15  and  16  for  a  fluxon  in  an  interval  extending  form  —  « 
to  -f-  00.  However,  the  stability  analyses  in  Refs.  14  and 
17  are  valid  only  when  the  0  losses  are  absent.  We  shall 
show  in  the  following  that  the  effect  of  the  0  losses  is  to 
decrease  the  critical  value  of  y  for  which  a  stable  fluxon 
motion  can  occur. 


cal  results  for  the  x  derivative  of  the  fluxon  line  shape  are 
shown.  The  parameters  are:  a=0.05,  0=0.02,  /=8, 
y=0.75  (solid  curve),  and  y=0.8  (dashed  curve).  The 
main  difference  from  the  sine-Gordon  form  of  the  fluxon 
line  shape  in  Fig.  2  is  the  presence  of  an  overshoot  at  the 
trailing  edge  of  the  fluxon.  The  overshoot  is  present 
when  the  surface  impedance  term  0  is  not  negligible  and  i 
is  more  pronounced  at  high  bias.  In  the  following  we  will 
show  that  it  is  Just  the  presence  of  the  0  term  in  Eq.  (I) 


that  limits  the  maximum  bias  current  that  sustains  the 
fluxon  motion  in  annular  junctions. 

In  order  to  determine  the  critical  current  values  for  the 
switching,  the  following  numerical  procedure  has  been 
Tollowed.  At  the  beginning,  Eq.  (12)  is  used  as  initial  con¬ 
dition  with  a  value  of  y  relatively  small  (in  order  to  be  in 
a  stable  region).  After  some  time  of  integration,  y  is  in¬ 
creased  slowly  (with  a  time  derivative  10“^)  to  a  new 
value.  Then  Eq.  (1)  is  integrated  for^rime  (typically  50 
units)  at  constant  y  to  allow  a  stabilization  of  the  solu¬ 
tion.  The  whole  procedure  is  repeated  again  until  a 
switching  is  observed.  The  measure  of  the  mode  phase 
velocities  is  used  to  check  that  the  fluxon  has  assumed  a 
stable  profile.  In  Fig.  3  is  shown  the  stabilization  process 
in  terms  of  the  time  evolution  of  the  speed  of  the  first 
four  modes.  As  is  clearly  shown,  all  the  modes  tend  rap¬ 
idly  to  have  the  same  speed,  indicating  that  the  fluxon 
has  assumed  a  constant  profile.  When  the  critical  value 
y,.  is  reached,  the  stabilization  of  the  modes  speed  does 
not  take  place  and  a  switching  is  observed. 

In  Figs.  4(a)-4(g)  a  detailed  time  sequence  of  the 
switching  is  shown.  The  parameters  are,  in  this  case, 
a=0. 18,  0=0. 1,  /  =  32,  and  0.89  ^  y  0.9.  All  the  plots 
are  referred  to  a  reference  frame  moving  with  the  fluxon. 
The  switching  can  be  described  in  the  following  way: 
First  the  overshoot  at  the  trailing  edge  of  the  fluxon 
starts  to  grow  in  size  and  decreases  its  speed  (Figs. 
4(a)-4(b)];  when  the  overshoot  is  large  enough,  it  breaks 
in  a  fluxon-antifluxon  pair,  Fig.  4(b)  (in  this  plot  a  fluxon 
is  represented  by  a  positive  pulse  and  an  antifluxon  by  a 
negative  one);  the  new  fluxon  starts  to  movt;  forward  and 
bunches  with  the  original  one,  while  the  new  antifluxon 
starts  to  move  backward,  driven  by  the  current  bias  [Fig. 
4(c)];  the  process  of  nucleation  of  fluxon-antifluxon  pairs 
continues  adding  new  fluxons  and  antifluxons  [Fig.  4(d)]; 
when  the  group  of  fluxons  meets  the  group  of  antifluxons 
which  has  traveled  all  the  way  around  the  junction,  a 
multiple  collision  occurs  [Figs.  4(e)  and  4(0].  These 
finding  were  briefly  reported  in  Ref.  17.  As  a  result  a  net 
energy  loss  occurs  in  each  fluxon  (or  antifluxon)  to  such 
an  extent  that  they  are  not  able  to  survive  the  next  col¬ 
lision  and  form  breatherlike  structures;  these  structures 
do  not  gain  energy  from  the  bias  and  relax  down  to  the 
flat  configuration:  =2ir//,  ^, » 1  [Fig.  4(g)].  The 

final  state  obtained  (a  uniform  phase  twist  increasing 
quickly  in  time)  corresponds  to  the  McCumber  curve  for 
the  annular  junction. 

The  mechanism  for  the  switching  just  described  sug¬ 
gests  that  the  presence  of  the  overshoot  in  the  fluxon  line 
shape  plays  a  vital  role  for  the  triggering  of  the  switch¬ 
ing.  The  qualitative  behavior  of  the  overshoot  can  be  un¬ 
derstood  by  studying  the  traveling  wave  reduction  of  Eq. 
(1).  With  the  following  change  of  variables 

^  =  x  +u/  ,  (14) 

Eq.  (1)  reduces  to 

( I  —u^)<^ff~sinifi=au^f~0u^fff—y  .  (15) 

This  ODE  has  a  three-dimensional  phase  space  with  fixed 
points 


tfiy=sin~'y±2Jir,  ^fj=0,  ,  (I6a) 

=n-—sin~'y±2k7r,  (I6b) 

The  single  fluxon  solution  of  Eq.  (I)  corresponds  to  a 
curve  connecting  the  points  and  ^y.,.),  as  is  shown  in 
Fig.'S.  Since  the  overshoot  occurs  near  the  ^y  point,  a 
linearization  of  Eq.  (IS)  around  this  fixed  point  can  pro¬ 
vide  useful  information  on  the  character  of  the  oscilla¬ 
tions  forming  the  overshoot.  Linearizing  Eq.  (IS)  around 
^7  gives  _  (rtt:,u.^> 

(l—u^)y{fQ(t-y^)'^y=auyf-0uy((j  ,  (17) 

where  ||y||  «l.  This  equation  has  a  general  solution  of 
the  form 

y  =  ,  (18) 


where  A,  B,  and  C  are  integration  constants  and  A.,,  Xj, 
and  ^are  the  roots  of  the  characteristic  polynomial: 

j»(A.)=-A.>--^^X^-h|-X-h  .  (19) 

0u  0  0u 


Because  of  its  structure,  P{k)  has  always  a  positive  real 
root  and  can  have  either  two  negative  real  roots  or  two 
complex  conjugate  roots  with  negative  real  part.  This 
implies  that  the  fixed  points  are  either  saddle  points  or 
saddle  foci,  as  described  by  Hayashi?  Eq.  (I9\i;*can  be 
solved  by  standard  methods,  obtaining'^i  fairly  complicat¬ 
ed  expression  for  X|,  and  ky  It  should  be  noted,  how- 
ever,  that  the  solution  of  Eq.  (1 9)  has  the  speed  u  as  an  in¬ 
dependent  parameter,  while  u  is  in  reality  a  function  of 
the  other  parameters  a,  0,  and  y.  Since  the  exact  relation 
for  u  is  not  known,  only  approximate  results  can  be  then 
obtained  by  this  linear  analysis.  Assuming,  for  high  bias, 
u  =  I,  it  is  easy  to  compute  that  in  order  to  have  complex 
roots,  the  bias  must  satisfy  the  following  condition: 

,  li/J 

y<  •  (20) 

Since,  for  reasonable  values  of  a  and  0,  the  right-hand 
side  of  Eq.  (20)  is  always  very  close  to  one,  this  condition 
states  that  the  oscillating  overshoot,  associated  with  the 
complex  roots  of  Eq.  (I9),  is  always  present.  In  the  same 


FIG.  5.  Sketch  of  the  phase  space  for  Eq.  (1 5).  The  fluxon 
solution  connecting  to  i^y i  is  shown. 
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way  it  is  possible  to  compute  the  period  T  and  the  decay 
rate  /x  of  the  overshoot  oscillations  as* 

ffi/y 

»  =  (22) 

where  terms  of  the  order  of  eP/^  have  been  neglected. 
The  result  from  Eqs.  (21)  and  (22)  has  been  checked  with 
the  numerical  results,  finding  good  agreement.  However, 
because  of  the  limitation  mentioned  above,  this  phase- 
space  analysis  cannot  predict  the  critical  bias  current 
value  at  which  the  fluxon  solution  becomes  unstable.  A 
qualitative  explanation  of  the  switching  is  nevertheless 
possible.  Perhaps  a  careful  global  analysis  of  the  ODE, 
Eq.  (15),  may  lead  to  a  quantitative  description  of  the  on¬ 
set  of  the  switching. 

IV.  OVERLAP  GEOMETRY 

In  this  section  a  study  of  the  mechanism  for  the 
switching  in  Junctions  of  overlap  geometry  is  presented. 
Overlap  geometry  Josephson  junctions  with  normalized 
lengths  / » 1  and  without  external  magnetic  field  ap¬ 
plied,  i.e.,  t;sO,  are  considered.  In  Fig.  6  an  experimen¬ 
tal  current-voltage  characteristic  is  shown,  with  six 
ZFS's.  The  first  zero-field  step  (ZFSl)  results  from  the 
oscillation  of  one  fluxon;  the  next  step  (ZFS2)  corre¬ 
sponds  to  two  oscillating  fluxons,  etc.  For  all  steps,  at 
sufficiently  high  bias  current,  the  fluxon  oscillations  be¬ 
come  unstable  and  a  switch  to  the  McCumber  curve 
occurs.  The  switching  is  indicated  by  the  arrows  in  Fig. 
6.  Figure  7  depicts  the  phase  ^{x,l)  of  one  fluxon  per¬ 
forming  a  stable  oscillation  back  and  forth  at  y^O.S,  as 
obtained  from  Eq.  (I)  solved  numerically.  The  parameter 
values  used  are  a=0.0S,  /3s0.02,  and  /=8.  An 
overshoot  behind  the  fluxon  is  clearly  visible.  Increasing 
Y  to  0.7  the  fluxon  becomes  unstable  and  a  fast  spatially 
uniform  rotation  emerges  after  a  short  transient.  In  Fig. 
8  this  transient  motion  is  shown  in  more  detail  for  a  junc¬ 
tion  of  length  1  —  12  and  with  y=0.74  using  otherwise 
the  same  parameter  values  as  in  Fig.  7.  Figure'8  displays 


FIG.  7.  Stable  fluxon  oscillations  corresponding  to  ZFSl  in 
an  overlap  junction. 

the  phase  at  successive  times  t  during  the  switching  start¬ 
ing  at  the  arbitrarily  chosen  reference  time&Y =0.  At 
y=0.73  the  fluxon  oscillation  is  stable.  Increasing  y  to 
the  value  0.74  the  fluxon  becomes  unstable  and  after  a 
couple  of  oscillations  the  fluxon  hits  the  right-hand 
boundary  (/— 12)  at  time  r~6  and  during  this  reflection 
it  becomes  unstable.  Immediately  after  the  reflection  the 
phase  has  increased  by  4ir  but  is  now  unstable  and  it  con¬ 
tinues  increasing  aAer  the  time  r~>14  leading  to  the  for¬ 
mation  of  additional  fluxons  which  travel  from  the  right- 


10  12 


r-» 


8  10  12 
* 


FIG.  6,  Experimental  l-V chsracleristic$l^a  long  Josephson 
junction  of  overlap  geometry.  Six  ZFS’s  are  shown. 


FIG.  8.  Time  sequence  of  the  switching,  (a)  0{fi  (flp  18.  (b) 
18($l@38. 


hand  boundary  towards  the  left-hand  boundary.  At  time 
f  - 1 8  these  fluxons  are  reflected  ^6^  the  left-hand  I 
boundary  and  annihilate  the  incoming  ones.  Eventually  j 
the  phase  develops  into  the  spatially  uniform  rotating  / 
solution  as  can  be  seen  from  Fig.  8(b).  From  Fig.  8  it  is 
evident  that  the  fluxon  is  destabilized  at  one  of  the  boun¬ 
daries  during  a  reflection  and  thereby  triggers  the  forma¬ 
tion  of  successive  fluxons  which  unwind  during  the  next 
reflection  at  the  opposite  boundary.  The  same  finding 
has  been  reported  by  Cirillo  ef  al.  from  a  study  of  the 
mechanical  analog  of  the  long  Josephson  junction.  i 

The  switching  can  be  illustrated  also  in  terms  of  encr-  j 
gy.  The  sine-Gordon  energy^  of  the  junction  is 

Jj[i(0,)^-hj(^,)*-hl-cos0]dx  .  (23) 

In  terms  of  the  pendula  model,  the  first  term  in  Eq.  (23)  is 
the  elastic  energy  arising  from  the  elastic  coupling  be¬ 
tween  the  pendula,  the  second  term  is  the  kinetic  energy, 
and  finally  the  term  in  (l-cos^)  is  the  potential  energy 
measured  from  the  static  downward  equilibrium  state.  In 
the  case  where  the  dissipation  and  the  external  bias  are 
absent.  Eq.  (1)  reduces  to  the  pure  sine-Gordon  equation 
which  can  be  written  as  a  Hamiltonian  system  with  the 
Hamiltonian  given  by  Eq.  (23).  When  the  perturbative 
terms  are  present.  Hr  ‘S  merely  the  total  energy  of  the 
system.  By  differentiating  Eq.  (23)  with  respect  to  the  ^ 


time  t  and  using  Eq.  (1)  together  with  the  boundary  con-  j 
ditions,  Eq.  (5),  it  is  easy  to  obtain 

+  .  (24)  I 

c 

where  the  power  input  and  output  have  been  defined  ac¬ 
cording  to 
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Note  that  the  terms  P„  and  Pg  extract  energy  from  flux¬ 
ons  or  antifluxons  whereas  the  term  Py  is  an  energy- 
injection  term  which  accelerates  fluxons  and  antifluxons  | 
in  opposite  directions.  | 

Figure  9  shows  the  time  evolution  of  the  total  energy 
and  the  power  input  and  output  terms  in  Eq^(2S).  Using 
the  parameter  values  a=sO.OS,  P—0.01,  and  /  =*12,  Figs.  i 
9(a)  and  9(b)  depict  the  total  energy  and  powers  in  the  i 
case  of  a  stable  fluxon  oscillation  at  y=0.73  just  below  | 
the  critical  bias  current  y„.  Over  one  period  of  oscilla-  | 
tion  the  tot^l  energy  remains  constant  and  the  power  in-  , 
put  balancq^the  power  output.  During  a  reflection  at  one  j 
of  the  boundaries  a  fast  4ir  change  occurs  in  the  phase  ^  | 


I 


FIG.  9.  Time  evolution  of  (a)  the  total  energy  Hy,  and  (b)  the  powers  Py  P„,  and  Pf  during  the  stable  motion  on  ZFSl.  Time  evo¬ 
lution  of  (c)  the  total  energy  Hy,  and  (d)  the  powers  Py,  P„,  and  Pg  during  the  switching  from  ZFSl. 
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and  the  dissipation  from  both  tenns  in  a  and  P  increases. 
This  results  in  a  pronounced  dip  in  the  total  energy  dur¬ 
ing  a  reflection.  It  is  important  to  note  that  this  energy 
loss  at  the  boundaries  is  purely  dissipative  and  is  not  a  re¬ 
sult  of  radiation  from  the  junction  end.^Such  radiation  is 
not  accounted  for  in  this  model.  In  FUs.  9(c)  and  9(d)  y 
~  has  been  increased  to  the  value  0.74  where  switching 
occurs  (see  also  Fig.  8).  During  the  switching  the  total 
energy  significantly  increases,  as  does  the  loss  due  to  the 
-  -  a  term.  Eventually  the  system  approaches  ^e  spatially 
^  uniform  McCumber  state  and  accordingly^t^Htic  loss  due 
to  the  0  term  vanishes.  When  equilibrium  has  been 
-  reached  on  the  McCumber  solution  the  averaged  total  en¬ 
ergy  will  again  be  constant  and  over  one  period  of  oscilla¬ 
tion  Py  will  balance  F,.  This  equilibrium  state  is  not 
_  shown  in  Figs.  9(c)  and  9(d). 

1 

V.  STABILITY  ANALYSIS  I 

BY  BOUNDARY  MODEL 

In  this  section  a  boundary-based  model  is  introduced 
to  explain  the  switching  from  the  ZFS’s  to  the 
McCumber  curve  in  the  overlap  geometry  Josephson 
junctions.  The  phenomenon  of  the  switching  in  overlap 
junctions  appears  to  be  related  to  some  instability  that 
takes  place  at  the  junction  boundary.  This  was  first 
pointed  out  by  Cirillo  et  (!/.'’•“  from  observations  on  the 
mechanical  analog  of  a  Josephson  junction.  The  same 
idea  can  be  deduced  by  a  caref^ul  analysis  of  Figs.  7  and  8. 

In  fact  in  Fig.  8(a)  it  can  be  seen  that  the  reflection  of  the 
fluxon  that  occurs  at  f  ~6  does  not  leave  the  boundary  in 
a  static  phase  configuration  (^  =  sin“*y +  2/nir)  as  occurs 
when  stable  fluxon  oscillations  are  observed  (Fig.  7).  A 
way  to  analyze  this  phenomenon  can  be  to  study  the  dy¬ 
namics  of  the  phase  at  the  junction  boundary  (say  at 
X  =0).  In  terms  of  the  chain  of  pendula  analog  of  the 
PSGE  this  corresponds  to  studying  the  dynamics  of  a  sin¬ 
gle  pendulum,  naniely  the  last  of  the  chain,  under  the 
fiuxon-antifluxon  collision  that  describes  the  process  of 
reflection  of  a  fluxon  at  the  junction  boundary.  Follow¬ 
ing  this  idea  one  can  rewrite  Eq.  (1)  as 

<l>„+a<l>,+iin(l)  =  r  +  ^a+P'^jLxi  ■  (26) 

This  equation  can  be  viewed  as  the  equation  of  a  single 
[_  pendulum  ^he  left-hand  side  of  Eq^  (26)]  driven  by  an 
effective  force  [the  right-hand  side  of  Eq.  (26)].  This 
.  effective  force  is  made  of  the  external  bias  y  Ihe  cou¬ 
pling  to  other  pendula  of  the  chain  The 

problem  here  is  that  the  eflTective  force  is  not  known,  be¬ 
ing  dependent  on  the  solution  ip  of  the  same  equation.  A 
reasonable  approximation  may,  however,  be  given  by  the 
analytic  expression  for  the  fiuxon-antifluxon  collision 
solution  of  the  sine-Gordon  equation,  which  can  be 
rewritten  in  a  form  that  takes  into  account  the  perturba¬ 
tive  terms  in  Eq.  (26)*  as 

+  '♦  fan"'  •  (27) 

^  where  P  is  the  corrected  Lorentz  factor  introduced  in  Eq. 
(12)35 


(  1  —  U^)'^ 

ir/A  (28) 

((1^1 -y^)'^* 

and  the  velocity  u  may  be  determined  by  the  single  Iluxun 
power-balance  expression  of  Eq.  (13).  Thus  Eq.  (26)  be- 


where 


<^i,(x=0,/)= 


—  4ur~^sinh(ur~'t) 
tt*-(-sinh^(ur"'t) 


=0,1) 


— 4u^r~^cosh(ur'''/)fu^sinh^(ur~‘f )] 
[u^-f-sinh^lur"'/)]^ 


Equation  (29)  has  a  static  solution  sin~'(y)  as  r— •<» 
corresponding  to  the  configuration  of  the  x  =0  penduliim 
in  the  mechanical  model  when  the  fluxon  is  still  far  away. 
When  the  incoming  fluxon  reaches  the  x  =0  point  (r— 0) 
the  right-hand  side  of  Eq.  (29)  changes  very  fast  leading 
to  a  4rr  increase  of  the  phase.  After  (he  fluxon  is  reflected 
(r  -f  oo),  the  phase  can  either  relax  to  the  new  equilibri¬ 
um  state  ^=sin“‘(y  )-f-4ir  or  go  to  the  rotating  state  cor¬ 
responding  to  the  McCumber  solution  of  the  simple  pen¬ 
dulum.  The  first  case  will  correspond  to  a  “normal” 
reflection  and  to  the  stable  dynamical  state  of  the  ZFS's, 
while  the  second  case  will  correspond  to  the  switching  to 
the  McCumber  branch  is  shown  in  Figs.  8  and  9.  The 
value  of  the  bias  y  that  corresponds  to  the  transition 
from  (he  first  case  to  the  second  one  will  then  be  the  one 
that  determines  the  switching  from  the  ZFS's  to  the 
McCumber  branch.  In  Fig.  10  the  time  evolution  is 
shown  of  p  and  of  p,  for  different  y  values  (curves  1-5) 
obtained  by  a  numerical  integration  of  Eq.  (29).  It  can 


FIG.  10.  Time  evolution  of  p  (left)  and  p,  (right)  for  the 
boundary  model.  The  curves  labeled  1-5  correspond  to  bias 
values  from  0.90  to  0.98  in  steps  of  0.02.  The  switching  occurs 
at  y  =0.95±0.0^^s»0.05, ^=«0.02,  and  /  =  ». 


clearly  be  seen  that  curve  3  (corresponding  to  y  =0.94)  is  I 
the  last  stable  state  and  a  further  increase  of  y  leads  to  j 
the  switching. 

VI.  RESULTS  AND  DISCUSSIONS 

Our  results  are  summarized  in  Fig.  11.  Figure  11(a), 
curve  a,  shows  the  length  dependence  of  the  critical 
switching  vale  of  y  for  overlap  junctions  with  a  =0.05 
and  /?= 0.02!^  Curve  b  is  the  /— »«  limit  for  the  switch¬ 
ing  value  in  annular  junctions  having  the  same  loss  pa¬ 
rameters.  As  can  be  seen,  the  critical  y  for  overlap  junc¬ 
tions  tends  asymptotically  to  a  value  lower  than  that  for 
annular  junctions.  In  passing,  we  note  that  curve  a  is 
quite  similar  in  form  to,  but  slightly  higher  in  current 
than,  the  curve  shown  in  Fig.  2  of  Ref.  7  (nominally  the 
same  problem).  In  this  conf||i{ctjoiY  we  comment  that  the 
value  of  obtained  c]epth$  father  sensitively  on  how  y 
is  increased  during  the  computations:  the  more  “adiabat¬ 
ic”  the  increase,  the  more  accurate  the  value  of  y,,,. 

Figure  11(b)  shows  the  a  dependence,  for  ^=0.02  and 
/  =  12,  for  overlap  junctions  (curve  annular  junctions 
A  (curve  b),  and  for  the  boundary  model  (curve  c).  Once 
again,  it  is  apparent  that  overlap  junctions  switch  at 
lower  current  values  than  do  annular  junctions.  And 


once  again,  our  curve  a  is  quite  similar  to  that  shown  in  < 

Fig.  4  of  Ref.  7. 

Figure  11(c)  shows  the  P  dependence,  for  a  =0.05  and  ! 

/  =  12,  of  Ytw  same  three  cases  as  before.  As  be-  : 

fore,  curve  a  lies  below  curve  b.  Comparing  our  curve  a,  ' 
however,  with  the  curve  shown  in  Fig.  5  of  Ref.  7,  a  | 
significant  difference  is  apparent:  our  result  indicates  | 
that  Y„  tends  smoothly  to  1  as  whereas  Zhang  and  i 
Wu’s  curve  bends  over  and  terminates  near  ysO.7.  In  | 
this  connection,  we  comment  that  the  implicit  finite  i 
difference  routine  of  Ref.  12,  used  also  by  Zhang  and  Wu,  ;  ^ 

was  developed  specifically  to  integrate  Eq.  (1)  with  ^^0.  | 

In  fact,  for  /7=0,  Eq.  (1)  is  a  second-  rather  than  third-  i  ^ 
order  equation,  and  much  more  efficient  explicit  algo-  I 
rithms  are  available.^'  Our  experience  indicates  that  fur  | 

P-*0  this  implicit  algorithm  must  be  used  with  great  ; 
care.  Even  though  condition  (10)  is  satisfied,  unless  very 
small  spatial  and  temporal  increments,  Ajc  and  At.  are 
used,  the  algorithm  tends  to  generate  spurious  oscilla¬ 
tions  which  can  completely  falsify  results. 

As  is  apparent  from  Figs.  1  Kb)  and  1  He),  the  boundary 
model,  curve  c,  gives  a  good  qualitative  description  of  the 
a  and  P  dependences  of  the  computed  y„  values,  curves 
a.  The  essential  difference  is  an  almost  constant  shift  of 
about  0.15  in  y.  This  remarkable  result  strengthens  the 


FIG.  1 1.  (a)  Dependence  of  the  critical  bias  on  the  Junction  length,  a  overlap  geometry.  6  annular  geometry  (/— oo).  a=a0.05and 
0  =  0.02.  (b)  Dependence  of  the  critical  bias  on  a.  a  overlap  geometry.  6  annular  geometry,  c  boundary  model.  0= 0.02  and /=  12 
(c)  Dependence  of  the  critical  bias  on /3.  a  overlap  geometry  (/  =  12).  6  annular  geometry,  c  boundary  model.  a  =  0.0J  and  /  =  12 
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idea  suggested  by  the  numerical  simulations  that  in  long 
junctions  of  overlap  geometry  the  switching  phenomenon 
IS  connected  to  an  instability  that  is  generated  at  the 
boundaries  after  the  fluxon-anlifluxon  reflection.  The  al¬ 
most  constant  shift  between  the  results  of  the  simple 
model  Eq  (29)  and  the  ones  from  the  complete  model  Eq. 
'  126)  IS  fully  due  to  the  choice  (27)  for  In  fact,  as  has 

been  shown  in  the  preceding  sections,  the  sine-Gordon 
solutions  are  not  anymore  a  good  approximation  to  the 
solution  of  Eq.  (26)  at  high  bias  values.  Indeed,  using  in 
Eq  (29)  a  numerical  solution  of  Eq.  (26)  for  ^^computed 
in  a  stable  state  close  to  the  switching  (a  =  0.0S,  0—Q.Q2, 
--  y  =  0. 7,  /  =  1 2)  the  correct  switching  value  for  y  is  com- 
puied  (y,,  =  0.72). 

Vll.  CONCLUSIONS 

In  this  paper  we  have  addressed  the  problem  of  the  sta- 
—  bility  of  the  fluxbn  motion  at  high  bias  values.  Two 
different  geometrical  configurations  have  been  con¬ 
sidered.  For  the  junctions  of  annular  geometry  the  insta- 
bility  in  the  fluxon  motion  arises  from  the  disappearance 
of  the  asymptotic  static  states  for  y=rl,  in  the  case 
P  «l.  or,  for  A^at  are  not  small,  from  the  nucleation 
_  of  fluxon-antifluxon  pairs.  In  the  latter  case  the  critical 
bias  value  is  smaller  than  one  and  tends  to  decrease  with 
increasing  0  (Fig.  1 1(c)]. 

An  analysis  of  the  third-order  ordinary  diflTerential 
^  ,  equation  (ODE)  governing  the  traveling  fluxons  in  the 

^  lunctiory^s  able  to  descnbc  qualitatively  the  deformation 

j  -  of  the  fluxon  profile  due  to  0  losses  that  are  not  small,  but 
'  It  cannot  predict  the  critical  bias  value  at  which  the 


fluxon  solution  becomes  unstable.  > 

In  the  overlap  geometry  junction  the  disappearing  of 
the  fluxon  oscillations  is  due  to  an  instability  that  is 
originated  at  the  junction  boundaries  after  a  fluxon-  ' 
antifluxon  reflection.  This  instability  causes  a  switching 
to  the  McCumber  curve  for  bias  values  lower  than  the 
ones  required  in  the  annular  geometry  case.  However, 
the  dependence  of  Y„  on  the  parameters  a  and  0  is  simi¬ 
lar  for  the  two  geometries.  The  dependence  of  on  the 
junction  length  shows  a  saturation  for  I  >  10,  to  a  value  - 
smaller  than  the  corresponding  one  in  the  annular  junc¬ 
tion  case  [Fig.  1 1(a)]. 

A  simple  model,  based  on  the  simulation  of  a  fluxon- 
antifluxon  reflection,  is  able  to  reproduce  qualitatively 
the  numerical  results.  An  analysis  based  on  the  Floquei  j 
theory  supports  the  idea  that  the  switching  is  due  to  a  | 
parametric  excitation  of  the  Fourier  components  of  the  ' 
phase. However,  since  ail  the  components  are  involved 
in  the  process,  it  is  not  possible  to  obtain  analytical  ex¬ 
pressions  for  the  critical  bias  values.  ' 
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Abstract 

We  use  the  method  of  ccij-to-cell  mapping  to  locate  attractors,  basins,  and  saddle 
nodes  in  the  phase  plane  of  a  driven  Josephson  junction.  The  cell  mapping  method  is  dis¬ 
cussed  in  some  detail,  emphasizing  its  ability  to  provide  a  global  view  of  the  phase  plane. 
Our  computations  confirm  the  existence  of  a  prcvioulsy  reported  interior  crisis.  In  additon 
we  observe  a  boundary  crisis  for  a  small  shift  in  one  parameter.  The  cell  mapping  method 
allows  us  to  show  both  crises  explicitly  in  the  phase  plane,  at  low  computational  cost. 
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I.  Introduction. 

Strange  attractors  of  a  periodically  driven  Josephson  Junction  are  studied  numerically 
by  means  of  simple  cell  mapping*.  We  focus  here  on  the  sudden  changes  of  strange 
attractors,  which  may  occur  when  some  parameter  values  are  altered.  These  changes  are 
called  crises^" Two  different  types  of  crises  are  discussed,  namely  the  boundary  crisis  and 
the  interior  crisis. 

Following  the  notation  of  Grebogi  et  al.  we  call  the  collision  of  a  stable  chaotic 
attractor  with  an  unstable  periodic  orbit  at  a  basin  boundary,  a  boundary  crisis.  Boundary 
crises  result  in  the  sudden  annihilation  of  the  chaotic  attractor.  In  contrast,  an  interior  crisis 
arises  from  a  similar  collision  of  attractors  from  within  a  single  basin.  In  this  case  the  chaotic 
attractor  has  a  sudden  expansion  in  phase  space. 

We  have  chosen  to  study  the  driven  Josephson  junction  for  a  range  of  parameters  al¬ 
ready  studied  by  Kautz^’^.  Kautz  has  found  two  crises,  one  at  each  end  of  the  paramter 
range,  and  he  has  identified  one  as  an  interior  crises.  We  confirm  this  result,  and  show  that 
the  other  crisis  is  a  boundary  crisis. 

To  study  numerically  the  global  behavior  of  the  Josephson  junction  it  is  advantageous 
to  use  cell  mapping  methods*'^" We  shall  use  only  the  simple  cell  mapping  algorithm 
where  the  2-dimcnsional  phase  space  is  divided  into  rectangles  or  cells  and  the  governing 
dynamical  equation  defines  a  way  to  map  each  cell  onto  another  in  the  phase  plane.  A  more 

g 

elaborate  cell  mapping  method  is  the  generalized  cell  mapping  procedure  .  Here  it  is  allowed 
for  a  mapping  of  a  cell  to  have  multiple  image  cells  with  appropriate  individual  mapping 
probabilities.  In  Ref.  9  the  two  above  cell  mapping  methods  are  combined  into  "compatible 
simple"  and  "generalized"  cell  mapping. 


The  organization  of  this  paper  is  as  follows.  Section  n  briefly  introduces  the  dynamical 
equation  of  the  system  under  study,  including  parameter  values.  TTicn  the  concepts  of  the 


cell  mapping  method  arc  developed,  and  some  of  its  limitations  arc  pointed  out.  Section  III 
presents  the  computed  current-voltage  (I-V)  curve  for  the  parameters  of  interest,  along  with 
a  1  dimensional  Poincare  map.  These  were  the  tools  used  by  Kautz  in  his  investigation,  and 
we  repeat  them  here  both  as  confirmation  of  his  work,  and  to  provide  benchmarks  for  our 
cell  mapping  study.  Section  IV  uses  cell  mapping  and  Poincare  sections  to  identify  parame¬ 
ters  for  which  a  boundary  crisis  occurs,  and  to  locate  in  phase  space  the  relevant  attractors. 
Section  V  extends  cell  mapping  to  compute  basins  of  attraction,  and  manifold  crossings. 
Both  the  new  boundary  crisis  identified  in  Section  IV  and  Kautz’s  interior  crises  are  studied. 


n.  Model  Equation  and  Numerical  Method. 

The  equation  describing  the  dynamics  of  a  driven  Josephson  junction  is  given  by^* 

^  +  sin  *  7)  +  Asin(«t)  .  (1) 

Here  overdots  denote  derivatives  with  respect  to  time  t.  ^  =  0(t)  is  the  phase  difference 
across  the  junction,  a  is  the  quasi  particle  damping  term,  given  by  a  =  l/y^,  where  ^  is  the 
McCumber  parameter",  and  tj  is  the  constant  dc  bias  current.  A  and  w  denote  the  amplitude 
and  frequency  of  the  external  driving  force,  respectively.  Only  the  Tj-term  has  been  varied 
and  the  other  parameters  have  been  fixed  at  the  values:  a  =*  0.2,  A  =*  10.198039  (for  com¬ 
parison  with  ref.  5),  and  «  =  1.0.  The  dynamical  equation  (1)  is  solved  numerically  using  a 
fourth-order  Runge-Kutta  algorithm.  The  solution  may  be  displayed  in  the  phase  plane  as  a 
Poincare  section  where  points  (<#)(t),  (^(t))  are  plotted  after  every  period  T  *  2it/u  of  the 
drive  cycle  Here  <)(t)  is  treated  modulo  Ijt,  from  — ir  to  it.  The  Poincare  map  gives  a  good 
geometrical  view  of  the  dynamics  by  which  we  can  identify  the  different  attractors.  To  study 
the  global  behavior  of  the  system,  the  basins  of  attraction  of  the  different  attractors  must 
be  found.  To  do  this  by  solving  Eq.  1  numerically  with  initial  conditions  distributed  uniformly 
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over  a  finite  subset  of  the  phase  plane  is  a  very  time  consuming  procedure.  A  more  efficient 
way  of  getting  the  basins  of  attraction  is  to  use  the  cell  mapping  method*’^ 

In  the  cell  mapping  method  we  divide  an  interesting  subset  of  the  phase  plane  into  cells. 
Let  us  for  simplicity  introduce  the  notation  and  ^  X2-  ^  finite  rectangular  subset 

of  the  2-dimensional  phase  space  of  Eq.l  is  then  divided  into  N  rectangular  cells.  We  shall 
use  uniform  cells  of  width  hj  and  height  hj-  If  Nj  denotes  the  number  of  cells  in  the  Xj-di- 
rection,  and  Lj  denotes  the  length  of  the  subset  in  the  Xj-direction,  then  hj  »  Li/Nj  . 
Similarly,  we  have  for  the  X2  direction  that  h2  =»  L2/N2.  The  cells  are  counted  sequentially 
beginning,  for  example,  at  the  cell  in  lowest  row  to  the  left,  counting  along  the  lowest  row. 
and  ending  with  the  cell  No.  N  *  N|  Nj  in  the  uppermost  row  to  the  right.  The  i’th  cell  Z' 
=  (z'l,  12),  i  =■  1,2  ...  N,  is  now  defined  to  contain  all  points  (X|,  X2)  which  satisfy 

Zj  -  hj  S  Xj  <  zj  +  “  j  -  1,2  .  (2) 

z'j,  j=l,2,  are  the  coordinates  of  the  ccntcTT>oint  of  the  i'th  cell.  To  get  a  ceU  to  cell  mapping 
we  integrate  Eq.l  over  one  period  T  of  the  external  driving  force  using  the  center  point  Z' 
of  the  i’th  cell  as  initial  condition.  This  is  done  for  each  cell  i.  The  final  state  point  after  the 
integration  will  lie  either  inside  an  existing  cell  which  can  be  identified  according  to  Eq.  2 
or  outside  the  subset  of  interest.  In  the  later  case  we  shall  introduce  a  sink  cell,  denoted  Z*^. 
whjcb  then  absorbs  points  escaping  outside  the  region  of  interest. 

By  definition  the  sink  cell  is  mapped  into  itself.  To  each  cell  including  the  sink  cell  we 
have  now  assigned  an  image  cell  and  the  mapping  so  defined  is  denoted  C.  Let  Z(l)  be  an 
arbitrary  initial  cell.  After  n  applications  of  C,  Z(l)  is  mapped  into  Z(n)  and  we  write 
Z(n+  1  )=C(Zfn)).  The  evolution  of  the  system  can  be  periodic  in  the  sense  that  a  cell  Z  is 
mapped  into  itself  after  K  applications  of  C.  Such  a  motion  is  called  K  periodic  or  a  P-K 


motion.  The  K  different  cells  traversed  in  a  P-K  motion  form  a  periodic  group  and  the  cells 
belonging  to  this  group  arc  called  P>K  cells.  The  cells  which  eventually  arc  mapped  into  this 
group  through  repeated  application  of  C  belong  to  the  basin  of  attraction  of  this  P-K  group. 

The  evolution  of  the  system  from  a  given  initial  cell  can  lead  to  only  three  different 
outcomes.  1)  The  initial  cell  is  itself  a  periodic  cell,  2)  the  initial  cell  belongs  to  the  basin  of 
attraction  of  a  P-K  group,  or  3)  the  initial  cell  is  mapped  into  the  sink  cell.  This  elementary 
analysis  forms  the  basis  for  a  very  efficient  unravelling  numerical  algorithm  designed  by  C.S. 
Hsu  et.  al.  in  Ref.  1.  This  algorithm  has  been  used  here  to  determine  all  regions  of  attraction 
and  their  basins  of  attraction  for  Eq.  1.  in  a  given  subset  of  phase  space.  After  having  made 
the  discretization  into  ceils  and  determined  the  cell  to  cell  map  the  system  dynamics  have 
been  reduced  to  simple  sorting  of  integers  which  requires  only  a  minimum  amount  of  com¬ 
puter  resources.  However,  the  simple  cell  mapping  procedure  has  to  be  used  cautiously.  The 
reason  is  that  the  discretization  introduces  errors  which  result  in  qualitative  differences  from 
the  original  system.  The  cell  map  may  find  periodic  groups  which  correspond  to  unstable 
attractors  in  the  continuous  problem.  Some  periodic  groups  with  a  high  period  may  corre¬ 
spond  to  a  chaotic  attractor,  or  several  groups  may  represent  different  parts  of  the  same 
attractor  in  the  original  system.  These  errors  can  be  ameliorated  by  using  finer  grids  or  by 
using  the  refined  cell  mapping  procedures  described  in  Refs.  (8-9),  but  they  arc  inherent  in 
the  discretization  of  phase  space  used  in  ceil  mapping. 


in.  Interpretation  of  the  1-V  characteristic  in  terms  of  crises. 

Before  applying  the  cell  mapping  procedure,  we  shall  give  an  interpretation  in  terms 
of  crises  of  the  part  of  the  I-V  characteristic  shown  in  Fig.  1.  This  I-V  curve  was  obtained 
by  numerically  solving  Eq.  1  and  plotting  the  bias  current  tj  versus  the  time  average  <  >  . 

which  is  proportional  to  the  voltage  across  the  junction.  The  same  1-V  curve  (with  the  same 
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parameters)  has  been  published  by  Kautz^'^  in  another  connection,  hence  a  direct  compar¬ 
ison  is  possible. 

In  Fig.  1  T)  was  varied  from  tj  a  1.78  to  tj  *  1.90  .  and  the  other  parameters  were  fbced 
at  the  values  stated  in  the  previous  section.  We  focus  on  the  vertical  line  segmanet  in  Fig.  1 
at  the  value  10  on  the  voltage  axis.  It  can  be  shown  that  along  this  line  <f>  is  phase-locked  to 
the  oscillatory  driving  force.  The  question  we  address  (and  addressed  by  Kautz^)  is,  how  is 
the  phase  lock  destroyed  at  either  end  of  this  constant  voltage  step?  Kautz  was  able  to  show 
that  the  gradual  departure  at  the  top  of  the  step  is  due  to  an  interior  crisis,  but  he  left  the 
lower  end  unresolved.  Note  that  the  lower  end  involves  a  hysteresis  loop,  where  the  voltage 
jumps  back  and  forth  between  the  step  and  some  noisy  curve  as  the  current  is  changed  very 
slightly  between  tj  »  1.802  and  tj  «  1.822.  The  hysteresis  loop  implies  that  two  attractors 
coexist  in  phase  space,  and  suggests  that  a  boundary  crisis  between  these  two  attractors  could 
be  involved. 

This  is  shown  more  clearly  in  Fig.  2,  where  wc  have  plotted  (i»(nT)  from  the  Poincare 

2ir 

section  at  corresponding  Tj-valucs,  where  T  “-jj"  denotes  the  period  of  the  external  driving 
frequency.  From  Fig.  2  it  is  evident  that  a  chaotic  dynamic  state  exists  in  the  tj  -interval 
1.78<Tj<1.822  and  this  chaotic  state  causes  the  erratic  form  of  the  I-V  characteristic. 

Coexistent  with  the  chaotic  dynamic  state  there  is  a  simple  period  one  solution  in  the 
TJ  -interval  1.802<tj<  1.822  .  The  associated  piece  of  the  I-V  curve  is  phase  locked  and  the 
voltage  V  =  <(j.>  a  10  is  strictly  constant.  The  phase  locked  state  is  characterized  by  the 
relation  <#)(t  +  nT)  =*  +  2mTr  and  accordingly  the  voltage  across  the  junction  becomes 

V  =  <<i)>  =  X  .  In  the  case  of  Fig.  1  m=10  and  n*«l,  i.e.  the  junction  is  locked 
on  the  step  No.  =  10  .  When  tj  is  increased  beyond  1.822  the  chaotic  attractor  disappears 
and  only  the  period  one  or  phase  locked  state  remains.  The  reason  for  this  behavior  is  ap¬ 
parent  from  Fig.  2.  Together  with  the  stable  period  one  state  there  exists  an  unstable  penod 


one  hyperbolic  point  shown  as  a  dashed  curve  and  marked  U>1.  The  unstable  periodic  points 
shown  in  this  figure  and  in  the  Figs.  4-7  have  been  located  with  the  Newton-Raphson  algo¬ 
rithm  described  in  Ref.  12.  When  the  chaotic  attractor  collides  with  this  unstable  periodic 
solution,  a  boundary  crisis  occurs  andJhc  chaotic  attractor  disappears.  After  the  occurrence 
of  this  boundary  crisis  only  the  phase  locked  part  of  the  1-V  curve  remains,  as  may  be  seen 
in  Fig.  1 . 

The  interior  crisis  at  the  top  of  the  voltage  step  in  Fig.  1  can  also  be  discerned  in  Fig. 
2.  Here  we  see  a  Feigenbaum  sequence  with  period  doubling  bifurcations  when  increasing 
rf  from  1.822  up  to  1.888.  At  the  first  period  doubling  bifurcation  we  have  ma20  and  ns2, 
at  the  next  we  have  mai40  and  na4,  and  so  on.  This  means  that  the  junction  remains  on  the 
phase  locked  step  number—  «  10 ,  and  even  in  the  chaotic  region,  which  follows  the  period 
doubling  bifurcations,  the  voltage  across  the  junction  remains  constant.  As  the  voltage  is 
determined  as  a  mean  value  <(j>>  ,  we  cannot  see  from  the  I-V  curve  alone  that  the  above 
period  doubling  bifurcation  followed  by  a  chaotic  window  has  occurred.  However,  at 
ti  »  1 .888  a  change  in  the  1-V  curve  is  again  observed.  The  voltage  V  decreases  and  becomes 
irregular.  From  the  Poincare  section  we  notice  that  an  unstable  period  three  orbit  marked 
U-3  and  created  at  =  1.851,  has  collided  with  the  chaotic  region  mentioned  above.  TTiis 
collision  results  in  an  interior  crisis  and  accordingly  the  chaotic  region  expands  suddenly, 
filling  out  a  larger  subset  of  phase  space.  When  this  expansion  occurs  the  junction  is  no 
longer  phase  locked  on  step  number  10. 


IV.  Cell  to  cell  manning  and  boundary  cri.sis. 

We  shall  now  apply  the  cell  to  cell  mapping  to  show  in  more  detail  the  collision  between 
the  unstable  periodic  orbit  and  the  chaotic  attractor  in  the  rj-intcrval  [  1.80  ;  1.825  ].  Figs. 
3a-c  are  phase  plane  plots  approaching  the  crisis,  and  in  Fig.  3d,  the  crisis  has  occurred.  All 
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of  these  plots  show  the  conventionally  generated  Poincare  maps  as  a  multitude  of  tiny  dots, 
one  dot  for  each  cycle  of  the  periodic  driving  force.  The  larger  symbols  represent  various 
periodic  groups  as  found  by  the  cell  mapping  method.  The  small  open  circle  labelled  U-1  is 
a  saddle  point  as  calculated  by  the  Newton  Raphson  technique  .  No  basins  of  attraction 
are  shown.  The  extended  chaotic  attractor  made  visible  by  the  Poincare  maps  in  Figs.  3a-c 
disappears  in  Fig.  3d  bccuase  of  the  crisis. 

The  general  trend  to  follow  in  these  figures,  is  that  as  v  rises  and  we  move  from  Fig. 
3a  to  Fig.3b  to  Fig.  3c,  a  finger  of  the  chaotic  attractor  moves  toward  the  unstable  saddle 
point.  When  the  finger  touches  the  saddle  point  the  crises  occurs,  and  the  chaotic  attractor 
disappears,  as  in  Fig.  3d.  The  beauty  of  the  cell-mapping  method  is  first,  that  it  can  find 
unstable  attractors,  and  second  that  it  gives  us  a  measure  of  confidence  that  we  arc  following 
all  the  relevant  attractors  in  phase  space. 

In  the  cell  to  cell  mapping  we  have  divided  the  subset  [  -ir  <  Xj  <  ir]  x 
C  -2ir  <  X2  <  2it2  into  NX  x  NY  =  50  x  100  cells.  In  Fig.  3a  equals  1.80  and  only  one 
chaotic  attractor  exists  at  this  77-valuc.  However,  in  the  cell  to  cell  map  we  found  5  periodic 
groups  For  each  of  these  groups  the  average  voltage  was  calculated  for  the  associated  peri¬ 
odic  motion  and  the  attractors  were  then  sorted  according  to  their  voltages.  In  the  original 
system  the  voltage  corresponding  to  a  given  attractor  is  an  integer  if  biased  on  a  phase  locked 
state.  To  each  phase  locked  state  there  exists  only  one  attractor.  Therefore,  when  using  cell 
mapping,  we  regard  two  or  more  attractors  which  arc  formally  distinct  as  identical  provided 
their  periodic  motion  give  rise  to  the  same  integer  voltage.  In  regions  of  ehaos  the  ehaotic 
attractor  will  result  in  voltages  which  arc  non-integers. 

The  identification  of  chaotic  attractors  with  periodic  groups  is  a  little  more  subtle.  Due 
to  the  finite  number  of  ceils  wc  can  only  get  periodic  orbits  when  using  cell  mapping.  How- 
ever,  wc  may  identify  a  chaotic  attractor  with  a  periodic  group  if  the  group  period  is  large 


and  the  corresponding  voltage  is  noo-integcr.  As  in  the  phase  locked  case,  formally  distinct 
cell  map  groups  will  be  considered  to  belong  to  the  chaotic  attractor,  provided  the  voltage  is 
non-integer.  (This  will  be  the  case  even  if  the  voltages  are  not  identical.)  The  only  require¬ 
ment  is  that  the  voltages  are  non-integer  and  that  the  Poincare  map  reveals  only  one  chaotic 
attractor  for  the  parameter  values  under  consideration.  ■ 

As  mentioned  above  we  found  5  groups  in  the  cell  to  cell  map  at  77=*  1.80  (see  Fig.  3a). 
Two  of  these  are  a  P-16  group  with  voltage  V=8.750  and  a  P-6  group  with  voltage  V=*8.501. 
As  the  voltages  are  non-integer  and  as  we  know  from  the  Figs.  1-2  that  only  one  chaotic 
attractor  exists  at  t7»1.80  the  two  periodic  groups  are  artificially  distinct  and  we  shall  regard 
both  of  them  as  belonging  to  the  chaotic  attractor.  In  Fig.  3a  these  two  groups  together  are 
marked  by  crosses,  and  we  observe  that  they  fit  well  to  the  real  attractor  obtained  from  the 
Poincare  section.  TTiis  means  that  the  cell  to  cell  map  provides  a  fairly  accurate  picture  of  the 
chaotic  attractor  even  with  suen  a  crude  discretization  grid  as  50  x  100.  Furthermore,  the 
cell  map  reveals  a  P-2  group,  marked  by  downward  pointing  triangles,  with  voltage  V=8.000, 
(step  8),  a  P-l  group  marked  by  a  solid  square  with  V=:9.008,  (step  9),  and  finally  a  P-1 
group  marked  by  an  upward  pointing  triangle  with  V«  10.003,  (step  10).  These  periodic  cell 
map  groups  have  been  found  artificially,  and  they  arc  not  stable  in  the  original  model 
equation  (1).  However,  the  above  three  steps  or  attractors  are  stable  for  7j-valucs  nearby. 
We  believe  that  there  arc  periodic  transients  or  ’shadows’  of  the  above  periods  which  the  cell 
map  procedure  picks  up.  This  fact  is  useful  when  searching  for  attractors  in  a  given  parameter 
region. 

In  Fig.  3b  tj  is  raised  from  1.80  to  1.81  and  from  Figs.  1-2  two  coexistent  attractors 
arc  present,  a  chaotic  one  and  a  periodic  one  with  V=10.  Six  periodic  groups  have  been 
found  by  cell  mapping.  There  is  a  P-12  group  with  V=8.498.  marked  by  crosses,  which  is 
dearly  as.sociaicd  with  the  chaotic  attractor.  Three  other  groups,  marked  in  common  with 
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dowo  pointing  triangles  are  associated  with  a  shadow  of  a  nearby  Vs8  attractor.  Finally  cell 
mapping  produced  two  V«  10  attractors,  in  the  form  of  a  P-1  group  and  a  P-2  group  marked 
by  up  pointing  triangles  in  Fig.  3b.  The  two  circled  triangles  arc  the  P-2  group. 

Clearly,  these  last  two  groups  correspond  to  step  No.  10  in  the  continuous  problem, 
and  arc  not  shadows.  The  P-1  group  coincides  with  the  period  one  orbit  (marked  by  a  dia¬ 
mond  on  Fig.  3c)  obtained  from  direct  numerical  simulations  of  Eq.l.  The  P-2  group  is  the 
unstable  periodic  orbit  created  at  the  saddle-node  bifurcation  at  7a*  1.802.  It  is  easy  to  un¬ 
derstand  why  the  cell  map  is  able  to  pick  up  this  unstable  saddle  point.  If  the  saddle  point  is 
approached  along  one  of  its  two  stable  manifolds  it  will  take  very  long  time  to  reach  :hc 
saddle  point.  Therefore  a  cell  around  the  saddle  or  very  close  to  it  may  be  mapped  into  itself. 
In  this  case  two  cells  close  to  the  saddle  have  been  mapped  into  themselves  and  their  posi¬ 
tions  indicate  with  good  accuracy  the  position  of  the  saddle  point.  This  has  been  verified  by 
the  Newton-Raphson  iteration  procedure  for  finding  fbted  points*^.  The  exact  position  of  the 
unstable  saddle  point  is  shown  by  the  small  open  circle  in  Fig.  3b. 

In  Fig.  3c  7  is  raised  to  the  value  1.82.  The  cell  map  procedure  gives  three  periodic 
groups  on  step  No.  10,  namely  two  P-I  groups  and  one  P-2  group.  One  of  the  P-I  groups  is 
positioned  at  the  unstable  orbit  and  in  Fig.  3c  its  position  is  marked  by  the  lettering  U-1. 
Wc  observe  that  the  chaotic  attractor  (small  dots)  nearly  touches  the  saddle  point  U-1.  so 
that  we  arc  close  to  the  boundary  crisis  which  occurs  at  7*  1.822.  The  stable  periodic  orbit 
determined  directly  from  Eq.l  is  marked  by  a  diamond,  and  agrees  well  with  the  cell  map 
result.  Similarly  the  Newton-Raphson  algorithm  finds  the  unstable  saddle  point  to  be  located 
very  close  to  the  unstable  point  found  by  cell  mapping.  In  Fig.  3c  the  exact  position  is  shown 
by  a  circle.  Furthermore,  the  cell  to  cell  map  shows  a  P-22  group  with  V=8.634  and  again 
this  large  group  fits  well  with  the  chaotic  attractor  obtained  from  the  Poincare  section. 


In  Fig.  3d  rj  has  been  increased  to  the  value  1.825  which  is  above  the  the  value  of  77  = 
1.822  where  the  boundary  crisis  occurs.  The  chaotic  attractor  has  vanished  and  only  the 
period  one  stable  solution  marked  by  a  diamond  is  present.  However,  the  cell  map  procedure 
has  found  6  periodic  groups.  Two  of  them,  marked  with  up  triangles,  correspond  to  step  No. 
10,  and  the  one  closest  to  the  diamond  mark  is  the  stable  period  one  solution,  and  the  other 
one  is  the  unstable  saddle  point,  still  labeled  U-1,  which  has  just  collided  with  the  chaotic 
attractor.  The  position  of  the  unstable  point  found  from  the  Newton-Raphson  iteration 
procedure  is  marked  by  a  circle  and  again  the  cell  map  result  shows  excellent  agreement  with 
the  Newton-Raphson  algorithm.  The  other  groups  that  the  cell  to  cell  map  has  picked  are 
again  shaows,  the  results  of  transients  of  real  attractors  which  appear  close  to  the  7j-valuc 
of  1.825.  These  artificial  groups  are:  one  P'5  group  with  voltage  V*a9.000,  a  P-6  and  a  P-2 
group  with  voltages  V-8.004  and  V=i7.996,  respectively,  and  finally  a  ’chaotic’  P-7  group 
with  Va8.433.  This  P-7  group  is  the  result  of  the  chaotic  transient  due  to  the  chaotic 
attractor  which  existed  before  the  boundary  crisis. 

Fig.  3  clearly  shows  that  a  crisis  occurs  as  the  strange  attractor  touches  the  saddle 
point,  but  why  should  such  an  event  be  termed  a  boundary  crisis?  The  reason  is,  as  shown 
in  the  next  section,  that  the  saddle  point  lies  directly  on  a  basin  boundary. 

V.  Basin  boundaries  and  hcteroclinic  manifold  crossings. 

In  this  section  we  shall  use  the  cell  to  cell  mapping  to  illustrate  heteroclinic  tanccncics 
and  crossings  of  the  stable  and  unstable  manifolds  of  saddle  orbits  on  basin 
boundaries  ’  .  Both  the  boundary  crisis  and  the  interior  crisis  will  be  treated.  We  will  use 
cell  mapping  to  compute  basins  of  attraction,  and  illustrate  that  the  saddle  points  lie  on  basin 
boundaries.  Wc  consider  the  subset  C  -'»'■<  x,  <  ir]  x  [O  <  X2  <  1  ]  which  is  divided  into 
NX  X  NY  =  100  X  100  cells.  Note  that  the  division  into  cells  is  finer  in  this  case  than  pre- 


viously.  therefore  the  cell  to  cell  map  will  give  considerably  more  precise  results.  We  start 
with  the  boundary  crisis.  Fig.  4  shows  the  basin  of  attraction  (marked  by  dots)  of  the  stable 
period  one  solution  on  step  No.  10,  just  at  the  ij-value  1.822  where  the  boundary  crisis  oc¬ 
curs.  No^  that  the  chaotic  attractor  just  touches  the  border  of  the  basin  of  attraction  for  the 
No.  10  step.  This  "touching"  is  a  tangency,  as  discussed  below. 

The  attracting  point  is  marked  by  the  up  triangle.  The  white  region  consists  of  ceils 
which  disappear  from  the  subset  of  interest  and  they  are  mapped  into  the  sink  cell.  (Con¬ 
sidering  all  of  the  phase  plane,  points  in  the  white  region  actually  belong  to  the  basin  of  at¬ 
traction  of  the  chaotic  attractor.)  The  period  one  saddle  point  (U-1)  is  marked  by  a  circle 
in  Fig.  4  and  lies  on  the  borderline  of  the  basin  of  attraction  of  the  stable  period  one 
attractor.  This  borderline  is  also  the  stable  manifold  of  the  saddle  point  (U-1).  That  is. 
points  on  the  basin  boundary  are  attracted  to  (U-I).  One  branch  of  the  unstable  manifold 
(along  which  points  are  repelled  from  (U-1))  is  directed  along  the  chaotic  attractor.  The 
other  unstable  branch  extends  toward  the  up  triangle.  We  sec  from  Fig,  4  that  part  of  the 
unstable  manifold,  namely  the  strange  attractor,  actually  touches  the  stable  manifold,  the 
basin  boundary,  in  several  places  at  the  same  time.  Hence  if  the  system  begins  in  a  state  of 
chaos  on  the  stange  attractor,  it  will  eventually  touch  the  stable  manifold  of  (U-1)  and  be 
sent  to  the  stable  fixed  point  attractor  with  V=]0  represented  by  the  up  triangle  in  Fig.  4, 
and  this  is  the  most  complete  illustration  of  the  boundary  crisis. 

From  Fig.  4  this  tangency  of  the  strange  attractor  at  (U-1)  would  be  called  a 
homoclinic  tangency,  since  only  one  saddle  point  is  shown.  However,  since  the  mapping  was 
computed  modulo  2  tr,  we  actually  have  infinitely  many  saddle  points.  In  accordance  with 
ref.  2.  we  believe  that  the  unstable  manifold  of  a  given  saddle  accumulates  on  the  stable 
manifold  of  the  previous  saddle  point,  and  accordingly  Fig.  4  shows  hetcroclinic  tangcncics 
when  the  boundary  crisis  occurs. 
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In  Fig.  5,  T)  has  been  increased  to  the  value  1.823  which  is  above  the  value  where  the 
boundary  crisis  occurred.  The  basin  of  attraction  of  the  period  one  attractor,  shown  as  dots, 
has  been  obtained  using  the  cell  to  cell  mapping  procedure.  The  crosses  denote  periodic 
groups  that  Lie  on  the  transient  chaotic  attractor  .which  is  a  remnant  of  the  stable  chaotic 
attractor  for  tj  less  than  1.822.  This  transient  indicates  hetcroclinic  crossings  of  stable  and 
unstable  manifolds.  Points  on  the  transient  chaotic  attractor  will  eventually  come  close  to 
the  saddle  point,  marked  by  the  circle  in  Fig.  5,  passing  it  along  the  unstable  orbit  which  lies 
in  the  basin  of  attraction  of  the  stable  period  one  attractor.  Thereby,  the  chaotic  attractor 
from  Fig.  4  is  destroyed.  (That  is,  the  attractor  for  the  No.  10  step,  marked  by  the  up  tri¬ 
angle.  is  now  the  only  stable  attractor.) 

Now  we  consider  the  interior  crisis.  Fig.  6  depicts  the  phase  locked  chaotic  attractor 
(solid  line)  as  obtained  from  direct  numerical  simulation  of  Eq.l  at  t)=  1.886.  This  chaotic 
attractor  appears  after  the  Feigenbaum  sequence  seen  in  Fig.  2.  The  cell  to  cell  map  found 
a  P-17  group  with  V*  10.000,  a  P-1  group  with  V«9.996,  and  finally  a  P-2  group  with 
ValO.OOl.  These  three  cell  map  groups  all  belong  to  step  No.  10.  The  associated  basin  of 
attraction  for  these  three  attractors  is  shown  as  dots.  The  cell  map  groups  are  marked  by  up 
triangles,  and  they  all  lie,  except  for  the  P-1  group,  exactly  on  the  phase  locked  chaotic 
attractor  (solid  line).  From  the  Newton-Raphson  algorithm  we  have  identified  the  P-1  group 
as  the  period  one  saddle  point  shown  in  Fig.2  and  marked  by  a  circle  in  Fig.  6.  The  interior 
crisis  occurs  between  1.886  and  1.887  and  what  happens  is  that  the  chaotic  attractor 
collides  with  the  unstable  period  three  saddle^  shown  as  circles  and  labelled  (U-3)  in  Fig.  6. 
The  period  three  saddle  has  been  obtained  by  using  the  Newton-Raphson  algonthm.  Its  tra- 
jectoncs  arc  shown  as  dashed  curves  in  Fig.  2  (marked  again  by  the  lettering  U-3)  which  also 
indicates  the  collision  between  the  chaotic  attractor  and  the  period  three  saddle.  The  chaotic 
attractor  is  again  a  subset  of  the  unstable  manifolds  of  the  period  three  saddles.  The  stable 
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manifolds  lie  on  the  basin  boundaries.  From  Fig.  6  we  observe  that  the  unstable  manifolds 
become  tangent  to  the  stable  manifolds  at  the  tj  value  where  the  interior  crisis  happens.  For 
7)  above  this  value  the  unstable  and  stable  manifolds  intersect  each  other  resulting  in  an  ex¬ 
pansion  of  the  chaotic  attractor.  This  intersection  is  apparent  from  Fig.  7  where  tj  has  been 
increased  to  1.888. 

VI.  Conclusions. 

We  have  used  cell  to  cell  mapping  to  study  and  explicitly  display  a  boundary  crisis  and 
an  interior  crisis  in  a  driven  Josephson  Junction.  Using  a  coarse  cell  division  the  cell  mapping 
procedure  will  pick  up  remnant  periodic  and  remnant  chaotic  transients  in  addition  to  the 
original  existing  attractors.  With  finer  cell  division  we  obtained  very  precise  pictures  of  the 
tangcncies  and  crossings  of  unstable  and  stable  manifolds  during  both  a  boundary  crisis  and 
an  interior  crisis.  This  has  been  confirmed  by  calculating  fixed  points  from  the  Newton- 
Raphson  algorithm  and  from  Poincare  sections. 

When  exploring  the  global  behavior  of  the  Josephson  junction  the  cell  mapping  pro¬ 
cedure  provides  a  fairly  accurate  picture  of  the  dynamics.  Stable  and  unstable  fixed  points 
and  associated  basins  of  attractions  can  be  found  efficiently  and  at  a  low  computational  cost. 
The  same  applies  to  the  strange  attractors  and  their  basins  of  attraction.  When  more  detailed 
and  accurate  results  arc  needed  one  can  use  the  information  gained  from  the  cell  mapping  in 
applying  the  more  precise  tools,  such  as  the  Poincare  map  and  the  Newton-Raphson  iteration 
procedure.  This  is  particularly  valuable  in  the  latter  case  where  a  good  initial  guess  for  the 
position  of  an  unstab’e  fixed  point  is  necessary. 
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Fig.  2  Bifurcation  diagram  showing  a  boundary  crisis  and  an  interior  crisis.  The  parameter 
values  used  are  as  in  Fig.  1.  The  unstable  period  one  and  period  three  saddles  are 
shown  as  dashed  curves  marked  U-l  and  U-3.  respectively. 
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Fig.  3  Poincare  section  of  the  chaotic  attractor  for  Eq.  I  at  parameter  values  a  *  0.2. 
A=  10. 198039027,  and  w  =  1.0.  Periodic  attractors  obtained  from  the  cell  mapping 
procedure  arc  also  shown  using  the  subset  [  — ir  <  Xj  <  ir]  x  [  -2ir  <  X2  <  2^] 
which  have  been  divided  into  50  x  100  cells.  The  average  voltage  of  the  periodic 
groups  marked  by  down  pointing  triangles,  squares,  and  up  pointing  triangles,  arc  8. 
9,  and  10,  respectively,  corresponding  to  step  Nos.  8.  9  and  10.  The  crosses  denote 
periodic  groups  with  non-integer  voltage.  Stable  periodic  orbits  determined  directly 
from  the  Poincare  section  arc  marked  with  a  diamond  and  circles  show  period  one 
saddles  determined  from  the  Newton-Raphson  algorithm,  (a)  tjatl.SO.  (b)  ij»1.81 


(c)  t,=  I.S2.  (d)  r,=.1.825. 
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Pig.  3  Poincare  section  of  the  chaotic  attractor  for  Eq.l  at  parameter  values  a  «  0.2, 
A*  10. 198039027,  and  «  «  1.0.  Periodic  attractors  obtained  from  the  cell  mapping 
procedure  arc  also  shown  using  the  subset  C  — <  Xj  <  ir]  x  [  — 2jr  <  X2  <  2rr] 
which  have  been  divided  into  50  x  100  cells.  The  average  voltage  of  the  periodic 
groups  marked  by  down  pointing  triangles,  squares,  and  up  pointing  triangles,  arc  8, 
9,  and  10,  respectively,  corresponding  to  step  Nos.  8,  9  and  10.  The  crosses  denote 
periodic  groups  with  non-integer  voltage.  Stable  periodic  orbits  determined  directly 
from  the  Poincare  section  arc  marked  with  a  diamond  and  circles  show  period  one 
saddles  determined  from  the  Newton-Raphson  algorithm,  (a)  ri»1.80,  (b)  t)»1.81 
(c)  7,al.82,  (d)  t,«1.825. 
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Fig.  3  Poincare  section  of  the  chaotic  attractor  for  Eq.l  at  parameter  values  a  -  0.2, 
A*  10. 198039027,  and  w  =  1.0.  Periodic  attractors  obtained  from  the  cell  mapping 
procedure  arc  also  shown  using  the  subset  [  —ir  <  Xj  <  ir]  x  [  -2rr  <  X2  < 
whjch  have  been  divided  into  50  x  100  cells.  The  average  voltage  of  the  periodic 
groups  marked  by  down  pointing  triangles,  squares,  and  up  pointing  triangles,  arc  8, 
9,  and  10,  respectively,  corresponding  to  step  Nos.  8,  9  and  10.  TTic  crosses  denote 
periodic  groups  with  non-integer  voltage.  Stable  periodic  orbits  determined  directly 
from  the  Poincare  section  arc  marked  with  a  diamond  and  circles  show  period  one 
saddles  determined  from  the  Newton-Raphson  algorithm,  (a)  7j=l.S0,  (b)  tj=»1.81 


(c)  rr«1.32.  (d)  77=1.825. 
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Fig.  3  Poincare  section  of  the  chaotic  attractor  for  Eq.l  at  parameter  values  a  =  0.2, 
A=»  10. 198039027,  and  u  »  1.0.  Periodic  attractors  obtained  from  the  cell  mapping 
procedure  arc  also  shown  using  the  subset  C  — ■"■  <  Xj  <  it]  x  [  -2:t  <  X2  <  2?r] 
which  have  been  divided  into  50  x  100  cells.  TTic  average  voltage  of  the  periodic 
groups  marked  by  down  pointing  triangles,  squares,  and  up  pointing  triangles,  are  8, 
9,  and  10.  respectively,  corresponding  to  step  Nos.  8,  9  and  10.  The  crosses  denote 
periodic  groups  with  non-integer  voltage.  Stable  periodic  orbits  determined  directly 
from  the  Poincare  section  arc  marked  with  a  diamond  and  circles  show  period  one 
saddles  determined  from  the  Newton-Raphson  algorithm,  (a)  77-1.30,  (b)  7;=1.S1 
(c)  t,=  1.32,  (d)  i]=1.825. 
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Fig.  4  Hcteroclinic  tangencies  at  the  boundary  crisis.  t7=I.S22,  and  the  other  parameter 
values  used  arc  as  in  Fig.  1.  The  basin  of  attraction  for  the  period  one  solution 
( marked  by  up  pointing  triangle)  is  shown  as  small  dots.  The  circle  shows  the  position 
of  the  unstable  period  one  saddle  point  (U-1). 
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Abstract 

Fluxoiis  in  long  Josephson  jtindions  arc  physical  manifcslafions  of  travelling 
waves  (hat  connect  rest  states  of  the  model  partial  differential  equation  (p.d.c.), 
which  is  a  perturbed  sinc-Gordon  equation.  In  the  reduced  travelling  wave  ordinary 
differential  equation  (o.d.e.),  fluxons  correspond  to  hctcroclinic  connections  be¬ 
tween  fixed  points.  In  the  absence  of  surface  impedance  effects,  fluxons 
persist  in  parameter  regimes  until  the  fixed  points  disappear,  after  whieh  the 
system  ''switches"  to  another  configuration.  It  is  known  that  the  presence  of 
surface  impedance  produces  a  singular  perturbation  of  the  model  equation,  to- 
Kclher  with  a  new  phenomenon:  the  fluxons  switch  in  parameter  regimes  before  the 
fixed  points  are  lost.  Why  this  occurs  is  unknown,  and  is  the  focus  of  (his  paper. 
Two  disjoint  possibilities  arc:  1)  instability:  fluxons  still  exist,  but  they  become 
unstable  in  the  p.d.c.  due  to  surface  impedance  effects;  2)  nonexistence:  the  flnxons 
fail  to  exist,  even  though  the  fixed  points  remain.  Here,  we  provide  compelling 
numerical  evidence  for  the  second  scenario,  characterized  by  a  global  bifurcation  in 
the  travelling  wave  phase  space:  a  breakdown  of  hctcroclinic  orbits,  undetected  at 
(he  local  linearized  level.  Moreover,  this  global  o.d.e.  bifurcation  occurs  at  jiaram- 
etcr  values  consistent  with  the  p.d.e.  switching  phenomenon. 
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I.  Fntrodiiction 

The  propagation  of  magnetic  flux  quanta  (fliixons)  in  long  Josephson 
liiiincl  junctions  has  attracted  research  interest,  both  theoretically,  in  connection 
uith  the  intrinsic  nonlinear  dynamics  involved,  and  practically,  in  view  of  potential 
applications  in  high-performance  electronic  systems  [l],  Fluxons  in  Josephson 
junctions  correspond  to  quasi-soliton  solutions  of  the  underlying  model  equation, 
which  is  a  sine-Gordon  (sG)  equation  modified  by  the  addition  of  dissipative  and 
energy-input  terms  [2].  Such  tenns  destroy  the  perfect  integrability  of  the  pure 
sG  system  and  thus  pose  questions  regarding  the  existence  and  stability  of  fiuxon 
solutions  in  various  regions  of  the  parameter  space  of  the  model  equation. 

The  most  direct  experimental  signature  of  fiuxon  propagation  in  long 
junctions  is  provided  by  the  so-called  zero-field  steps  (ZFS's)  in  the  current-voltage 
(I'V)  characteristics  of  such  devices.  These  are  a  set  of  rather  bnisque,  approxi- 
inafcly  constant-voltage  spikes  in  the  I-V  characteristic;  a  typical  experimental 
tracing  is  shown  in  Fig.  1.  Extensive  analytic,  numerical,  and  experimental 
investigations  have  established  the  following  basic  facts  about  ZFS's." 

a)  J  he  ZFS  order  number  corresponds  to  the  number  of  fluxons  participating 
in  the  associated  dynamic  state,  i.e.,  ZFS  I  is  due  to  one  fiuxon,  ZFS2  to  two,  etc. 

b)  1  he  voltage  on  a  ZFS  is  strictly  proportional  to  the  average  fiuxon  propagation 
velocity. 

c)  I  lie  fomiation  of  a  fiuxon  state,  and  hence  of  a  ZFS,  at  low  current  values 
IS  due  to  a  parametrically  excited  instability  of  the  so-called  McCumber  stale, 
which  is  the  uniform  background  state  that,  in  Fig.  1,  corresponds  to  the  curve 
labelled  MCB  and  to  Its  extrapolation  to  lower  voltages. 

(I)  For  a  given  junction  at  a  given  temperature  each  ZFS  teiminates  abniptly  at  a 
^vell-de^lned  current  value  that  is  typically  0.3  -  0.8  limes  the  maximum  zero- 
'oltage  current  (labelled  /q  In  Fig.  I);  at  this  current  value  the  junction  switches 
to  a  higher-voltage  state  (Indicated  by  arrows  in  Fig.  1). 

Fact  a)  accounts,  for  example,  for  the  approximately  equal  voltage  spacing  between 
adjacent  Z,FS's.  Fact  b)  implies  that  raising  the  bias  current  drives  the  fluxons 
toward  an  asymptotic  limiting  velocity.  Fact  c)  explains  the  structure  near  the 
Tcct"  of  ZFS's.  Fact  d)  Is  the  focus  of  the  present  paper. 

To  understand  the  mechanism  that  determines  the  height  of  ZFS's  is  of 
considerable  importance  to  the  experimentalist,  and  several  theoretical  approaches 
have  been  proposed  in  the  literature.  All  arc  based  on  analysis  of  the  perturbed 
sG  equation,  which,  in  normalized  form,  is  [2] 
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-  0,,  -  sin  (/)  =  a(/j,  -  -  y  . 


(1) 


Here,  (/)(.v,  /)  is  the  usual  .losephson  phase  variable  [l]  ,  x  is  distance  along  the 
junction  nonnalized  to  the  .losephson  penetration  length,  t  is  time  normalized  to  the 
inverse  of  the  .losephson  plasma  angular  frequency,  and  subscripts  denote  partial 
derivatives.  It  is  assumed  that  the  junction  geometry  is  long  and  narrow,  so  that  a 
I  +  1  dimensional  model  is  appropriate. 

The  perturbation  on  the  pure  sG  stnictiirc  is  characterized  by  the  parameters 
y.  (]  and  y  .  The  tenn  in  a  represents  shunt  loss  due  to  quasiparticle  tunneling  (here 
assumed  ohmic),  the  term  in  (i  represents  dissipation  due  to  the  surface  resistance 
of  the  superconducting  films  comprising  the  junction  electrodes,  and  y  is  the  spa¬ 
tially  uniform  bias  current  normalized  to  the  maximum  zero-voltage  .losephson 
current.  It  is  worthwhile  noting  that  the  term  in  /?  constitutes  a  singular  per¬ 
turbation  of  Eq.  (1).  The  necessity  of  including  this  term  in  the  model  was  first 
suggested  by  Scott  [3],  and  accumulated  experience  has  amply  demonstrated  that 
even  though  its  inclusion  represents  a  mathematical  complication,  its  presence  is 
essential  for  the  description  of  real,  physical  junctions. 

It  is  necessary  also  to  prescribe  appropriate  boundary  conditions  in  order 
to  specify  completely  the  problem.  Physically  re.'isonable  boundary  conditions 
emerge  from  considerations  on  the  junction  geometry.  Two  commonly  studied 
configurations  arc  the  so-called  overlap  geometry  and  the  annular  geometry 
[1.4].  For  the  overlap  geometry  appropriate  boundary  conditions  are 

0  =  0  =  n  ,  (2) 


where  L  is  the  normalized  length  of  the  junction  and  ;/  is  normalized  measure  of  the 
external  magnetic  field  applied  in  the  plane  of  the  junction  perpendicular  to  its  long 
dimension  [2]  .  For  the  annular  geometry  the  appropriate  boundary  condition  is 
one  of  periodicity: 

r/>(x  +  L,  0  =  0  +  2rru  ,  (3) 

where  /7  is  the  difference  between  the  mimhcr  of  fiuxons  and  antifiuxons  present  in 
the  junction  (since  the  junction  is  a  closed  loop  u  is  a  conserved  quantity). 
Overlap-geometry  junctions  have  undoubtedly  received  more  experimental  atten¬ 
tion  since  the  fabrication  of  experimental  samples  is  somewhat  simpler  for  such 
devices.  From  the  theoretical  point  of  view,  on  the  other  hand,  the  annular  ge¬ 
ometry  offers  the  advantage  of  a  simpler  dynamics  due  to  the  absence  of  the 


riiixon-nnlinuxon  reflection  effects  that  occur  at  the  finite  ends  of  overlap  jiinc- 
tions.  Fluxon  propagation  on  an  annular  junction  may  be  described  by  a  travel¬ 
ling  wave  reduction  of  Eq.  (1).  SpcciHcally,  assuming  a  travelling  wave  solution 
of  the  form 

=  (|)(x-  -  ut)  =  cl)((j)  (4) 

in  which  u  is  an  arbitrary,  constant  propagation  velocity  (;/  >  0),  we  can  reduce 
Eq.  (I)  to  the  o.d.e. 

( I  —  u^)  O  —  sin  d)  =  —  a«  4)  +  /?w  O  —  y  (3) 

where  overdots  denote  derivatives  with  respect  to  (^.  Moreover,  if  the  normalized 
circumferential  length,  L,  of  the  annular  junction  is  large  compared  with  unity, 
the  situation  may  be  well-approximated  by  the  infinite-length  limit.  In  this  case, 
fliixons  correspond  to  heterociinic  connections  between  fixed  points  of  Eq.  (5). 
Oiir  present  study  of  the  mechanism  that  determines  the  height  of  ZFS^s  is 
based  on  a  detailed  numerical  analysis  of  just  this  case. 

To  put  our  work  into  a  proper  perspective,  we  note  that  various  ap¬ 
proaches  to  this  problem  have  been  reported  in  the  literature.  Solutions  of  Eq.  (5), 
with  /?  =  0  ,  a  =  constant,  (I  -  u^)  >  0,  and  «  =  1  ,  were  studied  many  years  ago  in 
other  contexts  [3,6].  The  salient  features  that  emerge  from  these  studies  are: 

For  given  a,  y,  and  w,  there  exists  at  most  one  periodic  solution  of  Eq.  (5).  For 
V  >  I  ,  a  periodic  solution  always  exists.  For  y  <  I  ,  a  periodic  solution  exists 
provided  that  a  <  a,,,  where  a^u  /Vl  —  1.2.  Moreover,  these  periodic  sol¬ 

utions  are  stable  (in  the  context  of  the  o.d.e.). 

The  earliest  (to  our  knowledge)  application  of  Eq.  (5),  with  /?  /-  0  and 
n  >  I,  to  the  problem  of  fluxon  propagation  in  long  .losephson  junctions  was 
reported  in  1968  by  .lohnson  [7],  who  integrated  Eq.  (5)  using  a  hybrid  com¬ 
puter.  .Johnson  employed  a  two-valued,  piccewisc-con.stant,  voltage-dependent  a, 
and  he  used  physically  reasonable  estimates  for  the  parameters  a,,  aj  and // ,  He 
found  values  for  y„„  in  the  range  0.3  -  0.6,  with  y„,,„  a  decreasing  function  of  the 
order  number,  n  ,  of  the  ZFS's,  as  is  nonnally  observed  experimentally  (see  Fig. 
I).  .Johnson's  work,  unfortunately,  was  never  widely  publicized,  perhaps  because 
at  that  time  ZFS's  had  not  yet  been  observed  experimentally. 

Parmentier  and  Costabile  [8]  showed  that  Eq.  (5)  can  be  integrated 
analytically  for  /J  =  0  and  a  =  r\(j^,\  ,  i.e.,  a  dissipation  coefficient  proportional  to 
file  absolute  value  of  the  voltage,  leading  to  a  quadratic,  rather  than  ohmic,  dissi- 


4 


pntion.  Their  analysis  gives  yn,ax-l  >  but  with  increasing  function  of  n  . 

A  qualitatively  very  similar  result  was  found  by  Marcus  and  Imry[9]  by  inte¬ 
grating  Eq.  (5)  numerically  with  /J  =  0  and  a  =  constant.  A  significant  differ¬ 
ence  between  the  results  of  Refs.  8  and  9  and  those  of  .Johnson  C7D  is  that  the 
former  considered  /^-periodic  solutions  of  Eq.  (5)  for  a  finite-length  annular  junc¬ 
tion,  whereas  .Johnson  considered  n-bunches  of  fliixons  for  an  (effectively) 
infinite-length  junction.  Elementary  topological  considerations,  in  fact,  show  that 
//-bunch  solutions  (n  >  I)  of  Eq.  (5)  in  the  infinite-length  limit  cannot  exist  if 
1^  =  0. 

An  approach  used  by  several  authors  Is  a  Fourier-Galerkin  multi-mode 
decomposition  of  Eq.  (1),  with  the  boundary  condition  of  Eq.  (2),  together  with  a 
solution  of  the  resulting  multi-mode  equations  by  means  of  the  resonant  Krylov- 
Bogoliubov  approximation.  The  pioneering  work  in  this  direction  was  that  of 
Takanaka  [lO],  who  considered  a  single-mode  approximation  with  /?  =  0  and 
01  =  constant.  In  the  absence  of  applied  magnetic  field  (?/  =  0).  Chang  et  al. 
[  1 1  ]  extended  this  to  a  two-mode  approximation,  also  with  /?  =  0  and  =  0. 
Finally,  Enpuku  et  al,  [  12]  presented  the  general  N-mode  approximation,  with 
cx,  /?  and  //  all  different  from  zero.  In  all  cases,  this  approach  gives  y^^  ^  1  for 
ZFSl  (the  only  case  considered),  and,  as  might  be  expected,  the  results  improve  as 
(he  number  of  modes  used  increases. 

Linear  stability  analyses  of  travelling  wave  solutions  of  Eq.  (I),  i.e.,  sol¬ 
utions  of  Eq.  (5),  with  the  boundary  condition  of  Eq.  (3),  for  /?  =  0  and  a.  =  con¬ 
stant,  were  given  by  Burkov  and  Lifsic  [13]  and  by  Biittiker  at  al.  [  14].  Burkov 
and  Lifsic  considered  junctions  of  arbitrary  length  with  n  >  1,  whereas  Biittiker 
at  al,  focused  on  the  infinite-length  limit  with  n  =  \  .  Burkov  and  Lifsic  conclude 
that  periodic  fiuxon  solutions  of  Eq.  (5)  are  stable  (In  the  context  of  the  p.d.e.)  for 
//  <  1  .  Biittiker  et  al,  show  that  the  n  =  I  fiuxon  solutions  on  the  infinite-length 
junction  are  stable  for  0  <  y  <  1.  Since,  as  pointed  out  by  Marcus  and  Imry  [9], 
(for  (i  =  Q)  y  ->  y„„  for  «  1,  .and 

-  VI  +  (27tan/L)^ 

the  two  results  are  consistent. 

An  approximation  that  permits  analytic  solution  of  Eq.  (5)  is  to  replace 
the  nonlinear  term,  sin  O,  with  a  piecewise-linear  sawtooth  function.  Sakai  and 
lateno  [l5]  used  this  approach  to  calculate  periodic  solutions  of  Eq.  (5)  with 
[I  ^  (),rr.  =  constant,  and  //  >  I.  Their  analysis  gives 
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)'.nnx  =  coth{Ll2nan), 


(7) 


which,  although  quantitatively  different,  is  qualitatively  quite  similar  to  Eq.  (6);  in 
particular,  -»  I  in  the  infinite-length  limit.  The  piccewise-lincar  approach  was 
extended  by  Sakai  and  Pedersen  [16]  to  the  (1  =  constant,  a  =  constant,  n  =  I  case 
in  the  infinite-length  limit.  Their  work  showed  that,  for  [I  larger  than  a  certain 
threshold  value,  decreases  with  increasing  /?.  Sakai  [l7j  further  extended  this 
approach  to  obtain  2-bunch  solutions  of  Eq.  (5)  in  the  infinite-length  limit.  The 
results  in  this  case  are  quite  reminiscent  of  those  obtained  by  .Johnson  [7] 

Perturbative  methods  have  been  employed  to  calculate  the  y  -  u  re¬ 
lation  for/7=l  solutions  of  Eq.  (5)  in  the  infinite-length  limit  [4,18,19].  The 
procedure,  in  all  cases,  involves  selecting  a  solution  ansatz  from  a  related,  but 
simpler,  problem  and  imposing  a  balance  between  the  average  power  lost  to 
dissipation  and  that  furnished  by  the  bias  current.  McLaughlin  and  Scott  [4] 
used  an  unperturbed  sG  kink  as  a  solution  ansatz.  This  ansatz  gives  reliable  re¬ 
sults  for  y«  I,  but  it  breaks  down  at  high  bias,  giving  y oo  for  //-+!. 
Ferrigno  and  Pace  [  18]  improved  this  result  by  incorporating  into  their  ansatz 
the  shift  of  the  sG  ground  state  due  to  non-zero  y  and  the  limited  (i.e.,  non- 
Lorentz)  contraction  of  fluxons  due  to  a  /?  =  0  and  a  =  constant  dissipation. 
1  heir  result  reduces  to  that  of  McLaughlin  and  Scott  for  y«  I,  but  it  gives 
]  -♦  I  for  f/  -♦  1 .  A  related  approach,  with  similar  results,  was  reported  by 
Pagano  et  al.  [I9],  who  alsc  tlearly  pin-pointed  the  fact  that  the  failure  of  the 
perturbative  approach  to  capture  accurate  values  for  y^,,,,  in  the  presence  of  a 
non-zero  /f-loss  term  is  attributable  to  the  fact  that  this  loss  term  causes  a  sig¬ 
nificant  distortion  of  the  fluxon  wavefonn  that  is  not  well-described  by  the 
ansiitze  employed. 

A  frequently  used  approach  is  the  direct  numerical  integration  of  Eq.  (1), 
with  boundary  conditions  given  either  by  Eq.  (2)  or  Eq.  (3).  One  of  the  earliest 
efforts  in  this  direction  was  that  of  Nakajima  et  al.  [20],  who  integrated  Eq.  (I), 
with  7/  =  0  In  Eq.  (2),  for  variotis  values  of  a  and  /?,  and  initial  conditions  corre¬ 
sponding  to  various  values  of  n,  using  a  finite-difference  scheme.  Further  results 
wore  reported  by  Marcus  and  Imry  [9],  Erne  and  Parmentier  [21  ],  and  Lomdahl 
ct  al.  [2]  An  important  contribution  was  that  of  Davidson  et  al.  [22]  ,  who  fo¬ 
cused  their  attention  on  the  /7-loss  term,  thus  providing  a  stimulus  for  a  number 
of  successive  works.  Perhaps  the  most  detailed  work  to  date  is  that  of  Pagano 
et  al.  [23],  who  considered  the  dependence  of  y,n„  on  a, /7  and  L  for  both  the 
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overlap  and  (he  annular  geometries.  A  careful  reading  of  the  various  works 
employing  the  direct  numerical  integration  approach  reveals  a  number  of  quanti¬ 
tative  discrepancies  in  the  detennination  of  These  may  be  attributed  to  the 
following  two  causes:  1)  Discretization  errors:  excessively  coarse  spatio- 
temporal  grids  used  with  nnite-dirference  algorithms  tend  to  give  values  for 
)  (hat  are  lower  than  the  tnie  values;  2)  "Non-  adiabatic^^  parameter  vari¬ 
ations:  increments  in  the  bias  current,  y  ,  applied  as  temporal  step  functions 
and/or  initial  conditions  chosen  "too  far"  from  the  final  fluxon  waveforms  also 
tend  to  cause  premature  switching,  i.e.  depressed  values  for  y„„. 

The  body  of  existing  literature  on  the  subject,  reviewed  briefly  above, 
allows  the  formulation  of  the  following  working  hypothesis:  In  the  absence  of  a  /? 
-loss  term,  =  I  for  «  =  1,  both  for  infinite-length  annular-geometry  junctions 
and  for  finite-length  overlap-geometry  junctions.  For  finite-length  annular- 
geometry  junctions,  the  n  -dependence  of  y^„  is  given  approximately  by  Eq.  (6) 
or  by  Eq.  (7).  In  the  presence  of  a  /?-Ioss  term,  in  all  cases  is  reduced  to  lower 
values.  We  propose  herein  to  examine  the  mechanism  responsible  for  this  re¬ 
duction  for  the  case  of  n  =  I  in  the  infinite-length  limit.  Specifically,  we  develop 
refined  numerical  procedures  that:  I)  reliably  determine  a  fluxon  solution 
(heteroclinic  connection)  when  it  exists,  In  the  form  of  a  numerical  continuity  proof; 
2)  determine  an  apparent  numerical  breakdown  of  the  heteroclinic  connection  as 
parameters  in  the  equation  are  varied,  corresponding  to  a  qualitative  change  in  the 
numerical  continuity  diagnostic;  3)  rule  out  the  breakdown  of  the  connection  due 
to  local  phenomena  (such  as  behavior  of  the  linearized  eigenspaccs  at  the  fixed 
points);  and  4)  thus  lead  us  to  conjecture  a  global  bifurcation  phenomenon  for 
fluxon  switching  in  the  presence  of  surface  impedance  effects.  The  precise  math¬ 
ematical  nature  of  this  global  bifurcation  is  an  open  problem.  Moreover,  this  paper 
represents  a  step  toward  the  development  of  general  purpose  codes  to  reliably  detect 
existence  and  breakdown  of  orbits  homoclinic  or  heteroclinic  to  hyperbolic  fixed 
points,  in  particular  when  oscillations  are  present. 

II.  Reduction  to  the  travelling  wave  o.d.e.  and  phase  space  dis¬ 
cussion 

The  justification  for  using  the  reduced  travelling  wave  ode,  Eq.  (5),  to 
delenuine  for  annular-geometry  junctions  derives  from  information  obtained 
via  the  numerical  integration  of  Eq.  (1),  with  the  boundary  condition  of  Eq.  (3). 
1  vpically,  fluxon  solutions  of  Eq.  (I)  arc  easily  found  numerically,  with  a  fairly 
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large  computational  domain  of  attraction  (except  when  y  y„,J.  If  we  decompose 
Eq.  (1)  into  Fourier  spatial  modes,  we  can  define  a  mode  phase  velocity  as 

where  F„{  Y)  is  the  m^th  component  of  the  spatial  Fourier  transform  of  Y.  During 
steady  propagation  it  is  observed  [23]  that  all  of  the  u„  tend  rapidly  to  a  common 
asymptotic  value,  which  Is  just  the  velocity  u  of  Eq.  (5). 

We  may  note  that  Eq.  (5)  is  invariant  under  the  transformation 

0)'  =  -  O  ,  y'  =  -  V  (9) 

Consequently,  no  loss  of  generality  is  incurred  by  imposing  y  >  0  . 

For  y  <  I,  Eq.  (5)  has  two  classes  of  fixed  points; 

02^+ 1  =  arcsin(y)  +  2jn,  ,  -  0,  ,  =  0  ( 1  Oa) 

and 

d'>2y  =  Tt  -  arcsin{y)  +  Ijn,  ^2j  -  ^ij  —  ^ 

where  ;  =  0,  ±  1 ,  ±  2, ,  and  0  ^  arc.<!in{y)  <  7r/2.  For  y  >  I  no  such  fixed  points 
exist.  The  linear  stability  of  the  fixed  points  of  Eqs.  (10a,b)  is  determined  by  the 
/crocs  of  the  polynomial 

F+(2)  =  -  /Ju  +  (I  -  u^)  -h  au  A  ±  y/1  -  y^  (11) 

where  the  plus  sign  before  the  last  term  holds  for  the  fixed  points  of  Eq.  (lOb)  and 
(he  minus  sign  for  those  of  Eq.  (10a).  Elementary  .analysis  shows  that  P,(A)  bus 
one  positive  real  zero  and  cither  two  negative  real  zeroes  or  two  complex  conjugate 
zeroes  with  negative  real  part,  whereas  P.(A)  has  one  negative  real  zero  and  either 
two  positive  real  zeroes  or  two  complex  conjugate  zeroes  with  positive  real  part. 
Hie  fixed  points  of  Eqs.  (10a,b)  correspond  to  time-stationary,  space-independent 
solutions  of  Eq.  (1);  equivalently,  they  correspond  to  the  equilibrium  solutions  of 
a  plane  pendulum  subjected  to  a  constant  torque.  From  this  .analogy,  it  is  clear 
(hat  the  fixed  points  of  Eq.  (10a)  correspond  to  st.able  static  solutions  and  those 
of  Eq.  (10b)  to  unst.able  ones  (in  the  context  of  the  p.d.e.).  Consequently,  stable 
fluxon  solutions  of  Eq.  (1)  correspond  to  heteroclinic  connections  between  the  fixed 
points  of  Eq.  (10a).  Heteroclinic  connections  between  the  fixed  points  of  Eq. 
(I Ob)  also  exist;  however,  these  do  not  correspond  to  stable  fluxons  in  the  p.d.e. 
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In  the  limit  y  -*  1 ,  P+(A)  and  P_(/l)  coalesce.  In  this  case  zeroes  are  A  =  0  plus  one 
positive  and  one  negative  value. 

ri>e  numerical  results  presented  in  the  following  section  show  that  for 
each  y  <  there  is  a  unique  u(y)  such  that  there  exists  a  connection  from  O, 
to  (h,.  This  connection  corresponds  [23]  to  a  stable  single-fluxon  solution  of  Eq. 
(I).  Likewise,  there  is  a  unique,  but  different,  i/(y)  for  the  existence  of  a  Oq  Io  ^2 
connection.  Two  examples  of  such  connections  are  shown  in  Figs.  2  and  3.  More¬ 
over,  there  exist  still  other  hctcroclinic  connections,  corresponding,  for  example, 
to  bunched  multi-fluxon  solutions  of  the  p.d.e.,  but  these  are  not  investigated  fur¬ 
ther  herein. 

To  be  specific,  we  now  fix  the  particular  values 

cr  =0.18,  and  /?  =  0.10  (12) 

(as  will  be  seen  in  the  following  section,  this  choice  is  less  restrictive  than  at  first 
might  appear).  With  these  values,  all  linearized  eigenvalues  are  real  for 
{)<)'<  0.4,  which  yields  non-oscillatory  hetcroclinic  orbits.  For  0.4  <  y  <  y„„, 
there  arc  two  complex  conjugate  eigenvalues,  which  yields  in  the  corresponding 
solution  an  oscillatory  overshoot  phenomenon  in  the  avsymptotic  approach  to  the 
fixed  point. 

in.  Numerical  Global  Connection  Curves. 

In  the  previous  section  we  have  studied  the  fixed  points  of  Eq.(5),  which  de¬ 
scribes  the  travelling  wave  solutions  of  Eq.  (I).  From  the  study  of  the  linearization 
near  the  fixed  points  we  have  deduced  the  behavior  of  the  flow  near  the  equilibrium 
points.  This  information,  though  important  in  determining  the  role  of  the 
perturbative  parameters  a, /J  and  y,  docs  not  detennine  the  existence  of  global 
connections  between  the  fixed  points. 

In  this  section  we  first  analyze  the  symmetry  and  invariance  properties  of  Eq. 
(5)  in  order  to  obtain  useful  infonnation  on  the  existence  of  the  global  connections. 
1  hen  the  numerical  methods  and  results  are  presented. 

There  are  two  obvious  transformations  which  leave  Eq.  (5)  invariant:  One, 
r.qs.  (9),  has  already  been  indicated  in  the  previous  section.  The  other  transfor¬ 
mation  is: 
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which  provides  a  ntinierical  advantage,  by  exploiting  ^^time^^  reversal,  in  computing 
the  global  connection  curves.  For  example  the  orbit  which  leaves  the  fixed  point 
<I>,  along  the  two-dimensional  unstable  manifold,  ,  and  connects  to  0}  along 

the  one-dimensional  stable  one,  ,  is  intractable  numerically  in  forward  time. 

One  would  need  to  search  over  all  directions  leaving  .  However,  by  re¬ 

versing  time  via  Eqs.  (13),  one  shoots  nuinerically  along  the  unique  direction, 
n-;((I)3)  . 

Another  invariance  of  Eq.  (5)  is  given  by  a  generalized  Lorentz  transforma¬ 
tion 


(14^7) 

{\Ah) 


Ct'  =  ~Jlu)a 


(14c) 


/)■  =  /’(</)  /? 


(Mrf) 


where y(;/)  is  any  real  function  satisfying  0  <  J^{u)  ^  (I  -  u^)  '  for  <  1  and 
0  <  /\u)  for  >  1.  This  transformation  gives  a  scaling  law  in  the  parameters  a 
at>d  /?  which  can  be  used  to  extend  the  results  contained  here  for  fixed  a,  /? . 

An  important  invariant  transformation  is 


r  =  ./(«)  ^ 


(15a) 


(I)'  =  71  _  (t) 


/'  =  [1  +  (1  -  aV(a)]^ 


(15*5) 

(15e) 


-  ^y(a)a 


{\5c{) 


^  _  JL  ff 


{1 5c) 


witli/(;/)  real,/(?/)  ^  0  for  <  I  ,  and  0  <  f^{i()  <  {u^  ~  I)-'  for  >  I  .  In 

the  special  caseJlu)  =  -  1  and  u  =  1  we  find  the  transformation 


=  -  i 


(IM 


(1)'  =  _  (p 


(16/;) 


in 


This  invariance  property  implies  that,  for  m  =  1  ,  either  both  connections  <t),  to 
and  Oq  to  (I>2  exist  simultaneously  or  else  neither  exists.  As  suggested  in  Fig.  2 
and  indicated  more  clearly  in  Fig.  4  this  fact  corresponds  to  the  intersection,  at 
II  =  1  ,  of  existence  curves  of  <I),  to  Oj  connections  and  of  O,,  to  Oj  connections, 
at  values  of  y  less  than  unity.  This  is  in  contrast  with  the  jfl  =  0  case:  in  that  case, 
II  =  I  only  for  y  =  1,  and  the  fixed  points  themselves  coalesce. 

We  proceed  now  to  discuss  the  numerical  determination  of  these  global  con¬ 
nections.  The  details  are  deferred  to  the  appendix,  but  we  will  describe  the  main 
features.  We  employ  a  shooting  method  as  follows  :  For  fixed  a,  /?  as  in  Eq.  (12) 
we  first  choose  a  value  of  y  e  [O,  1  ]  ,  beginning  near  0  .  In  order  to  seek  a  con¬ 
nection  from  <t),  to  Oj  we  exploit  the  'Time^'  reversal  symmetry  (13).  That  is,  rather 
than  vary  over  all  directions  emanating  from  fF^(d>|)  ,  we  shoot  from  (1>3  along  the 
unique  direction  fFfCOj)  approximated  by  the  stable  eigenvector  at  (bj  .  The  nu¬ 
merical  code  iterates  trying  to  minimize  over  u  the  distance  function  d{u) 

'4,(")  =  0  sTi  E  V(<I>  -  +  t>\+  >I>^{  .  (17) 


E  having  a  large  enough  value.  The  absolute  minimum,  c4,(m)  » if  sufficiently  close 
lo  0  ,  gives  a  candidate  for  the  velocity  value  associated  to  the  O,  to  Oj  connection. 
We  then  refine  the  iteration  steps  on  this  /?  in  order  to  exhibit  that  can  be 
brought  arbitrarily  close  to  zero. 

At  this  point  we  implement  an  additional  numerical  algorithm  to  reinforce 
that  a  fixed  point  connection  has  been  found.  Shooting  methods  for  connections  to 
stable  fixed  points  are  highly  stable  numerically,  whereas  connections  into  unstable 
fixed  points  are  numerically  unstable.  The  final  algorithm  we  use  is  a  numerical 
continuity  argument  which  is  applicable  for  shooting  into  a  one-dimensionally  un¬ 
stable  fixed  point.  We  construct  a  sphere  of  radius  R  around  the  fixed  point  . 
The  value  of  R  is  chosen  small  enough  (  R  <  0.1  )  that  a  linearization  of  the  flow 
inside  the  sphere  is  appropriate.  When  the  orbit  approaching  intersects  the 
sphere,  we  identify  the  intersection  point  O'  =  (O',  O',  O')  as  the  initial  condition 
for  the  evohition  in  the  linearized  space.  The  approach  into  the  sphere  about  is 


always  nearly  tangent  to  the  stable  manifold,  which  defines  an  equatorial  plane  for 
the  sphere.  The  departure  will  necessarily  be  transverse  to  this  plane,  along  the  un¬ 
stable  manifold,  and  will  either  be  out  the  top  (the  ^^northem  hemisphere^O  or  bot¬ 
tom  (the  "southern  hemisphere")  of  the  sphere.  We  can  then  solve  analytically  the 
linearized  o.d.e.  : 


(I  -  O  -  sin(<I>y)  —  cos(tl)y)  O  =  —  au  d)  +  /?;/  O  —  y 


(18) 


obtaining 

= /(  4-  cDy  (19) 

where  /I,  ,  ,  and  A3  are  the  roots  of  P,(A)  (Eq.  (11))  and  A,B,  and  C  are  deter¬ 

mined  by  the  initial  conditions  :  0(0)  =  O'  .  In  our  case,  i.e.  the  oscillatory 
licteroclinic  orbit  and  y  =  1  ,  we  have  A,  =  A:  >  0  ,  A^  =  A3  =  /i  +  /  w  ,  where  //  <  0 
(note  that,  by  using  the  transformation  of  Eqs.  (13),  the  sign  of  the  real  eigenvalue 
can  always  be  taken  positive).  The  local  behavior  of  the  solution  will  then  depend 
on  the  value  of  A,  which  can  be  expressed  simply  as  : 


O'  -  2A:0'  +  (O'  - 

(//  -  k)^  +  aP' 


(20) 


If  4  =  0  the  solution  O  will  tend  toward  Oy ,  while  for  A  It  will  diverge  through 
the  "top"  of  the  sphere  for  /(  >  0  or  through  the  "bottom"  of  the  sphere  for  A  <0. 
We  iterate  u,  In  a  neighborhood  of  «,  to  show  that  for  >  u  the  solution  diverges 
in  one  direction,  while  for  ir  <  w  it  diverges  in  the  other  direction.  This  provides  a 
numerical  continuity  diagnostic.  When  the  continuity  argument  and  the  shooting 
method  both  imply  a  connection  we  accept  this  as  numerical  proof.  By  iterating  on 
y  this  process  yields  the  <I>,  to  (I>3  and  the  <t>o  to  ft>2  connection  curves  of  Fig.  4.  We 
remark  that  the  connection  curves  intersect  at  ?/  =  I  as  discussed  earlier.  More¬ 
over,  as  can  be  seen  in  Fig.  4b,  these  curves  persist  past  u  =  1  contrary  to  the 
P  —  Q  case.  (This  result  was  also  found  by  Sakai  and  Pedersen  [I6]  for  a  related 
system  where  the  sine-term  is  replaced  by  a  piecewise  linear  approximation).  The 
existence  of  a  stable  fluxon  solution  propagating  at  a  velocity  u  >  I  might  at  first 
seem  surprising,  but  it  Is  simply  a  consequence  of  the  fact  that,  with  a  non-zero 
P  -term,  Eq.  (I)  is  no  longer  hyperbolic.  Fig.  5  shows  such  a  stable  fluxon  solution, 
obtained  by  a  full  simulation  of  Eq.  (I)  with  a  =  0.18,  /J  =  0.10,  and  y  =  0.888.  The 
velocity  here,  measured  as  described  in  the  discussion  surrounding  Eq.  (8),  is 


12 


u  —  1.0018.  In  the  /?  =  0  case  u  approaches  i  as  y  approaches  I  corresponding  to 
the  coalescence  or  (t),  and  (I>o .  Beyond  this  point  the  fixed  points  disappear,  so  that 
(he  termination  of  the  global  connections  coincides  with  this  local  degeneracy. 

The  fundamental  result  of  this  paper  is  the  simultaneous  termination  of  the 
fixed  point  connection  curves  of  Fig.  4  at  the  critical  value  y*  ^  0.8877  (  for  the 
chosen  values  of  a,  and  /?).  For  y  >  y*  the  numerical  code  cannot  reduce  the  dis¬ 
tance  function,  <^(m)  ,  arbitrarily  close  to  0:  in  fact  <4^(w)  reaches  a  minimum 
l)ounded  well  away  from  zero.  Fig.  6  shows  the  dramatic  jump  observed  in  this 
minimum  distance  function  at  y  =  y*.  We  emphasize  that  this  phenomenon  occurs 
simultaneously  for  both  connection  curves,  which  are  computed  independently.  We 
also  emphasize  that  this  critical  y*  where  the  fixed  point  connections  fail  to  exist 
numerically  does  not  correspond  to  any  local  bifurcation.  Fig.  7  shows  that  there  is 
no  signature  of  a  bifurcation  in  the  linearized  eigenspace  at  d>y . 

We  therefore  conclude  that  the  tennination  of  these  connections  corresponds 
to  a  global  bifurcation  in  this  o.d.e.  phase  space.  It  remains  to  be  determined  how 
this  breakdown  of  heteroclinic  orbits  is  reflected  topologically. 

We  recall  also  that  the  critical  value  y*  is  consistent  with  the  numerical 
studies  of  the  full  p.d.e.  (Eq.(l))  reported  in  [23].  In  this  study  the  global 
bifurcation  was  shown  to  result  in  the  switching  from  the  fliixon  state  to  the  running 
mode  state. 


Discussions  and  Conclusion 

For  .losephson  junctions  with  surface  impedance  effects,  we  have  provided 
compelling  numerical  evidence  that  (he  fluxon  switching  phenomenon  is  a  nonex¬ 
istence  phenomenon,  as  opposed  to  an  instability  mechanism.  Mathematically,  this 
scenario  is  described  by  a  global  bifurcation  in  the  phase  space  of  the  reduced 
travelling  wave  o.d.e. 

The  phenomenon  which  we  numerically  document  here  is  the  breakdown  of 
heteroclinic  orbits  in  a  three  dimensional  dynamical  system,  undetected  in  the 
linearized  eigenvalues  of  (he  associated  fixed  points.  Mathematical  methods  have 
been  developed  for  detecting  such  global  phenomena  (see,  for  example,  the  text  by 
Guckenheimer  and  Holmes  [24]  ),  but  for  dynamical  systems  which  do  not  include 
our  example.  Similar  phenomena  have  been  studied  extensively  in  models  of  nerve 
propagation  [25  -  27]  ,  reaction-diffusion  equations  [28  -  30]  ,  and  population 
growth  [31  ]  .  The  analytical  success  in  these  works  rests  mainly  with  proving  ex- 
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istence  of  global  connections  between  fixed  points  with  purely  real  linearized 
eigenvalues.  In  our  example,  the  heteroclinic  connections  persist  weii  into  the 
oscillatory  regime.  Moreover,  these  rigorous  proofs  referenced  above  do  not  shed 
liglit  on  the  breakdown  of  heteroclinic  connections.  Our  paper  provides  a  model 
mathematical  example  for  this  global  bifurcation  phenomenon,  and  poses  a  chal¬ 
lenging  problem  to  prove  the  scenario  we  indicate  here. 

Additional  problems  are  suggested  in  this  study,  related  to  the  specific  exam¬ 
ple  and  to  general  computational  algorithms.  Higher  order  connections  between 
fixed  points  separated  by  integer  multiples  of  In  are  known  to  exist  and  also  exhibit 
switching.  We  have  not  investigated  these  states,  but  surmise  that  they  also  switch 
due  to  global  bifurcations. 

Another  area  touched  upon  here  and  that  needs  development  is  the  con¬ 
struction  of  optimal  numerical  algorithms  that  establish  when  a  global  connection 
exists,  accurately  compute  it,  and  then  detect  global  bifurcations  as  we  have  illus¬ 
trated  for  our  example.  Global  connection  algorithms  arc  available  for  connection 
from  unstable  to  stable  fixed  points  [32^  but  the  problem  is  considerably  more 
delicate  when  orbits  connect  between  unstable  fixed  points. 
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Appendix 

VVe  take  as  initial  condition  for  the  integration  of  the  <!>,  to  (!>]  connection  of 
Eq.  (5)  the  vector  O  =  0,  +  cO„  ,  where  is  a  unit  eigenvector  associated  to 
(which,  under  the  transformation  of  Eqs.  (13),  becomes  one-dimensionally 
unstable),  and  t  ^  0.01  .  As  emphasized  by  Miura  [27],  it  is  essential  to  guarantee 
(hat  r.  is  small  enough  that  the  results  of  (he  integration  do  not  depend  on  its  value. 
For  all  of  the  calculations  reported  we  have  checked  this  by  reducing  c  until  no 
changes  resulted  in  (he  computed  solution  (  r.  down  to  10  ^). 

Once  the  initial  condition  is  chosen,  the  orbit  is  computed  by  integrating  Eq. 
(5)  using  a  sixth-order,  variable  step-size,  Runge-Kiitta  method  [33].  This  routine 
has  a  control  over  the  global  error,  for  all  of  our  computations  the  global  error  has 
been  kept  sufficiently  low  that  it  did  not  affect  the  results  (typical  values  of  (he 
niaxinuim  global  error  range  from  10  *  to  10  ’ ).  At  each  '‘'time''^  step  in  the  inte¬ 
gration  the  distance  d(//)  is  computed.  The  integration  is  carried  on  until  (he  orbit, 
after  a  first  approach  to  (!>,  ,  diverges  away  from  It.  The  minimum  distance  of  ap¬ 
proach,  <^|(!/)  ,  together  with  information  on  ‘"overshooting^'  or  "undershooting"  of 
(he  solution,  is  then  used  to  determine  the  next  trial  value  of  u.  The  shooting  algo- 
i  i(hm  is  repeated  several  times,  each  time  reducing  the  Interval  of  u  -values  scanned 
over,  until  the  value  u  is  found  to  nine  significant  digits.  This  procedure  is  illustrated 
in  Fig.  8,  which  shows  d(u)  vs.  Au  on  three  different  scales,  where  Aw  Is  the  variation 
of  u  about  w  ,  for  the  parameter  values  a  =  0.05,  /?  =  0.02,  y  =  0.7. 

Since  will  never  be  exactly  zero  because  of  the  finite  precision  of  the 
integration,  this  procedure,  by  Itself,  does  not  constitute  a  proof  of  the  existence 
of  a  connection.  For  this  reason,  we  next  pass  to  the  continuity  diagnostic  described 
in  Section  III:  The  velocity  w  is  varied  around  it  (nine  significant  digits),  and  the 
corresponding  value  of  A  is  computed.  If  A  changes  sign  crossing  it  ,  this  strongly 
implies  that  there  exists  a  value  of  w  for  which  A  ==  0,  thus  demonstrating  the  ex¬ 
istence  of  an  orbit  that  connects  to  O,  . 

Analogously  to  the  discussion  regarding  the  choice  of  the  parameter  r.  In  the 
initial  condition,  we  note  that  a  similar  consideration  applies  to  (he  radius,  R,  of  the 
sphere  const  meted  around  O,  .  As  was  done  for  e  ,  we  have  reduced  R  until  no 
changes  resulted  In  the  computed  solution. 

A  similar  procedure  Is  used  to  locate  the  <ho  to  Oj  connection,  shooting  out 
of  ([>0  .  The  procedure  could,  presumably,  also  be  used  to  find  higher-order  con¬ 
nections  (  to  O5  ,  etc.)  but  we  have  not  yet  attempted  to  do  so. 


IS 


An  Indication  of  (he  overall  accuracy  of  our  numerical  scheme  is  suggested  in 
Fig.  2:  the  theoretical  discussion  presented  in  Section  III  (Eqs.  (16)  et  scq.)  shows 
(hat  simultaneous  d>o  to  chj  and  O,  to  connections  should  exist  for  w  =  I;  nu¬ 
merically,  we  find  these  simultaneous  connections  for  u  “  0.999999872. 


ir, 


References 


*  Permanent  address:  Dept,  of  Mathematics,  Ohio  State  University, 

Columbus,  Ohio  43210,  U.S.A. 

**  Permanent  address:  Istituto  di  Cibemctica  del  Consiglio  Nazionale  delle 

Ricerche,  via  Toiano  6, 1-80072  Arco  Felice,  Italy. 

***  Permanent  address:  Dipartimento  di  Fisica,  Universita  degli  Studi  di 
Salerno,  1-84100  Salerno,  Italy. 

1.  A.  Barone  and  G.  Patemo,  Physics  and  Applications  of  the  Josephson 
Effect,  Wiley,  New  York,  (1982). 

2.  P.S.  Lomdahl,  O.H.  Soerensen,  and  P.L.  Christiansen,  "Solifon 
excitations  in  .losephson  tunnel  junctions",  Phys.  Rev.  B  25,  5737-5748, 
(1982). 

3.  A.C.  Scott,  "Distributed  device  applications  of  the  superconducting  tunnel 
junction".,  Solid-State  Electronics  7,  137-146  (1964). 

4.  D.W.  McLaughlin  and  A.C.  Scott,  "Perturbation  analysis  of  fluxon  dy¬ 
namics^',  Phys.  Rev.  A  18,  1652-1680  (1978). 

5.  F.  Tricomi,  "Integrazione  di  una  equazione  differenziale  presentatasi  in 
elettrotecnica",  Ann.  Scuola  Norm.  Sup.  Pisa  2,  1-20  (1933). 

6.  M.  Urabe,  "The  least  upper  bound  of  a  damping  coefficient  ensuring  the 
existence  of  a  periodic  motion  of  a  pendulum  under  constant  torque", 

Sci.  Hiroshima  Univ.,  Ser.  A,  18,  379-  (1955). 

7.  W„I.  Johnson,  "Nonlinear  wave  propagation  on  superconducting 
tunneling  junctions",  Ph.D.  Thesis,  University  of  Wisconsin,  Madison 
(1968). 

8.  R.D.  Parmentier  and  G.  Costabile,  "Fluxon  propagation  and  d.c.  current 
singularities  in  long  Josephson  junctions",  Rocky  Mountain  J.  Math.  8, 
117-124  (1978). 


17 


9.  P.M.  Marcus  and  Y.  Imry,  "Steady  oscillatory  states  of  a  finite 
Josephson  junction",  Solid  State  Comnmn.  33,  345-349  (1980). 

10.  K.  Takanaka,  "Zero  field  steps  in  .loseplison  junctions",  Solid  State 
Comtnun.  29,  443-445  (1979). 

11.  J.-,I.  Chang,  .I.T.  Chen,  and  M.R.  Scheuermann,  "Simultaneous 
excitation  of  low-frequency  cavity  modes  in  short  .Josephson  tunnel  junc¬ 
tions",  Phys.  Rev.  B  25,  151-156(1982). 

12.  K.  Enpuku,  K.  Yoshida,  and  F.  Irie,  "Self-resonant  current  steps  of 
.Josephson  tunnel  junctions  in  the  presence  of  multimode  oscillation",  ./. 
Appl.  Phy.s.  52,  344-351  (1981). 

13.  S.E.  Burkov  and  A.E.  Lifsic,  "Stability  of  moving  soliton  lattices",  Wave 
Motion  5,  197-213  (1983). 

14.  M.  Biittlker  and  H.  Thomas,  "Propagation  and  stability  of  kinks  In 
driven  and  damped  nonlinear  Klein-Gordon  chains",  Phys.  Rev.  A  37, 
235-246  (1988)  +  references  therein. 

15.  S.  Sakai  and  H.  Tateno,  "Analytical  solutions  of  traveling  fluxon  waves 
on  a  Josephson  transmission  line  with  shunt  conductance  and  uniform  bias 
current",  Jpn.  J.  Appl.  Phys.  22,  1374-1381  (1983). 

16.  S.  Sakai  and  N.F.  Pedersen,  "Analytic  solution  for  fluxons  in  a  long 
.loseplison  junction  with  surface  losses",  Phys.  Rev.  B  34,  3506-3509 
(1986). 

17.  S.  Sakai,  "Bunching  of  solitons  in  long  Josephson  junctions",  .Jpn.  ./. 
Appl.  Phys.  26,  Supplement  26-3,  1579-1580  (1987). 

18.  A.  Ferrigno  and  S.  Pace,  "An  approximate  analysis  of  the  I-V  charac¬ 
teristic  of  zero-field  singularities  in  long  Josephson  junctions",  Phys.  Lett. 
//2,4,  77-80  (1985). 

19.  S.  Pagano,  N.F.  Pedersen,  S.  Sakai,  and  A.  Davidson,  "Analytical  and 
numerical  results  for  a  long  Josephson  junction  with  surface  losses", 
IEEE  Trans.  Magnetics  MAG-23.  1114-1117  (1987). 


IR 


20.  K.  ISaknjima,  Y.  Onodera,  T.  Nakamura,  and  R.  Sato,  '''’Numerical  anal* 
ysis  of  vortex  motion  on  .losephson  structures",  J.  Appl.  Phys.  45, 
4095-4099  (1974). 

21.  S.N.  Erne  and  R.D.  Parmentier,  '"Microwave  oscillators  based  on  the 
resonant  propagation  of  fluxons  in  long  .losephson  junctions",  J.  Appl. 
Phys.  51.  5025-5029  (1980). 

22.  A.  Davidson,  N.F.  Pedersen,  and  S.  Pagano,  ""Effect  of  surface  losses 
on  soliton  propagation  in  .losephson  junctions",  Appl.  Phys.  Lett.  48, 
1306-1308  (1986). 

23.  S.  Pagano,  M.P.  Soerenscn,  P.L  Christiansen,  and  R.D.  Parmentier, 
"Stability  of  fltixon  motion  in  long  .losephson  junction  at  high  bias", 
Phys.  Rev.  B  38,  (in  press). 

24.  .1.  Guckenheimer  and  P.  Holmes,  Nonlinear  Oscillations,  Dynamical 
Systems  and  Bifurcations  of  Vector  Fields,  Springer,  Berlin  (1983). 

25.  S.P.  Hastings,  "On  the  existence  of  homoclinic  and  periodic  orbits  for  the 
FitzHugh-Nagumo  equations".  Quarterly  J.  Math.  Oxford,  Ser.  27,  23-24 
(1976). 

26.  A.C.  Scott,  Neurophysics,  Wiley,  New  York  (1977). 

27.  R.M.  Miura,  "Accurate  computation  of  the  stable  solitary  wave  for  the 
FitzHugh-Nagumo  equations", ./.  Math.  Biology  13,  247-269  (1982). 

28.  W.C.  Troy,  "The  existence  of  travelling  wave  front  solutions  of  a  model 
of  the  Belousov-Zhabot insky  chemical  reaction",  J.  Differential 
Equations  36,  89-98,  (1980). 

29.  C.  Conley  and  R.  Gardener,  "An  application  of  the  generalized  Morse 
index  to  travelling  wave  solutions  of  a  competitive  reaction-  diffusion 
model",  Indiana  University  Math.  J.  33,  319-343,  (1984). 

.^0.  D.  Terman,  "Connection  problems  arising  for  nonlinear  diffusion  prob¬ 
lems",  Proc.  Microprogram  on  Nonlinear  Diffusion  Equations  and  their 
Equilibrium  States,  (J.  Severin  et.  al.  cds.)  Berkeley,  California  (1986). 


19 


31.  S.  Dunbar,  'Travelling  wave  solutions  of  the  diffusive  Lotka-Volterra 
equations:  A  heteroclinic  connection  in  competitive  reaction*  diffusion 
model  in  R*  ",  Trans,  of  the  AMS  286,  557-594,  (1984). 

32.  AUTO  Numerical  Package  developed  by  E.  Doedel. 

33.  Subroutine  DVERK  in  IIMSL,  Inc.  (Houston,  Texas),  International 
Mathematical  and  Statistical  Library  (Edition  9),  1982. 


20 


Figure  captions 


Fig.  I  Experimental  I-V  characteristic  of  a  long  Josephson  junction  with  overlap 
geometry.  The  critical  current  /q  and  six  ZFS's  are  shown.  Arrows  indi¬ 
cate  the  direction  of  the  voltage  change  during  the  switching. 

Fig.  2a  <t)|  -  (hj  connection  (full  curve)  and  cI>o  —  connection  (dashed  curve) 
projected  into  the  ((f) ,  0{)  plane  as  obtained  from  numerical  integration 
of  Eq.  (5).  a  =  0.18,/?  =  0.1,y  =  0.883442,  u  =  0.999999872. 

Fig.  2b  Same  connections  as  in  Fig.  2a  but  projected  into  the  (</> ,  (f>^^)  plane. 

Fig.  3a  Phase  space  projections  into  the  (</> ,  (/)j)  plane  of  the  orbits  leaving  Oq 
and  cDj  a  =  0. 1 8,  /?  =  0. 1 ,  y  =  0.88,  u  =  0.998733778  .  For  these  param¬ 
eter  values  only  the  O,  —  <!)}  connection  exists. 

Fig.  3h  Same  as  Fig.  3a  hut  projected  into  the  (</> ,  (f)^^)  plane. 

Fig.  4a  Locus  of  the  O,  -  Oj  (a),  and  of  the  Op  —  (b)  connections  in  the 

y  -  u  plane  near  «=1.  y*=s:0.888  is  the  switching  bias  value. 

a  =  0.18,/?=^  0.1  . 

Fig.  4b  Detail  of  curves  of  Fig.  4a. 

Fig.  5  3-D  picture  of  the  numerical  solution  of  the  p.d.e.  Eq.  (1)  showing  a  stable 

fluxon  moving  with  a  speed  larger  than  unity,  a  =  0.18  ,  /?  =  0.1, 
y  =  0.888  ,  w  =  1.0018. 

Fig.  6  Locus  of  the  O,  -  (iJj  (full  line)  and  the  Op  —  (I>2  (dash-dotted  line)  con¬ 
nections  in  the  y  -  u  plane  near  //  =  1.  Also  shown  are  (dotted  line) 

and  (dashed  line)  vs  y. 

Fig.  7  Roots  of  P,(A)  (a,b)  and  P_{i)  (c,d)  along  the  locus  of  the  O,  -  O,  (a,c) 
and  the  d>p  —  dJj  (b,d)  connections.  The  real  root  (dash-dotted  line)  and 
the  complex  conjugate  roots  (full  line  =  real  part,  dashed  line  =  imagi¬ 
nary  part)  are  shown  vs  y.  a  =  0.18, /?  =  0.1  and  y*~  0.8877  is  the 
switching  bias  value 
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Fig.  8 


vs  Ai/  at  various  scales,  a  =  0.05  ,  p  =  0.02  ,  y  =  0.7  ,  u  =  «  +  A//  , 
M  =  0.9956555358  is  the  velocity  value  at  which  the  —  Os  connection 
exists,  (a)  shows  a  false  local  niinimuni  at  Am^O.00015  ,  (b)  shows  an¬ 
other  false  local  minimum  at  Auca  -2  x  10  ’ ,  (c)  shows  the  true  minimum 

(  Au  =  O). 
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investigated.  The  analysis  is  based  on  energetic- 
considerations  and  on  the  mechanical  interpretation  of  a 
Er-l'ink  as  ti-JO  point  particles  connected  by  a  spring. 


J  n  t  r  oduc  t i on 


j 

The  double  sine-Gordon  equation  (DBG) 

1  ~  T’ +  \./2  sin(  <!■'/?)  =0  M) 

has  received  much  attention  during  the  past  years  because  of 
jts  connection  with  several  physical  phenomena  such  as  spin 
dynamics  of  superfluid  •'he  [13,  c  ommensura  t  e- i  nc  ommensur  a  t  e 
phase  transitions  C23,  magnetic  chains  C33,  domain  walls  [^3, 
etc.  In  both  limits  X,  =  0  and  X«  =  0  equation  (3)  reduces  to 
tne  weil-knoi'jn  sine-Gordon  equation  (SG)  with  exact  soli  tor. 
solutions.  For  X ,  0  and  Xn  X  0  equation  (3>  ties  different 

classes  of  solitary  wave  solutions  which  undergo  weal ly 
inelastic  scattering  C53.  Among  these  solutions  there  is  a 
sutcisss  (An-kink)  which  can  be  expressed  as  linear  super¬ 
position  of  two  sine-  Gordon  solitens  C63 

,j.  (  >:  ,  p,  )  =  ^  t  a  n  ■  ’  C  e  >•  p  <  -  X  R .  )  3  •<-  H  t  a  n  ■  ’  [  e  X  p  (  X  F. .  I  3  +  E  Ti  '  E  ' 

K' 1  tn  cP?,  a  constant  representing  the  distance  between  the 
1 1'O  s  J  ne-  Gordon  so  1  i  tons  ,  and  R...  is  related  to  X,  and  ?■ .  in 
!  1  by 

A  ,  =  tonh?R,  ,  X.  =  sech'R..  <E 

Fr-n  -urerical  studies  on  the  sriall  oeci  11  alien  prcbJc" 
a-'-u'd  cojuticn  (2)  it  is  l■.■en  irown  that  tc-sice.^  a 


ere 


frequency  (related  to  translational  invariance)  ttiere  is  an 
additici''3l  bound  state  correspond  i  ng  to  internal  oscillationc 
of  the  two  sinc-Gordon  solitons  around  the  center  of  rr.ass 
of  solution  (c).  Slightly  different  analytical  evpressions  -for 
the  frequency  of  such  oscillation  have  been  deri\-ed  [7,B3. 

The  aim  of  the  present  paper  is  to  present  a  simple  derivaticn 
of  the  small  oscillation  frequencies  around  ‘wr-hinl.-  solutions 
and  to  study  corrections  to  these  frequencies  due  to  anhaTronic 
et-£rt5.  The  analysis  will  be  based  on  energetic  cons i der a t ; or s 
and  on  a  mechanical  analog  of  solution  (2)  as  ti-.'O  point 
oarticles  connected  by  a  nonlinear  spring  [9.103,  The  frequenc',' 
of  the  oscillations  is  then  comiputed  in  terms  of  the  miass  of 
the  particle  and  of  the  spring  constant  of  the  ^in-kink 
oscillator.  A  numerical  investigation  of  the  anharmonic 
effects  of  the  Mr-kink  oscillations  is  also  performed  and 
compared  with  results  obtained  by  a  perturbation  analysis.  As 
a  result  we  find  the  same  analytical  expression  for  [he  small 
oscillation  frequenev'  reported  in  Ref.  C7D.  while  the  ccrrectic 
to  these  frequencies  due  to  anhar  n.onicity  appear'  to  be  very 
sma  1  1  . 

The  organ loalicn  of  the  paper  is  as  follows.  Jn  section 
I'j  i-.e  present  the  derivation  of  the  small  oscillation  freque'^cy 
Expression  i-.'h  i  1  e  in  section  III  we  study  both  numerically  and 
ane  1  y  t  1  c  a  1  1  y  the  corrections  to  this  frequency  due  to  anharrrr.; 
E  T  e  c  t  s  . 

R  :■  na  1  1  y  )  section  JV  contains  the  surrir.ary  and  the  ccnclus;: 

’  ‘■'E'  Pr  [-■£  r  . 


^  86 


H  =  J  [  1  /  2  ( 'J’j  ^  3',  ?  )  +  X,  (  a  ,  -c C£'j' )  +  A; .  (  3:  “C OS  ( <3'/ 2  )  )  D d  >■  ( 

K'l-rrare  a,  ,  a,,  are  suitable  noma  1  i  r  a  t  i  on  constants. 

Equation  (2)  is  an  exact  solution  of  equation  (1)  when  R. 

IS  a  constant  and  X,  ,  X;_.  are  given  by  equation  (3).  Jn  this 
case  the  hamiltoriian  )  aquires  the  form 


*»  I 

^  4  ^ 


)  i  (  1-sech'Ro)  (  1-cos <J'l-^^sech‘RQ(  i-*cos(<3'/E)  )3dx  (5 


i-.'^ere-  the  nomalioation  constants  a.,  >  a.-  have  been  chosen  t  o 
give  zero  energy  at  <!•  =  ±  2ti  .  In  order  to  characterize  small 
oscillations  around  solution  (2)>  we  observe  that  for  a 
"wobbler"  (i.e.  an  oscillating  An-kink)  the  distance  between 
the  tf.'O  sine-Gordon  solitcns  oscillates  around  their  static 
separation  2R...  It  is  therefore  natural  to  assune  for  sud'  a 
solution  an  analytical  expression  given  by  equation  (2)  but 
with  R,,  replaced  by  a  time  dependent  function  R  <  t  )  acccrdir.g 
t  o 


fJ'  =  il'(x.  R<t))  =  ^tan  ’Csi  nh  x  s  ec  h  R  (  t  )  3  (  E  } 

Ey  substituting  (6)  in  (5-'  and  performing  the  cor  r  espcnd :  rg 
integvaJ  o^e  obtains  at  ter  some  c cmpu t a 1 1 one 

'  D  ,  q  )  =■  R  [  i  -  (  E  R  /'  s  1  n  h  2  P  1  J  R  ^  V  f  R  .  P  ,  1  (  ■■  ) 


<  t  ''  t  a  ■  i‘">  :  P  )  L  !  '  '  2>-  ■  ^  !  '  A, RP  )  n  . 


Equclion  (?'  s i mp ] y  represents  the  tota]  energy  of  the 
1-.  avr  f  or  m  (6)  expressed  as  the  sum  of  a  I  inetic  part  and  a 
potentia]  cne  Oicte  the  analogy  with  particles).  We  also 
note  that  in  deriving  eq .  (7)  the  only  approximation  n ads  was 

the  ansotp  (6)  for  the  oscillating  An-kink.  When  2R  is 
equal  to  the  static  separation  cR,.  of  the  two  subsolitcns 
equiation  (7)  simply  reduces  to  the  rest  mass  energy  of 
solution  (S) 


M  =  lt[  1  -  R,./  (S..C.  )  D  . 

where  S, ,  H  s  i  nh  Ri-.  and  C,.  S  cosh  R., . 

jnt’- educing  the  instantaneous  mass 

MU'  =  3  6n  -  5R(  t  ) /=  inh(  SR(  t  )  )  3 

equation  (7)  aquires  ttie  form 

H(R,R,  )  =  1 /c  M(t)R'  +  V(R,R.,)  . 

u  study  small  oscillations  around  cR  >  we  let  [R-R,|r<'l. 
In  this  case  we  can  exparid  the  potential  energy  around  R,. 


V'F.C,  )  r  y^  +V,  -(P_R  )'4  ]/2V..-'(R-P,)5  + 


(  =  ) 


(  1  C> ) 


(  i  1 


<15? 


1  m. 


es  denote  derivatives  i-iith  respect  to  P  i-.'hilr  ♦hp 


t  script  re'O  rT.o-ans  evaluation  at  R 


R,  )  . 


Trcm  eq .  <B)  the  ■first  derivative  of  V  is.  easily  calculated 
as 


V  '  (  R  .  , )  =  8 C  (  c o sh '  'R  /  ccsh  ■'’R. . )  -  1  ]  t  Sc osh  '-’•Rs  i  nhF  +  s  i  nhFc oshR 

-R  ( s  i  nh  •  R+3  )  3  /  (  s  i  nh''Rccsh  )  (33) 

from  which  ere  see  that 

V , .  ■  =  0  > 

i.e..  R.  is  an  extremum  for  the  potential  V(R,R,,). 

In  Fig.  1  V(R,R  )  is  plotted  versus  R  for  different  values 
of  R.  ,  from  which  one  see  that  Ro.  is  actually  a  minimum  for 
V.  (Note  also  that  the  potential  has  a  finite  value  at  R=0>. 

5y  inserting  equation  (]h)  in  (IE)  we  get 

V^R.R.,)  s  y,,  +  (  1 /S)V.,' MR-Rc)  2  (ir) 

and  Cq.  (13)  bccofr.es 

HI'-  1/5  -t-  1/5  V.n  MR-R,..)  2  +  V..  (16) 

ere  we  have  approximated  M(t)  with  its  equilibrium  value 
(•1,.  a'ld  neglected  higher  order  terms  in  R-R... 

Ecuatjcn  (16)  is  just  the  energy  of  a  harmonic  cs.cillatcr  in 
tne  presence  of  an  externa)  constant  potential.  Tf-ie  frequenc, 

IS  t  c-  n  evaluated  as 


=  3/5.  2  - 


( 


5(5.  C..  +  R..)  /C5(C..2  (S,  C, 


R.  )  3 


which  is  exactly  the  same  expression  as  in  given  in  R&f .  [73. 


III.  Anharroni  c  e'ffects 

In  this  section  we  study  the  corrections  to  the  small 
oscillation  frequency  (17)  due  to  anharmonic  effects. 

To  this  end  we  must  take  into  account  the  fact  that  the 
mass  cf  the  oscillator  is  a  function  of  time  (see  Eq.  (10>). 

Ey  d ’ f f erent i a t i ng  Eq.  (11)  with  respect  to  time  and  expandinq 
the  resulting  equation  in  powers  of  ^  =  R(t)  -  R.  up  to 
third  order  one  get 

Mo  V  tj J  ^  +  1  /ava  ’  ’  ’  ^  «  4-  1  /ai'io  ’  (  4  "^-+24  4’  >  3  /2Mo  ’  '  <  ^  eJ  )  I 

+  1  /  6  Vo  ’  0  (18) 


Introducing  the  transf  ormat  ion  t  =  ut  and  expanding  ^  and  u» 
in  Eq.  (18)  in  power  of  e  according  to 


U.'  =■  U,  ,  SU'i  4  €’"(*);  4  .  .  . 


c^e  deri.'es  from  (18)  a  set  of  equations  (after  equating 
ecual  pci-.’ors  of  e)  which  can  be  then  solved  recursively, 
('•■^ter  a  lengthy  but  standard  computation  (see  for  example 
Ps  f  .  11)  one.  finally  get  f  or  the  f  r  equency  t  he  foil  ow  i  r.g 

-■  •  c  r  c  T  s  i  on  : 


L 


(u  )/cu.\.JeJ  =  -l/16  V,.'  ’  ’  ^ /K>,.’  ’*]/B  f'l,.*  ’ /H,. -1  /  1  6  <  M. . '  /  N. .)  : 


-  5/‘<e(  V,.  ’  ’/V,.  ’  '  )  I  -  !/8(V,/  ’ ’/V./  ’  ) 


(  £\'' '/ 


ivher  p 


V.  •  ’  ’  =  -16Cai  +  Ees„.j+^s./’ 3/(  )  +  16K..t21  +  mES..!* 


(  El  ) 


V,  •’’  ’  =  1611^4^  +  EBBS,,!  +  16AS,..*'‘  +  BS.,''‘3/<  (Cr.'^'So")  - 


16R..CH.4  +  39^*S,:,J  +  3^405./*  +  1  1  SSc  "-3  /  (  (  C.^-S^,  “■> 


<EE) 


In  Fig.  E  Eq .  (EO)  is  plott€?d  versus  R,.  . 

To  close  this  section  we  like  to  compare  this  result  with 
numerical  experiment  on  the  anharmonic  motion  of  an 
oscillating  ^n-kink.  To  this  end  we  have  numerically 
integrated  the  DEG  equation  with  Xi,  ?%:_•  in  (1)  given  by  Eq .  ( 3 ) 
for  different  values  of  R. . .  The  oscillatory  motion  of  a 
^-n-tinlr  was  started  by  taking  as  initial  condition  expreEsicn 
ft)  in  th  R(t  =  0)  =  Ri>P,..  The  frequency  of  the  resulting 
oscillation  was  then  computed  by  following  in  time  the  motion 
of  a  point  on  the  ^r,-kink  profile.  (This  wa  a  checked  to  be  an 
accurs+o  way  to  measure  the  frequency  since  no  radiation  (or 
very  little)  was  generated  in  the  system). 

In  Figs.  3  and  U  ,z  plot  of  the  resulting  frequenc'>' 
v-erc-us  the  amplitude  of  the  oscillation  is  reported  for  the 
rKiet  of  F',  resoectively  of  E  and  3.  ThiO  stars  in 
'‘‘SC-  f  ]  c  LI r  es  c  o r  r  espnnd  t  o  ntirier  i  c  a  1  results  while  t  ►"'P  s  c  1  i  d 


C  -  '  X  (  1 


ispiesent  the  t  h.ecr  e  1 1  c  a  1  values  [:rcdicted  by  equation 


(50).  l-)(?  note  that  the  aoreeme-nt  between  perturb&tion  theory 
and  e '•  p  er  i  r.ent  5  is  Quite  good  for  srr-all  values  of  Ri-~,  •  ^rcr' 
F:gs.  3-^  it  is  alc-o  clear  that  the  anharffioni  c  i  t  y  in  this 
system  start  to  be  relevant  only  at  large  oscillation  am- 1  j  t  ._-d.3s  . 

V.  Conclusion 

In  the  present  paper  we  have  given  a  simple  derivation 
of  the  small  oscillation  frequeiicy  around  ^7i-kink  soluticns 
of  the  double  sine-Gordon  system.  The  analysis  was  based  on 
the  assumption  (6)  for  the  wave  form  of  such  oscillating 
solution. 

Finally*  a  numerically  experiment  on  anharmonic 
oscillations  of  ^n-kink  solutions  was  performed  and  compared 
with  the  predictions  of  a  perturbation  treatment.  As  a  result 
ws  find  a  good  agreeme?it  between  the  perturbative  analysis 
arid  the  numerical  results  for  small  oscillation  amplitudes. 
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F ;  g ,  1  Different  curves  of  V(R,R,,)  versus  R  for  different 
5  ]  u e s  of  R. .  c 

Fig.  2  Oscillatory  frequency  given  by  Eq .  (20)  plotted 

versus  R,..  . 


Fig.  3  Oscillatory  frequency  of  a  ^n-"wDbber"  versus 

(R,-R,  )  =  cR,,.  for  the  value  R..,  =  2. 

The  stars  are  experimental  points  while  the  solid 

curve  correspond  to  theoretical  values  derived  fron 
10 

Eq.  (^)  . 

rig.  ^  The  sane  as  in  Fig.  3  but  for  R,,.  =  3, 


A  SIMPLE  MAP  DESCRIBING  PHASE-LOCKING  OF  FLUXON 
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Abstract 

Application  of  soliton  perturbation  theory  to  a  Josephson  junction  fluxon  sub¬ 
jected  to  a  microwave  field  reduces  the  problem  of  phase-locking  of  the  fluxon 
oscillation  to  the  study  of  a  two-dimensional  functional  map.  Phase-locked  states 
correspond  to  fixed  points  of  the  map.  The  approach  captures  much  of  the 
experimental  phenomenology. 


Interest  in  the  phenomenon  of  phase-locking  of  fluxon  oscillations  in  long  Josephson 
tunnel  junctions  has  recently  been  stimulated  by  the  possibility  of  employing  arrays  of  such 
long  junctions  as  local  oscillators  in  integrated  superconductive  microwave  or  millimeter- 
wave  receivers  for  radioastronomy  and  space  communications  [1],  A  complete  mathematical 
model  of  an  array  of  fluxon  oscillators  would*  be  a  system  of  nonlinear  coupled  partial  dif¬ 
ferential  equations,  A  detailed  study  of  such  a  system  would,  a  priori,  present  notable 
difficulties  (also  because  the  exact  nature  of  the  coupling  between  the  individual  oscillators 
of  such  an  array  has  not  yet  been  well-characterized).  A  simpler,  but  related,  problem  is 
to  study  the  interaction  of  a  single  oscillator  with  a  fixed,  external  microwave  field  C2]. 

Our  theoretical  approach  to  the  study  of  this  simpler  problem  is  based  on  the  per¬ 
turbation  analysis  of  fluxon  dynamics  pioneered  by  McLaughlin  and  Scott  13],  This  pertur¬ 
bation  analysis  was  applied  to  the  very  same  problem  by  Chang  CA] ,  whose  work  clearly 

suggested  the  power  of  the  method.  As  will  be  shown  below,  our  approach  reduces  the 

problem  to  the  study  of  a  discrete,  two-dimensional  functional  map,  in  which,  for  example, 
a  stable  phase-locked  fluxon  oscillation  corresponds  to  one  (or  more)  stable  fixed  point(s) 
in  the  map.  Obviously  this  approach  reduces  enormously  the  computational  effort  required 
to  study  the  problem.  In  spite  of  this  drastic  simplification,  however,  the  approach  suc¬ 
ceeds  remarkably  in  capturing,  at  least  qualitatively,  much  of  the  experimentally  observed 
phenomenology . 

The  mathematical  model  used  to  describe  the  dynamics  of  fluxon  oscillations  in  long 
Josephson  junctions  is  a  sine-Gordcn  equation,  modified  by  the  addition  of  energy  input  and 
dissipation  terms  C5].  For  an  overlap-geometry  junction  an  appropriate  model  equation  is,  in 
normalized  form 

■  r  .  (la) 

with  the  boundary  conditions 

'P^(O.t)  =  <P^(L,t)  =  7)  .  (1b) 

Details  of  the  normalizations  may  be  found  in  Ref.  5 

Our  theoretical  approach  to  the  study  of  phase-locking  in  long  junctions  is  based  on 
two  fundamental  hypotheses: 

i)  The  influence  of  an  external  microwave  field  on  a  long-junction  oscillator  is  felt  only 
through  the  boundary  conditions,  Eq.  (1b),  not  through  the  p.d.e.,  Eq.  (la),  i.e.,  we 
assume  the  experimental  conditions  to  be  such  that  the  microwave  field  does  not  pene¬ 
trate  significantly  the  interior  of  the  junction. 
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ii)  The  dynamics  of  fluxons  in  the  interior  of  a  junction  is  adequately  described  by  the  per¬ 
turbation  analysis  of  McLaughlin  and  Scott  C33. 

Furthermore,  purely  for  computational  convenience,  we  make  the  following  simplifying 
assumptions: 

a)  The  junction  length  L  is  large  compared  with  unity  so  that  we  can  employ  as  a  solution 
ansatz  a  form  appropriate  to  the  infinite-length  limit. 

b)  Only  dynamic  states  involving  a  single  fluxon  (or  antifluxon)  are  considered. 

We  follow  herein  the  procedure  first  reported  by  McLaughlin  and  Scott  [3]  and 
further  elaborated  by  Christiansen  and  Olsen  C6]  and  by  Levring  et  al.  [71.  In  the  infinite- 
length  limit,  a  fluxon  solution  of  Eq.  (1a)  is  well-characterized  by  its  momentum  ,  de¬ 
fined  as 

+  00 

Pf  =  -  J <P^<P^  dx  (2) 

-  00 


From  Eqs.  (1a)  and  (2),  the  equation  of  motion  for  a  single  fluxon  is 


~  =  -  aP^  +  27CY  (3) 


For  the  pure  sine-Gordon  equation  (a  =  y  =  0)  in  the  infinite-length  limit,  the  momentum 
of  the  single  fluxon  solution  may  be  calculated  explicitly  as 

2  1/2 

P^Q  =  8u/(1  -  u^)  ,  (4) 

in  which  u  is  the  propagation  velocity. 

The  first  essential  ingredient  of  the  perturbation  analysis  is  to  assume  that  if  a  and 
Y  in  Eq.  Ja)  are  sufficiently  small,  we  may  substitute  P^  in  Eq.  (3)  by  P^^  from  Eq.  (4.). 
In  this  case  the  fluxon  position  X(t)  is  given  by 
t 

X(t)  =  Xq  +  Ju(t)dT  ,  (5) 

0 


where  x^  is  the  initial  position.  One  simple,  well-known  result  of  this  procedure  is  that, 
for  given  a  and  y.  there  exists  an  equilibrium  velocity,  called  u^^  ,  for  which  energy  input 
and  dissipation  are  exactly  balanced.  This  velocity  is  found  from  the  stationary  solution  of 
Eq.  (3).  The  result  is 


"oo 


=  ( 1  +  (4.a/7tY)^) 


-  1/2 


(6) 


Eq.  (3)  may  be  inte^rated^^corivenieritlyif^erm^o^T^qu^tit^z(t)^e^ 
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The  result  of  the  integration  is 

z(t)  =  -f  (Zq  -  Zo(,)exp(-at)  .  (8) 

in  which  z^  is  the  initial  value  of  z,  and  corresponds  to  u^j  in  Eq.  (6).  The  fluxon  tra¬ 
jectory  may  then  be  found  by  combining  Eqs.  (5),  (7)  and  (8).  The  result  is 


X{t) 


z  >  (z^  >  1)^^^ 

Lz  +  (z^  + 
o  o 


-•03 


-—log 


r  1  »  Zoa'^o  * 


1  /a  p  1/2 

1)  •  (zJ^D 


L  1  +  Z-Z«,  +  (Z^  +  +  1 


(9) 


The  second  essential  ingredient  of  the  perturbation  analysis  is  the  treatment  of  the 
boundary  condition,  Eq.  (1b).  Following  Levring  ef  al.  C7],  we  observe  that  during  a  reflec¬ 
tion  from  a  boundary,  due  to  Eq.  (1b)  a  fluxon  undergoes  an  energy  variation  AH^  ,  given 
by 

AH^  =  ±  4tc71  .  (10) 

For  constant  t)  ,  this  variation  is  positive  at  (say)  the  left-hand  boundary  and  negative  at 
(say)  the  right-hand  boundary.  To  relate  this  energy  variation  to  the  fluxon  trajectory  X(t), 
we  recall  that  the  energy  of  a  pure  sine-Gordon  fluxon  may  be  calculated  explicitly  as 

H^O  =  8/(1  -  =  P^q/u  .  (11) 

Thus,  an  energy  variation  given  by  Eq.  (10)  may  be  related  to  a  velocity  variation  through 
Eq.  (11).  whereupon  the  calculation  of  X(t)  proceeds  as  before.  An  additional  approximation 
introduced  here  is  that  we  can  neglect  the  effects  of  phase-shift  and  dissipation  during  re¬ 
flections  C8]  and  that  the  energy  variation  of  Eq.  (10)  occurs  instantaneously. 

We  take  for  the  term  t]  in  Eq.  (1b)  the  form 


T)  =  TiQsin((j^^t  d)  (12) 

as  a  model  of  the  microwave  field  acting  upon  the  junction.  We  define  the  fundamental 
period  T  of  a  fluxon  oscillation  to  be  the  time  employed  by  the  fluxon  to  complete  cne 
back  and  forth  round  trip  along  the  junction.  Thus,  the  condition  for  phase-locking  at  the 
fundamental  frequency  is.  with  an  obvious  notation 


T 

k 


k-2 


=  T  +  T 

k.k*1  k-<-1,k+2 


(Jrf 


(13) 


In  addition,  we  may  a  priori  expect  to  observe  both  harmonic  and  subharmonic  phase-lock- 
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T 

k 


>♦2 


m  27c 


n  (j 


rf 


(14) 


where  m  and  n  are  integers. 

Phase-locking  of  a  fluxon  oscillation  to  an  external  field  is  manifested  experimentally 
by  the  appearance  of  a  constant-voltage  step  in  the  current-voltage  characteristic.  In 
terms  of  our  model,  the  height  in  current  of  such  a  step  will  be  determined  by  how  much 
we  can  vary  the  parameter  y  without  breaking  the  locking  condition  of  Eq.  (14). 

We  can  now  proceed  to  calculate  the  fluxon  dynamics.  Having  specified  the  para¬ 
meters  a,  T.  t-.  tIq  .  (i)^^  and  d,  we  choose  an  arbitrary  initial  value,  2^°^  .  of  2  at  x  =  0, 
t  =  0  (setting  x^  in  Eq.  (9)  to  2ero).  By  inverting  (numerically)  Eq.  (9).  i.e.,  by  imposing 

X(T^  )  =  L.  we  calculate  the  time  of  flight.  T  ,  .  from  x  =  0  to  x  =  L.  Inserting  T 
0,1  0,1  ^  0,1 

into  Eq.  (8).  we  calculate  the  final  value.  of  2  at  x  =  L.  i.e.,  2^^’  =  2(7^  ^).  At  this 

point,  from  the  energy  variation.  of  Eq.  (10).  we  calculate  a  2-variation,  A2^’\  which, 
when  added  to  defines  a  new  initial  value.  of  z  at  x  =  L.  t  =  ^ .  Explicitly, 

we  find 


+  (-1) 


sin((i>  ,t 

rf 


+ 


(15) 


where,  in  this  case,  k  =  1  and  ^  ,  ■  We  then  iterate  this  procedure  as  desired  for 

successive  spatial  intervals  of  length  L.  substituting  for  t  the  sum  of  the  preceding  times 
of  flight.  In  this  way,  Eqs.  (8),  (9)  and  (15),  generalized  to  arbitrary  k,  constitute  a  dis¬ 
crete  functional  map  for  the  quantities  and  •  Fixed  points  of  this  map  corre¬ 

spond  to  phase-locked  states  of  the  fluxon  dynamics. 

Figs.  1  -  3  show  some  preliminary  numerical  results  obtained  using  this  approach. 
Fig.  1  s'  ows  a  portion  of  the  current-voltage  (l-V)  characteristic  of  a  junction  character¬ 
ized  by  a  =  0.05,  L  =  12,  subjected  to  a  microwave  field  of  frequency  =  0.24,  for  dif¬ 
ferent  values  of  the  field  amplitude,  tj^,  in  the  condition  of  phase-locking  at  the  fundamen¬ 
tal  frequency,  given  by  Eq.  (13).  The  smooth  curve  (a)  is  the  l-V  characteristic  in  the 
absence  of  a  microwave  field.  This  is  essentially  a  plot  of  Eq.  (6),  inasmuch  as  the  bias 
cur^nt  is  proportional  to  y,  and  the  voltage,  in  this  case,  is  proportional  to  u^  The  two 
discontinuous  curves,  (b)  and  (c).  show,  respectively,  the  response  of  the  junction  for  rj^  =  0.3 
and  tJq  =  0.6.  Here  we  use  the  general  expression  for  the  voltage,  4k/T^ 

Fig.  2  shows  the  height  in  current  of  the  step  of  Fig.  1.  measured  from  the  center 
of  the  step  to  the  peak,  as  a  function  of  the  field  amplitude,  .  The  evident  linear  de- 
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step  height  on  the  square  root  of  microwave  power  normally  observed  experimentally  C9]. 

Fig.  3  indicates  in  more  detail  the  dynamics  of  the  phase-locking  process.  In  this 
figure,  the  fluxon  frequency  is  defined  as  2k/T^  ^^2  ■  drive  frequency  is  just 

The  power  spectrum  is  calculated  by  representing  the  time  sequence  as  a 

sequence  of  unit  delta  functions  and  by  taking  the  Fourier  transform  of  this  sequence. 
Clearly  evident  in  Fig.  3  is  the  fact  that  as  the  drive  frequency  approaches  the  unlocked 
fluxon  frequency,  mixing  products  (the  small  peaks  near  the  edges  of  the  figure)  begin  to 
appear.  At  a  certain  point,  the  fluxon  frequency  is  pulled  into  synchronism  with  the  driver, 
where  it  remains  locked  for  a  certain  interval  (the  central  region  of  the  figure).  Beyond 
this  region  the  fluxon  frequency  unlocks,  and  mixing  products  are  once  again  seen.  This 
behavior  should  be  compared  with  Fig.  3  of  Cirillo  and  Lloyd  L21  and  Fig.  3  of  Monaco  et 
al.  Cl],  which  depict  experimental  recordings  of  the  same  scenario. 

Our  approach  to  the  study  of  phase-locking  of  fluxon  oscillations  can  clearly  be 
extended  in  several  directions.  The  effects  of  phase-shift  and  energy  loss  during  the  re¬ 
flections  of  the  fluxon  from  the  junction  boundaries  C8],  which  become  progressively  more 
important  for  shorter  junctions,  can  be  incorporated  into  the  analysis  in  a  straightforward 
manner.  The  procedure  can  also  be  applied  to  junctions  of  in-line  geometry  C5] ;  in  fact, 
for  the  in-line  geometry  the  phase-locking  map  can  be  expressed  explicitly,  rather  than 
implicitly,  thus  permitting  an  analytic  study  of  the  existence  and  stability  of  fixed  points. 
Furthermore,  the  analysis  can  be  extended,  numerically  if  not  analytically,  to  the  general 
condition  for  phase-locking,  Eq.  (14),  as  opposed  to  the  condition  for  locking  at  the  funda¬ 
mental  frequency,  Eq.  (13).  These  extensions  are  presently  under  study  and  will  be  re¬ 
ported  in  the  near  future. 
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Figure  Captions 

Fig.  1.  Portion  of  the  l-V  characteristic  of  a  junction  having  a  =  0.05,  L  =  12.  irradiated  by 
a  microwave  field  of  frequency  ojrf  =  0.24.  Smooth  curve  (a);  no  field.  Vertical 
steps,  curves  (b)  and  (c):  fundamental  phase-locking  for  =  0.3  and  ii^  =  0.6. 
respectively. 

Fig.  2.  Dependence  of  the  height  in  current  of  the  step  of  Fig.  1  on  field  amplitude.  Oq  - 
Parameters:  a  =  0.05,  L  =  12,  =  0.24. 

Fig.  3,  Dynamics  of  phase-locking.  See  text  for  details. 
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ABSTRACT 

This  paper  summarizes  numerical  and  analytical  work  on  a  specific 
bifurcation  route  to  chaos  in  the  damped,  periodically  driven  sine- 
Gordon  equation.  The  emphasis  here  is  on  the  modelling  of  this  bi¬ 
furcation  sequence  and  the  coordinatization  of  the  chaotic  attract¬ 
ors  by  truncated  modal  equations.  The  underlying  structure  which 
we  establish  and  focus  upon  in  both  the  p.d.e  and  truncated  o.d.e. 
systems  is  the  existence  of  homoclinic  orbits  in  an  integrable, 
unperturbed  phase  space.  Thus,  under  weak  perturbations,  there  ex¬ 
ists  a  natural  mechanism  for  generating  chaotic  dynamics.  We  pro¬ 
ceed  to  numerically  test  whether  these  homoclinic  structures  are 
observed  in  the  chaotic  dynamics.  The  upshot  is  a  four-dimensional 
truncated  system  of  modal  equations  which  correlates  remarkably 
well  with  the  chaotic  dynamics  of  the  full  p.d.e.  This  paper  is  a 
condensed  version  of  [8],  based  on  joint  work  with  A.R.  Bishop, 

R.  Flesch,  D.W.  McLaughlin,  and  E.A.  Overman. 


Outline: 

1.  Bifurcations  to  Chaos  in  the  Weakly  Perturbed  Sine-Gordon  Equation. 

2.  A  Truncated  Finite  Mode  Ansatz  in  the  Nonlinear  Schrbdinger  Limit. 

3.  Properties  of  the  Unperturbed  Modal  Equations. 

4.  Bifurcations  to  Chaos  in  the  Perturbed  Modal  Equations. 

5.  Correlations  Between  the  Inf inite- Dimensional  and  Reduced  Systems. 

1.  BIFURCATIONS  TO  CHAOS  IN  THE  WEAKLY  PERTURBED  SINE-GORDON  EQUATION 

We  begin  with  one  finely  tuned  numerical  experiment  on  the  weakly 
damped,  periodically  forced,  sine-Gordon  equation. 


(1) 


Utt  "  +  sin  u  =  «[-  au^  +  r  cos(a)t)]  , 

with  even  spatial  symmetry,  and  periodic  boundary  conditions  of  length 
L  =  12.  The  linear  damping  coefficient  is  fixed,  ta  >  .04,  the  initial 
condition  is  always  chosen  as  a  singlehump  sine-Gordon  breather  local¬ 
ized  within  the  period,  and  the  driving  frequency  is  fixed  at  u  =  .87. 
Thus,  we  focus  on  the  large  time  (t  >>  1)  attractors  of  this  system  as 
a  function  of  the  single  bifurcation  parameter,  tT,  which  is  the  ampli¬ 
tude  of  the  external  driver.  (Refer  to  [1,  2]  for  more  extensive  numeri¬ 
cal  studies.) 

In  this  controlled  experiment,  we  observe  the  following  bifurca¬ 
tion  sequence  in  these  long-time  "attractors",  which  are  specified  here 
by  their  spatial  structure  and  temporal  behavior. 


I - 1 - 1 - ) - 1 - »  .r 

.0  .orf  '07;  -Id  ./fo 


s?ructire  h-  ^ 


temporal 

behavior 


1^. - frequency- locked  to  u) - - -  chaotic 


p.d.e.  bifurcation  diagram. 

FIGURE  1. 

Here  denotes  a  spatially  flat,  zero  wavenumber  component,  de 
notes  a  period  L  component  of  wavenumber  =  2it/L,  denotes  the 

nonlinear  superposition  of  these  two  modes,  etc.  The  time  flow  is  peri¬ 
odic  with  the  same  frequency  uj  of  the  driver,  and  then  chaotic,  which 
implies  a  broadbanded  frequency  spectrum.  (We  often  observe  quasiperi- 


odicity  in  t  before  chaos  [1,  2],  but  not  in  this  specific  parameter  re¬ 
gime.  Apparently,  the  quasiperiodic  states  exist  in  this  diagram,  but 
are  either  unstable  or  these  initial  conditions  are  not  in  the  basin  of 
attraction  of  stable  quasiperiodic  states.  As  we  see  below,  our  modal 
equations  suggest  the  former  alternative.) 

The  chaos  here  is  intermittent  chaos.  The  next  figure  is  for  «r  = 
.103,  displaying  the  3-D  plot  of  the  numerically  integrated  solution  to 
Eq.  (1).  At  each  time  step,  there  is  spatial  coherence:  either  a  breather 
in  the  center  of  the  interval  superimposed  on  a  flat  background,  a 
breather  Localized  at  the  ends  of  the  interval  on  top  of  the  ic,  compo¬ 
nent,  or  the  intermediate  flat  tCg  state.  The  "laminar"  regions  are  where 
the  system  chooses  one  configuration,  say  the  breather  in  the  middle. 

The  "chaotic  bursts"  are  associated  to  the  passage  out  of  the  laminar 
state  (presumably  due  to  the  buildup  of  a  weetk  instability),  through  the 
intermediate  Xg  configuration,  and  then  into  either  of  the  two  breather 
states.  This  chaotic  attractor  consists  of  the  set  of  spatial  states  ob¬ 
served  in  Figure  2,  and  the  chaos  is  this  intermittent  jumping  between 
the  breathers  localized  in  the  center  or  the  wings,  through  an  interme¬ 
diate  spatially  flat  configuration. 

Next  we  quantify  this  spatial  mode  measurement  (<o,  etc.) 

by  taking  u*(x,t  )  at  each  time  step  t  from  the  integration  of  Eq.  (1), 
n  n 

and  using  a  sine-Gordon  spectral  code  to  measure  the  exact  nonlinear 

sine-Gordon  mode  content  in  the  field  u*(x,  t  ).  These  are  given  in  Fig- 

■  '  n 

ure  3,  from  the  same  time  series  as  Figure  2. 


Numerically  computed  solution  (>  =  u  {x,t)  of  Eq.  (1) 
*r  =  .103,  50,000  S  t  S  60,000. 


FIGURE  2. 


0  0  0t  0  0^ 


>A  lA  lA 

TlMIi  =  50264.00  TIME  ==  50266.00  'HME  50260.00 


Sine-Gordon  spectral  sequence  depicting  a  flutter  between  the 
"gap”  and  "cross"  spectral  states,  all  tightly  bunched 

around  the  double  point,  limiting  state  in  the  upper  right 
frame.  The  waveform  0  need  not  be  flat  in  this  apparent  kq 
spectral  configuration;  in  fact,  this  ic^  component  is  pre¬ 
cisely  the  homoclinic  component  associated  to  the  complex 
double  point.  Notice  from  Figure  2  during  this  time  sequence 
the  corresponding  p.d.e.  waveform  flutters  between  the 
breather  states  localized  in  the  center  or  ends  of  the  inter¬ 
val  . 


FIGURE  3b. 
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Spectral  measurement  of  u  (x,tj^)  depicting  a  time  sequence 
where  the  "cross"  state  begins  to  settle  into  the 

"gap"  state,  then  flutters  back  and  forth,  finally 

settling  back  into  the  "cross"  configuration  from  50,388 
until  50,420. 

figure  3c. 


The  predominant  nonlinear  modes  are  (Figure  4): 


ll 

\  "gap" 

''w  "double  point"  tCg 

u  "cross" 

^  -  ..  . 

1,  » 

lA 

1/1 

The  three  dominant  spectral  configurations  corresponding 
to  the  three  dominant  spatial  states  observed  in  Figure  2. 

FIGURE  4. 


Here  we  have  truncated  to  the  two  pure  states  (4a,  4c),  and  the 

intermediate  configuration  {4b),  and  the  dynamics  is  viewed  as  a  flow 
through  the  spatial  states  associated  to  these  spectral  configurations. 
(We  surmise  the  other  small  amplitude  modes  are  "slaved"  to  this  dynamics) 
The  upshot  of  all  these  preliminaries  is  that  the  low-dimensional 
configurations  in  Figure  4  are  rich  enough  to  produce  chaos  under  per¬ 
turbations.  Specifically,  in  [3,  4,  5]  we  establish  the  following  facts 
about  the  unperturbed,  integrable  sine-Gordon  eguation  with  periodic 
boundary  conditions. 

Fact  1  The  exact  tCo«Ki,  breather  plus  nonzero  mean,  solutions  of  sine- 
Gordon,  with  spectrum  as  indicated  in  Figures  4a, c,  are  linear¬ 
ly,  neutrally  stable. 

Fact  2  The  intermediate  Kq  state,  corresponding  to  a  purely  oscillatory 
pendulum  solution,  with  spectrum  as  in  Figure  4b,  is  linearly 
exponentially  unstable,  with  order  1  growth  rate.  There  is  pre¬ 
cisely  one  unstable  mode,  the  mode,  labelled  by  the  complex 
"double  point"  (the  shaded  square)  in  Figure  4b.  This  local  lin¬ 
earized  instability  is  related  to  a  global  homoclinic  orbit  in 
the  sine-Gordon  periodic  phase  space.  In  other  words,  there  is 
an  exact  sine-Gordon  solution  which  asymptotically  relaxes  to 
this  flat  pendulum  state  as  |t|  -►  •,  but  which  is  a  mode  in 
X.  (See  [5]  for  exact  formulas.) 


Thus,  our  thesis  is:  (i)  these  low-dimensional  homoclinic  struc¬ 
tures  provide  a  mechanism  for  chaos,  (ii)  the  spectral  measurement  of 


the  perturbed  flow  in  the  chaotic  regime  indicates  an  irregular  passage 
through  these  homoclinic  configurations,  and  (iii)  thus,  we  may  be  edale 
to  coordinatize  the  chaotic  attractors  with  a  low-dimensional  truncation. 
Our  first  attempt  at  this  program  is  the  remainder  of  this  paper. 


2.  A  TRUNCATED  FINITE  MODE  ANSATZ  IN  THE  NONLINEAR  SCHRODINGER  LIMIT 

At  frequencies  u  near  but  less  than  one,  the  sine-Gordon  flow  (Eg. 
(1))  resonates  with  breather-like  modes.  Thus,  one  is  naturally  led  to  the 
derivation  of  a  nonlinear  Schrddinger  envelope  equation,  with  the  bene¬ 
fit  that  we  explicitly  factor  out  the  driver  frequency  u,  while  at  the 
same  time  retaining  integrability  at  the  unperturbed  level. 

Let  u  =  .87  =  1  -  €u.  Seek  a  solution  u*  of  Eq.  (1)  in  the  form 
(with  X  =  /2€oj  X,  T  =  tdit) 

u*  =  2>/«u  [b(X,T)  e^*^^  +  complex  conjugate]  +  0(€aj)  .  (2) 

Then  one  easily  finds  the  envelope  B(X,T)  satisfies; 


-iB^  +  B^  (|Bp-l)B  =  i(5B+f)  , 
where  the  new  scaled  pareimeters  are 

o  =  .155  ,  =  12/275  ,  k^  = 

A 

and  the  scaled  bifurcation  parameter  T  is 

f  s  2.66  cr  . 


=  1.05  , 


{3a) 


(3b) 


(3c) 


By  factoring  out  the  driver  frequency,  we  reduce  to  a  simpler  per¬ 
turbation  (fixed  damping,  constant  driver)  of  the  integredjle  nonlinear 
Schrddinger  equation  (Eq.  (3a)  with  a  =  f  =  0).  Thus,  steady  solutions 
of  Eq.  (3)  correspond  to  locked  periodic  solutions  u*  of  Eq.  (1),  T-peri- 
odic  solutions  of  Eq.  (3)  correspond  to  quasiperiodic  behavior  of  per¬ 
turbed  sine-Gordon,  and  chaos  is  chaos. 

The  truncation  on  fully  nonlinear  modes  of  Eqs.  (1)  or  (3)  is  under 
development  [6],  and  codes  are  being  constructed  to  handle  the  inherent 
complexities  ([7],  such  as  Riemann  surface  periods,  associated  theta 


functions,  and  appropriate  derivatives  and  averages  of  these  functions). 
In  the  meantime,  we  follow  the  numerical  indications  of  the  full  p.d.e. 
and  attempt  to  capture  the  qualitative  dynamical  features  of  Eq.  (1) 
with  a  truncation  on  the  Fourier  Kq  and  Kj  modes.  We  seek 

B(X,T)  =  c(T)  +  b(T)  cos(kX)  ,  k  =  ^  (4) 

insert  this  ansatz  into  the  perturbed  NLS  equation,  Eq.  (3),  and  find 
the  following  complex  amplitude  equations: 

-ic^  ( |cl  |b|  ^-l)c  +  i(cb*+c*b)b  *  iac  +  if 

(5) 

ib^  +  ( |c I |b| ^-( 1+k^ ) )b  +  (cb*+c*b)c  =  ioh  , 
a  =  .155  . 

Before  detailing  the  predictions  of  this  two-mode  truncation,  we 
remark  on  one  salient  feature  of  these  equations,  and  the  reflected 
structure  in  the  perturbed  sine-Gordon  solution  u*  corresponding  to  this 
approximation: 

u*  -  2/«S  C(c(T)  +  b{T)  cos  (kX))e^'**^  +  c.c.]  +  0(«u)  .  (6) 

The  perturbed  o.d.e.'s  (Eq.  (5))  admit  the  symmetry  (c,  b)  -*•  (c,  -b), 
which  corresponds  for  u*  to  a  translation  in  x  by  L/2.  Thus,  for  each 
fixed  point  (c,  b)  of  the  modal  equations,  corresponding  to  a  small  am¬ 
plitude  breather  plus  nonzero  mean,  there  also  exists  another  fixed 
point  (c,  -b),  reflecting  the  half -period  translate  of  the  breather.  If 
we  recall  Figure  2  and  the  surrounding  discussion,  the  chaotic  p.d.e. 
dynamics  is  qualitatively  a  competition  between  two  such  states.  Also, 
this  symmetry  implies  b  =  0  is  an  invariant  subspace,  and  for  u*  this  is 
the  tCj  intermediate  state. 

Another  important  feature  of  this  approximation  (Eq.  (6))  regards 
Figure  4.  Namely,  by  varying  c(T),  b(T)  we  are  able  to  produce  all  three 
spectral  configurations:  the  gap  spectrum  with  Kq^k^,  the  cross  spectrum 
with  and  the  Kq  homoclinic  configuration.  The  flow  through  these 

configurations  will  appear  in  the  last  section. 


So  far,  the  individual  qualitative  features  of  the  perturbed  sine- 
Gordon  dynamics  (Figure  2)  exist  in  this  truncated  NLS  approximation, 
and  now  we  focus  on  the  associated  dynamics  and  deeper  parallels  between 
the  full  and  reduced  systems. 


3.  PROPERTIES  OF  THE  UNPERTURBED  MODAL  EQUATIONS 


Consistent  with  our  interpretation  of  the  perturbed  flow  (Eq.  (1)) 
in  terms  of  the  integrable  sine-Gordon  phase  space,  we  develop  the  un¬ 
perturbed  modal  structure  relevant  for  this  paper.  (See  [8]  for  details.) 
The  unperturbed  (a  =  0,  f  =  0)  modal  equations  are; 


■ic_  +  ( (c| ^+i|b| ^-l)c  +  i(cb*+c*b)b  =  0  , 


■ib  +■  ( |c|  *  +  }|b|  ^-(l+k*))b  (cb*+c*b)c  =  0 


(7) 


Property  1  The  system  (Eq.  (7))  is  an  integrable,  Hamiltonian  system, 
with  two  real  independent  integrals, 

ri  =  icM  >  ilbi^ 


(8) 


H  =  ilc|-  +  lb|^lc|^i-^  lbl'*-i(l+k^)|bl*-lcl2+  i(b2c-*+b*'cM  . 


Property  2  Symmetry  considerations  produce  three  rings  of  fixed  points; 


(9) 


Ring  1  (c,b)  =  (e-^'^,0)  ,  , 

Ring  2  (c,b)  =  e^*^  /j(l+k*>J  ,  <l>«[0,2it)  , 

Ring  3  (c,b)  =  ,  @^*^2/^^^  ,(J*C0,2it)  . 

Property  3  Fixed  point  Ring  1  has  a  one-dimensional  stable  and  unsteible 
eigenspace,  with  eigenvalues  ±k>/2-k^,  and  two  zero  eigen¬ 
values.  Fixed  point  Rings  2 ,  3  have  a  four-dimensional  cen¬ 
ter  manifold. 


Property  4  In  Ring  1,  H  =  -  §,  I  =  1,  there  are  heteroclinic  orbits  on 
this  energy  surface  which  approach  Ring  1  as  I  tI  ->  »  . 

Thus,  as  in  the  unperturbed  p.d.e.,  the  solutions  (b  =  0) 
are  exponentially  unstable,  with  order  1  growth  rate,  and 
have  homoclinic  orbits  on  their  energy  surfaces. 

4.  BIFURCATIONS  OF  THE  PERTURBED  MODAL  EQUATIONS 

The  behavior  of  the  unperturbed  properties  under  the  perturbation 
(Eq.  (5)),  with  a  =  .155,  as  f  varies,  is  the  crux  of  this  paper.  By 
simple  perturbation  argiiments,  the  perturbation  "phase  locks"  to  dis¬ 
crete  points  on  the  Rings  1,  2,  3,  for  exeunple.  We  will  not  discuss 
these  aspects,  but  rather  produce  the  numerically  generated  global  bi¬ 
furcation  curves  (due  to  M.  Jolly  and  Y.  Kevrekides),  along  with  the 
stability  of  each  branch  (due  to  J.M.  Hyman). 
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FIGURE  5. 


Property  1  The  curve  OABFG  consists  of  pure  tCj  states  (b  =  0).  The  up¬ 
per  Kw  branch  FG  Is  the  phase-locked  continuation  of  Ring 
which  maintains  the  one-dimensional  unstable  manifold,  and 
thus  is  the  perturbed  o.d.e.  signature  of  the  hornoclinic 
p.d.e.  structures  in  Figures  2  and  3. 

Property  2  The  curve  BODE  is  a  double  curve  of  tCo^Ki  fixed  points,  (c,b) 
and  (c,-b),  b  *  0.  The  double  icn*tci  branch  CD  is  the  stable 
phase- locked  continuation  of  Ring  3.  consisting  of  stable 
breather  plus  mean  states,  related  by  half -period  translation 

Property  3  The  lower  hysteresis  curves  CB  and  FB  pick  up  an  additional 
unstable  eigenvalue  due  to  the  perturbation. 

Property  4  The  key  feature  in  this  diagram  is  point  D  on  the 

branch,  at  F  =  .268,  which  corresponds  to  a  subcritical  Hopf 
bifurcation.  The  previously  stable  fixed  points  become 

two-dimensionally  weakly  unstable  owing  to  the  perturbation. 
For  F  >  .266,  the  system  (Eg.  (5))  develops  chaotic  dynamics, 
as  '/e  describe  below. 

(We  note  this  model  predicts  that  when  there  is  a  second  frequency  gen¬ 
erated  in  u*  by  Hopf  bifurcation,  it  is  unstable,  explaining  why  quasi¬ 
periodicity  was  not  observed  in  the  p.d.e.  bifurcation  diagram  of  Fig¬ 
ure  1.) 


Property  5  The  following  global  fixed  point  connections  are  observed 
just  before  Hopf  bifurcation  (Figure  6) . 

Property  6  After  the  Hopf  bifurcation,  F  ^  .268,  the  previously  stable 
<0^1  fixed  points  become  two-dimensionally,  weakly  unstable 
This  coincides  with  the  onset  of  intermittent  chaos  in  the 
dynamics  of  the  o.d.e' s,  as  depicted  below  in  Figure  7  for 
F  =  .275,  which  corresponds  to  the  p.d.e..  Figures  2  and  3, 
with  «r  =  .103. 
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FIGURE  7. 


Property  7  The  chaotic  o.d.e.  ’’attractor”  contains  the  two  weaJcly  un¬ 
stable  breather  plus  mean  states,  related  by  a  half -period 
translation,  and  then  the  intermittent  chaotic  bursts  in  and 
out  of  these  metastable  states.  In  order  to  correlate  with 
the  p.d.e.  scenario.  Figures  2  and  3,  the  intermediate  states 
must  include  a  passage  near  the  iCg  homoclinic  structure.  We 
measure  this  next. 

Property  8  During  the  flow  in  the  chaotic  attractor,  we  measure  passage 
near  the  homoclinic  structure  in  two  ways.  First,  we  graph 
h  =  H  -  ((I*/2)-I),  which  is  zero  on  the  homoclinic  Ring  1, 
and  check  for  zero  crossings  of  h  during  the  intermittent 
bursts  (Figure  8).  Also,  we  compute  distances  to  each  fixed 
point  in  Figure  6  during  the  flow,  and  determine  which  fixed 
points  are  being  visited  at  each  phase  in  the  dynamics  (Fig¬ 
ure  9 ) . 
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The  upshot  of  this  analysis  is  that  h  does  have  zero  crossings  in 
the  intermittent  chaotic  bursts,  whereas  h  oscillates  near  the  nonzero 
value  corresponding  to  the  fixed  points  during  the  laminar  phases. 

Moreover,  in  these  bursts  out  of  laminar  regions,  the  phase-locked  fixed 
point  from  the  homoclinic  ring  is  approached,  sometimes  getting  very 

close  to  it,  whereas  the  flow  never  comes  within  unit  distance  of  the 
other  four  fixed  points. 

Thus,  the  chaotic  o.d.e.  scenario  truly  reflects  the  qualitative 
p.d.e.  scenario  quite  well.  We  close  with  one  final  test  of  this  inter¬ 
pretation. 

5.  CORRELATIONS  BETWEEN  THE  INFINITE-DIMENSIONAL  AND  REDUCED  SYSTEMS 

So  far,  we  have  measured  homoclinic  crossing  in  two  distinct  ways: 
in  the  perturbed  p.d.e.  by  graphing  the  exact  sine-Gordon  spectrum  of  u 
at  each  time  step,  and  in  the  o.d.e.  by  graphing  h  =  H  -  (il*-I)  and 
checking  for  zero  crossings.  As  a  final  test  of  this  homoclinic  phenom¬ 
enon,  we  combine  the  two  measurements.  We  take  c(T^),  b(T^)  during  the 
flow  that  generates  h,  reconstruct  the  perturbed  sine-Gordon  solution  u* 
by  the  approximation  (Eq.  (6)),  and  then  compute  the  sine-Gordon  spec¬ 
tral  measurement  of  u* .  When  h  goes  through  a  zero  crossing,  does  the 
perturbed  sine-Gordon  field  u^  pass  through  a  homoclinic  spectral  con¬ 
figuration?  The  results  appear  in  Figure  10. 
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The  correlation  is  surprisingly  good,  with  errors  arising  only 
very  near  to  the  homoclinic  state.  This  is  to  be  expected  owing  to  the 
linear  vs.  nonlinear  truncation.  <We  expect  more  precision  when  we  model 
the  nonlinear  mode  truncation.) 

The  mathematical  analysis  to  support  the  arguments  developed  in 
this  paper  and  [8]  will  be  presented  elsewhere  [6,  9,  10]. 
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